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Foreword 


The  purpose  of  this  report  is  to  provide  a  review  of  the  conceptual  and 
mathematical  apparatus  to  apply  modem  theories  of  electromagnetic  fields.  As  a  study  in 
low-noise  electromagnetic  states,  it  centers  on  the  need  to  transition  basic  physics  into  the 
engineering  arena  for  improved  systems  and  devices.  A  survey  of  publications  and  texts 
during  the  last  10  years  shows  that  there  is  a  collection  of  common  prerequisite 
background  material.  This  report  addresses  most  of  these  common  areas.  Chapter  1 
outlines  the  potential  importance  of  the  quantum  electromagnetic  states  to  small  systems 
of  atoms  or  photons,  to  communications  systems,  and  to  signal  processing.  The  need  for 
high  speed,  small  size,  lower  power  and  low  noise  components  impacts  many  technical 
areas  including  optical  interconnects  for  VLSI,  RF  links,  and  signal  processing. 
Although  of  significant  importance,  the  areas  of  “thresholdless”  lasers,  cavity  QED,  and 
applications  of  quantum  states  are  not  discussed. 

As  a  special  mention,  some  of  the  physical  pictures  presented  are  the  author’s 
own  interpretation  usually  meant  to  provide  intuition.  As  the  reader  is  certainly  aware,  it 
is  nearly  impossible  to  provide  pictures  in  quantum  mechanics  that  are  entirely  consistent 
with  the  mathematics;  they  provide  “shadows”  of  the  “real  picture”.  For  this  reason, 
some  of  the  figures  in  the  text  should  be  taken  as  intuitive  pictures  that  do  not  necessarily 
embody  the  full  accuracy  of  the  theory. 

The  chapters  are  arranged  as  follows.  Chapter  1  contains  portions  of  a  proposal 
indicating  some  areas  of  application  including  RF  links,  A-D  converters  and  signal 
processing.  Chapter  2  is  a  review  of  elementary  quantum  mechanics  and  is  meant  as  a 
convenience  to  the  reader.  The  first  several  sections  in  the  chapter  are  meant  to  review 
the  relevant  notation.  The  last  section  introduces  the  density  operator  in  some  detail. 
Chapter  3  discusses  the  transition  from  classical  to  quantum  field  theory  whereby 
classical  amplitudes  are  replaced  with  operators.  In  the  quantum  field  theory,  the  modes 
represent  the  wave  aspects  of  the  field  while  the  operators  represent  the  particle  character. 
Chapter  4  discusses  three  types  of  quantum  states:  Fock,  coherent  and  squeezed  states.  It 
briefly  introduces  methods  of  producing  coherent  states  (besides  lasers)  and  of  measuring 
the  noise  in  squeezed  states.  Chapter  5  discusses  the  master  equation  (Liouville 
equation)  for  the  density  operator.  The  first  several  sections  discuss  the  typical 
phenomenological  master  equation.  The  remaining  sections  derive  the  same  equation 
using  the  fully  quantum  mechanical  procedure.  The  work  clearly  shows  the  origin  of  the 
fluctuation-dissipation  theorem  and  the  Langevin  noise  terms.  Finally,  Chapter  6  shows 
the  use  of  the  density  operator  to  explain  the  phenomena  of  laser  gain  quenching. 
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Chapter  1:  Introduction 


This  technical  report  discusses  many  of  the  concepts  and  mathematical  constructs 
necessary  to  apply  modem  theories  of  electromagnetics.  The  material  comes  from  many 
publications  and  books  (some  of  which  are  listed  in  the  references).  The  idea  of  low- 
noise  electromagnetic  (EM)  states  originated  with  Glauber  (early  1960s)  and  Yuen. 
Sometimes  the  report  generically  refers  to  electromagnetic  fields  as  light  (quantum  states 
of  light),  although  the  concepts  apply  equally  well  to  radio  frequency  (RF)  or  to  maser 
emission  (microwave  amplification  by  stimulated  emission  of  radiation). 

This  technical  report  is  a  first  part  covering  common  prerequisite  material 
necessary  to  apply  quantum  electromagnetic  states.  A  description  of  low  noise  EM 
states  is  of  little  value  without  the  possibility  of  these  EM  waves  interacting  with  matter. 
The  interaction  produces  absorption  for  photodetectors  and  gain  for  emission.  For  this 
reason,  chapters  are  included  on  the  master  equation  for  the  density  operator  (Liouville 
equation).  The  vast  majority  of  analysis  uses  a  direct-product  Hilbert  space  for  the  matter 
and  EM  waves.  Almost  all  of  modem  laser  theory  (i.e.,  matter-field  interactions)  is  stated 
in  terms  of  the  density  operator.  It  is  possible  to  solve  the  master  equations  although  the 
first  part  of  this  sequence  does  not  do  so. 

Section  1.1:  Comments  on  the  Signal-to-Noise  Ratio 

The  signal-to-noise  ratio  S/N  is  important  for  modem  communications  systems 
(including  RF  links  and  optical  interconnects).  As  is  well  known,  there  are  many  types 
of  noise  (refer  to  the  Cox  paper).  Shot,  thermal  and  RIN  are  noise  sources  of  particular 
importance  for  photonic  systems.  Shot  noise  occurs  in  emitter-detector  systems  and 
origantes  in  the  quantum  nature  of  matter  and  fields  (as  this  report  discusses).  Relative 
intensity  noise  (RIN)  is  typically  thought  of  as  spontaneous  emission,  which  has  the  same 
origins  as  the  shot  noise.  Referring  to  spontaneous  emission  as  noise  is  very  specific  to 
the  system  under  consideration;  it  is  not  noise  for  a  light  emitting  diode.  There  are  other 
sources  of  noise  such  as  harmonic  production  by  nonlinear  devices  or  mode  hopping  for 
lasers.  The  S/N  ration  can  be  improved  by  either  increasing  the  signal  level  or  decreasing 
the  noise.  Increasing  the  signal  level  generally  requires  larger  power  and  physically 
larger  devices.  However,  larger  power  and  larger  devices  are  contrary  to  requirements 
and  trends  in  modem  VLSI  design  and  space  applications.  Therefore  reducing  the  noise 
level  constitutes  a  desirable  alternative  approach. 

Dynamic  range  is  also  well  known  to  be  important.  It  refers  to  the  range  of  values 
that  an  output  parameter  can  assume.  If  nonlinear  behavior  is  deleterious  to  the 
application  then  the  range  must  be  limited  to  prevent  the  adverse  behavior.  For  example, 
a  linear  transistor  amplifier  is  limited  by  the  onset  of  saturation  as  the  voltage  swings  near 
the  supply  rails;  however,  the  swing  from  rail-to-rail  can  be  desirable  for  digital  systems. 
Obviously,  the  noise  floor  limits  the  dynamic  range.  By  lowering  the  noise-floor,  the 
dynamic  range  can  be  increased. 

Noise  is  potentially  more  detrimental  to  analog  signals  than  to  digital  ones.  An 
analog  signal  usually  caries  information  on  a  continuously  varying  parameter  (such  as 
temperature  or  music)  and  therefore,  the  noise  determines  the  ultimate  precision  of  the 
measurement  or  the  quality  of  the  impressed  information.  Noise  as  small  as  0.1%  can  be 
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significant  for  audio  applications  (for  example).  For  a  digital  system,  the  impact  of  noise 
manifest  itself  somewhat  differently.  The  digital  system  is  designed  with  hysteresis  and 
a  threshold  to  provide  a  clear  distinction  between  a  logic  “0”  and  “1”.  The  effects  of 
noise  is  characterized  by  the  “bit  error  rate.”  Of  course  the  distinction  is  clear  to 
everyone  by  comparing  music  from  a  vinyl  record  with  that  from  a  compact  disk. 

The  electromagnetic  field  carries  noise  (shot  noise)  which  is  important  for  RF  and 
photonic  systems.  Although  present  at  all  power  levels,  these  non-classical  effects  are 
easiest  to  discuss  for  low  photon  numbers.  The  power  level  for  which  the  granularity  of 
the  field  becomes  significant  depends  on  the  frequency.  High  frequency  sources  (GHz 
and  larger)  such  as  the  laser  or  maser 
require  relatively  few  photons  to  give  a 
specific  power  level  as  compared  with 
low  frequency  sources  (such  as  AM 
radio).  Generally,  low  power  levels 
translate  directly  to  small  photon 
numbers. 

As  mentioned,  it  is  desirable  to 
use  low  power,  small  sized  devices  with 
high  S/N  for  space  applications.  At 
present,  there  is  a  modest  amount  of 
R&D  on  systems  with  small  numbers  of 
atoms  (nanometer  scale  devices). 

Systems  with  small  numbers  of  atoms 
are  roughly  linked  with  those  having  a 
small  numbers  of  photons;  a  small 
number  of  atoms  can  only  emit  a  small 
number  of  photons.  Small  systems  are 
expected  to  be  more  noise-prone  (even 
for  EM  noise)  than  larger  ones  and 
therefore,  the  S/N  ratio  is  generally 
expected  to  be  smaller.  For  small  systems,  noise  is  a  problem  because  small  (and  low 
power)  components  do  not  deal  with  many  particles  (electrons,  holes  and  photons)  at  one 
time.  For  low  particle  numbers,  as  might  be  typical  for  small  or  low  power  components, 
the  uncertainty  (or  standard  deviation)  in  the  signal  is  roughly  the  same  size  as  the 
magnitude  of  the  quantity  itself.  Equivalently  stated,  the  standard  deviation  of  the 
number  of  particles  carrying  the  signal  is  relatively  large  compared  with  the  average 
number. 

As  another  example  of  noise  problems  associated  with  low  power  systems, 
consider  an  RF  transmitter  or  radar.  Larger  signal-to-noise  ratios  S/N  are  one  of  the 
reasons  transmitters  are  designed  to  operate  at  higher  power  levels.  Figure  1.1  is  a  plot  of 
the  number  of  photons  (per  cubic  meter)  versus  the  signal  wavelength  (or  frequency  -  top 
scale)  for  specified  power  levels.  The  transmitter  is  assumed  to  have  an  approximately 
spherical  radiation  pattern  and  the  field  is  received  approximately  5  miles  from  the 
transmitter  (the  photon  number  is  therefore  determined  at  the  same  distance).  The 
“quantum  limit”  line  represents  the  collection  of  points  for  which  the  signal  level  is  equal 
to  the  inherent  quantum  noise  of  the  vacuum.  For  an  otherwise  perfect  receiver  and 
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Figure  1.1.1:  Graphical  illustration  of  frequency  and 
power  of  a  transmitter  for  which  quantum  effects  are 
important. 
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transmitter,  this  line  gives  a  signal-to-noise  ratio  of  S/N  =  1.  Therefore,  for  conventional 
electronic  equipment  (not  just  optical  equipment)  operating  at  modest  powers  of  100  W 
and  30  GHz,  the  quantum  noise  becomes  a  factor. 

Unfortunately,  very  few  publications  apply  the  basic  knowledge  of  low-noise  EM 
states  to  engineering  problems.  The  vast  majority  of  published  work  focuses  on  the 
theory  and  the  experiment  to  verify  that  theory.  The  second  part  of  the  sequence  is  aimed 
at  providing  a  bridge  between  the  requirements  of  engineering  and  basic  research. 
Generally,  this  requires  an  analysis  of  the  system.  The  second  part  of  this  study  includes 
a  comparison  of  the  noise  components  for  systems  under  consideration  as  well  as 
engineering  applications  for  low-noise  electromagnetic  states. 

The  next  few  sections  provide  initial  motivation  for  studying  low  particle  count 
systems.  Although  the  discussion  centers  on  nanometer  scale  components,  it  should  be 
emphasized  that  other  areas  (such  as  RF  Links  and  Optical  Interconnects)  can  be  greatly 
impacted  by  these  small  systems. 

Section  1.2:  Brief  Introduction  to  Quantum  EM  States 

There  are  several  types  of  noise  that  are  very  interesting  and  highly  applicable 
including  spontaneous  emission  and  shot  noise.  As  is  well  known,  atoms  can  emit  light 
that  is  coherent  with  a  driving  optical  field  (stimulated  emission)  and  they  can  also  emit 
light  on  their  own  without  a  driving  field  (spontaneous  emission). 

One  of  the  most  fundamental  notions  of  Quantum  ElectroDynamics  (QED)  is  that 
of  a  Fock  state.  For  a  given  spatial  volume,  Maxwell’s  ElectroMagnetic  (EM)  equations 
can  be  solved  so  as  to  define  a  set  of  allowed  EM  modes  (for  a  cubic  volume,  the  modes 
are  sines  and  cosines).  For  Fock  states,  QED  keeps  track  of  the  number  of  photons  in  a 
mode,  which  is  characterized  by  the  allowed  wavelengths  and  polarization.  A  Fock  state 
is  a  mode  with  a  definite  number  of  photons  (this  means  that  each  mode  has  a  definite 
average  power).  In  classical  electrodynamics,  a  state  without  any  photons  corresponds  to 
a  mode  without  any  amplitude.  In  QED,  a  state  without  any  photons  (the  vacuum  state) 
has  an  average  electric  field  of  zero,  but  the  variance  (which  is  proportional  to  the  square 
of  the  field)  is  non-zero.  This  means  that  the  value  of  the  electric  field  can  fluctuate  away 
from  the  average  of  zero.  As  is  well  known,  the  non-zero  variance  refers  to  quantum 
vacuum  fluctuations  or  noise;  the  vacuum  state  has  the  minimum  quantum  noise.  There 
is  a  slight  complication  for  engineering  purposes  however:  the  average  electric  field  is 
zero  for  all  Fock  states  and  in  general,  the  noise  is  greater  than  the  minimum  value  set  by 
the  vacuum.  In  addition,  although  the  exact  number  of  photons  is  known,  the  phase  of 
the  collection  is  not  known. 

A  coherent  state  is  a  state  with  a  nonzero  average  electric  field  and  a  fairly  well 
defined  phase.  An  electric  field  in  a  coherent  state  can  be  pictured  as  sine  and  cosine 
waves  (as  typical  for  classical  electromagnetics).  Laser  emission  is  best  described  by 
coherent  states.  The  coherent  state  is  actually  a  linear  combination  of  all  Fock  states  (the 
two  types  of  states  are  seen  to  be  quite  different).  One  of  the  most  important  distinctions 
is  that,  for  a  coherent  state  with  a  given  (average)  amplitude,  the  number  of  photons  in 
the  mode  is  described  by  a  Poisson  probability  distribution.  The  average  number  of 

particles  is  (n)  while  the  standard  deviation  ct  =  yjjn) .  For  example,  a  beam  with  an 
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average  of  (n)-100  photons,  will  have  a  standard  deviation  of  ct  =  ^( n)=10  photons. 

One  might  reasonably  expect  the  number  of  photons  to  range  from  80  to  120  (almost 
50%  variation).  This  means  that  the  number  of  photons  in  a  beam  can  fluctuate  such  that 
the  variance  of  the  number  is  approximately  equal  to  the  average  number  of  photons  in 
the  beam  (shot  noise).  Now  returning  to  the  amplitude  and  phase,  it  just  so  happens  that 
the  noise  in  the  amplitude  and  phase  of  the  coherent  state  is  no  worse  than  that  of  the 
vacuum  state  (regardless  of  the  amplitude  of  the  coherent  state).  The  “Quantum  Limit” 
line  in  the  figure  on  page  15  represents  the  vacuum  level  of  noise,  and  also  therefore,  the 
noise  level  of  a  general  nonzero  coherent  state.  The  time  dependent  electric  field  can  be 
decomposed  into  a  time  dependent  sine  and  cosine  term  so  that  the  uncertainty  in  the 
amplitudes  of  these  quadrature  terms  can  be  specified  as  an  alternative  to  specifying  the 
uncertainty  in  the  amplitude  and  phase. 

A  squeezed  vacuum  state  is  obtained  from  the  quantum  vacuum  state  by  reducing 
the  noise  in  one  set  of  parameters  while  adding  it  to  another  (i.e.,  “squeezing  the  noise 
out”).  Squeezing  the  vacuum  is  equivalent  to  squeezing  the  coherent  state  since  the 
vacuum  and  coherent  states  have  the  same  type  and  amount  of  noise.  For  example,  noise 
can  be  removed  from  one  quadrature  term  of  the  electric  field  (quadrature  squeezing)  but 
that  removed  noise  reappears  in  the  other  quadrature  term.  Similarly,  a  “quiet”  photon 
stream  (i.e.  a  number  squeezed  state)  obtains  when  noise  is  removed  from  the  photon- 
number  but  reappears  in  the  phase;  a  quite  photon  stream  is  describe  by  “sub-Poisson” 
statistics.  Number-squeezed  electromagnetic  waves  are  pictured  as  photons  that  are 
equally  spaced  travelling  in  the  beam.  Perfect  number  squeezed  states  are  Fock  states. 
There  are  also  phase  squeezed  states.  Squeezed  coherent  states  can  be  produced,  detected 
and  used  for  low  noise  applications. 

Spontaneous  emission  is  another  form  of  noise  in  the  laser.  As  is  well  known,  the 
spontaneous  emission  is  necessary  to  initiate  the  laser  oscillation;  however,  the  threshold 
power  is  larger  than  necessary  and  produces  wasted  energy.  An  interesting  fact  about 
spontaneous  emission  is  that  it  is  a  result  of  quantum  vacuum  fluctuations  and  that  it  is 
not  a  property  of  the  emitting  collection  of  atoms.  The  spontaneous  emission  is  initiated 
by  the  fluctuating  electric  field  of  the  vacuum  states.  The  rate  of  spontaneous  emission 
can  be  modified  by  (1)  changing  the  number  of  vacuum  modes  (there  is  one  vacuum 
mode  for  each  wavelength  and  polarization  allowed  by  the  boundary  conditions  on  the 
enclosed  volume)  or  by  (2)  shifting  the  atomic  resonance  away  from  the  frequency  that 
characterizes  the  vacuum  mode.  The  relatively  new  field  of  Cavity  QED  describes  the 
theory  and  measurement  of  both  spontaneous  and  stimulated  emission  for  which  unusual 
cavity  effects  become  important. 
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Section  1.3:  Links  and  Interconnects 

Links  and  interconnects  are  the  subsystems  that  pass  a  signal  from  one  point  to 
another.  There  needs  to  be  a  transmitter,  receiver  and  waveguiding  medium  (electronic 
or  optical).  The  actual  configuration  and  operating  characteristics  can  vary  depending  on 
the  system  employing  the  link.  The  link  can  be  either  analogue  or  digital.  It  might 
operate  at  any  number  of  frequencies  and  bandwidth.  Generally,  it  is  desirable  to 
dissipate  as  little  power  as  necessary  while  maintaining  low  noise  and  high  dynamic 
range.  Gain  is  good.  Although  most  of  the  links  are  digital  at  this  point  (digital  phones, 
computer  backplanes...),  some  groups  continue  to  examine  the  properties  of  the  analogue 
system. 

In  the  early  1990s,  the  author 
and  members  of  his  group,  in 
cooperation  with  Cornell  University 
and  Syracuse  University,  developed  a 
number  of  interconnect  devices 
capable  of  both  linear  and  digital 
operation.  The  set  of  devices  include 
lasers  with  built-in  modulators, 
integrated  lasers  and  fets  (initiated  by 
Dr.  D.  Honey),  optical-optical  gain 
quenched  lasers  (refer  to  the  next 
section),  and  evanescently  coupled  photodetectors. 

An  example  of  a  semiconductor  laser  with  built-in  modulator  appears  in  Figure 
1.3.1.  Reverse  biasing  the  modulator  reduces  the  net  gain  in  the  laser  and  reduces  the 
power  in  the  output  beam.  The  reverse  bias  requires  as  little  as  a  few  microamps  (at  1.5 
volts)  to  yield  a  power  gain  on  the  order  of  10-100.  The  on/off  contrast  ratio  is  better 
than  250: 1 .  The  device  can  be  operated  in  either  a  linear  or  digital  mode.  For  the  digital 
mode,  hysteresis  can  be  added  by  including  feedback  from  the  output  to  the  input.  The 
modulator  current  can  be  provided  by  a  micron¬ 
sized  FET,  resistor  or  photodetector.  The 
modulator  has  a  size  on  the  order  of  5x5  microns 
which  is  about  a  factor  of  50  smaller  than  an 
“external”  integrated  modulator.  The  modulator 
can  be  modeled  as  a  lumped  element  whereas  the 
external  modulator  forms  a  transmission  line  at 
GHz  frequencies. 

Monolithically  integrated  FETs  and  lasers 
can  be  used  to  form  a  link  (applied  as  part  of  J.  S. 

Kimmet’s  MSEE  thesis).  Figure  1.3.2  shows  an 
example  of  a  dual  gate  FET  used  to  drive  the  laser. 

The  directly  modulated  laser  is  conceptually  the 

simplest  method  to  obtain  modulated  light.  Figure  1.3.2:  Dual  gate  FET 

Generally,  the  semiconductor  laser  requires  large  monolithically  integrated  with  a  laser 
bias  currents  (for  good  S/N);  this  power  with  built-in  modulator  (not  shown). 


Figure  1.3.1:  A  laser  with  a  built-in  modulator 
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requirement  translates  to  the  physical  size  of  the  FET  being  substantially  larger  than  the 
laser. 


Numerous  systems  require  interconnects  and  links.  For  example,  the  AFRL 
sensors  directorate  is  presently  interested  in  space-based-radar  (SBR).  One  project  in 
support  of  SBR,  proposes  to  develop  a  high  speed  optical  A-D  converter.  Among  other 
issues,  the  system  requires  a  stable  pulsed  laser  system;  the  laser  and  other  components 
are  preferably  monolithically  integrated.  Another  project  consists  of  developing  a  link 
operating  between  the  antenna  element  and  the  digital  transmitter/receiver.  Although 
present  trend  is  to  increasing  use  a  digital  format  for  the  signal,  one  version  of  the  link 
use  analog  components.  The  link  requires  a  low  noise  laser  source,  fiber  and 
photodetector.  An  alternate  possibility  however,  is  to  use  a  low-noise  semiconductor 
laser  (as  a  local  oscillator)  and  mix  (heterodyne)  the  output  with  the  radar  signal  at  the 
antenna.  A  semiconductor  laser  can  be  modulated  at  the  lower  frequency  without  many 
of  the  noise  problems.  However  this  second  scheme  still  requires  a  low-noise  stable  local 
oscillator.  For  all  three  of  these  projects,  one  key  component  is  a  low-noise 
semiconductor  laser  operating  in  either  a  pulsed  or  continuous-wave  mode.  Again,  space 
applications  also  require  low  power  dissipation  since  the  power  generators  are  expected 
to  have  limited  capacity  and  there  is  no  convenient  source  of  cooling. 

As  discussed  by  Cox,  there  are  three  primary  sources  of  noise  for  semiconductor 
laser  systems.  The  three  sources  of  noise  are  shot,  RIN  and  thermal.  Shot  noise  is 
primarily  associated  with  the  photon  statistics  of  the  incident  electromagentic  wave.  RIN 
is  related  to  the  spontaneous  emission  from  a  laser.  Thermal  noise  can  be  controlled  to 


some  extent  by  using  wide-bandgap  materials  and  coolers.  One  approach  to  developing  a 
low-noise  laser  system  is  to  apply  low-noise  electromagnetic  states  to  the  problem.  The 
shot  noise  and  RIN  are  actually  interrelated  for  the  low-noise  laser.  Unfortunately,  a  full 
analysis  for  the  application  of  low-noise  EM  states  is  beyond  the  stated  scope  of  this 
report.  However,  it  is  possible  to  indicate  some  guiding  principles. 


It  is  possible  to  design  and  construct  a  laser 
link  operating  below  the  shot  noise  limit.  Several 
recent  publications  discuss  operating  a  semiconductor 
laser  with  96%  of  the  amplitude  noise  (i.e.,  photon 
number  noise)  removed  from  the  laser  beam.  For  this 
level  of  noise  reduction,  it  is  necessary  to  control  the 
losses  in  the  system  including  spontaneous  emission. 


Half-silvered 

Mirror 


°o^ 

o 


Loss  in  an  optical  system  is  detrimental  to  low 
noise  EM  states.  Consider  a  low-noise  number  state 
as  might  be  pictured  as  a  regular  stream  of  photons  as 
shown  in  Figure  1.3.3.  Suppose  that  this  stream  is 


Figure  1.3.3:  Photons  in  incident  beam 
I  are  50%  likely  to  be  transmitted  T  or 
reflected  R. 


incident  on  a  50%  silvered  mirror.  As  shown  in  the  figure,  there  is  a  50%  chance  that  a 


photon  is  detected  behind  the  mirror.  The  reflected  and  transmitted  beams  are  therefore 


randomized  and  obey  binary  statistics.  The  variance  of  the  photon  number  for  the 
incident  beam  is  zero  but  becomes  nonzero  for  both  the  reflected  and  transmitted  beams. 


The  “partition”  noise  induced  by  the  half-silvered  mirror  essentially  randomizes  the 
incident  beam. 


It  is  reasonable  to  expect  that  a  laser’s  mirror  effects  the  variance  of  the  photon 
number.  The  reflectivity  generally  needs  to  be  close  to  either  “0”  or  “1”  to  prevent 
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randomizing  the  photon  stream.  Fibers  need  to  be  well  coupled  to  the  output  facet. 
Number  squeezing  as  high  as  96%  has  been  observed. 

Absorption  has  similar  effect  on  the  probability  distribution  of  a  photon  stream. 
For  example,  a  chunk  of  material  that  absorbs  50  %  of  the  incident  light  randomly 
removes  50%  of  an  incident  photon  stream.  Spontaneous  emission  from  a  laser  also 
tends  to  destroy  a  low-noise  state.  One  can  expect  low  RIN  and  squeezed  states  to  be 
linked. 

Methods  to  lower  the  spontaneous  emission  are  presently  of  interest  for  low- 
threshold  lasers.  Spontaneous  emission  is  necessary  to  initiate  laser  oscillation. 
However,  any  additional  spontaneous  emission  is  wasted  power.  One  method  to  reduce 
spontaneous  emission  is  to  use  oxide  confinement  to  better  overlap  the  laser  optical  mode 
with  the  pumped  region  of  the  gain  medium. 

Parametric  amplifiers,  semiconductor  lasers  driven  by  constant  current  sources, 
semiconductor  lasers  with  special  construction,  and  devices  employing  four-wave  mixing 
can  produce  low-noise  EM  states  (sqeezed  states).  Homodyne  detection  systems  can  be 
used  to  measure  the  noise. 
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Section  1.4:  Some  Initial  Work  on  Electromagnetic  Noise 


Laser 


Control 

Laser 


Laser 
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Figure  1.4.1:  Gain-Quenched  Laser 


In  1989,  the  AFRL  Photonics  Center  began  ^ 
collaborative  work  with  Cornell  University  (Prof.  C.  L. 

Tang  and  his  group)  on  semiconductor  laser  devices. 

Most  of  the  devices  are  based  on  gain-quenching  where 
a  “control”  beam  from  one  laser  competes  for  the  gain 
of  another  laser  and  thereby  reduces  the  emitted  power 
for  the  second  laser  (refer  to  Figure  1.4.1).  Of  course, 
the  most  prominent  mechanism  for  the  operation  of  this 
type  of  device  is  the  matter-light  interaction. 

Inevitably,  some  of  the  control  lasers  are  operated 
below  threshold.  In  such  a  case,  any  change  in  the 
output  beam  of  the  laser  is  attributed  to  spontaneous 

emission.  It  is  found  that  the  control  beam  from  a  control  laser  below  threshold  has  little 
effect  on  the  laser  beam.  A  spontaneous  emission  filter  can  be  made  by  replacing  the 
control  laser  with  a  laser  amplifier  or  a  fiber  that  carries  the  noisy  signal.  As  discussed 
in  Chapter  7,  there  are  a  number  of  possible  reasons  that  the  spontaneous  emission  does 
not  much  influence  the  output  of  the  main  laser.  One  speculation  concerns  the  efficiency 
of  spontaneous  emission  to  quench  the  laser.  The 
discussion  below  considers  one  scenario  whereby  the 
phase  of  an  incident  EM  wave  fluctuates  rapidly  and 
inhibits  the  process  of  stimulated  emission;  as  a  result, 
the  effect  of  quenching  is  minimal.  In  this  way,  it 
might  be  speculated  that  the  “incoherent”  portion  of  the 
incident  light  beam  does  not  quench  whereas  the 
coherent  portion  does  quench. 

The  following  discussion  gives  an  intuitive 
picture  that  that  leads  to  the  study  of  low-noise  EM 
states.  The  same  argument  can  be  presented  using  a 
density  matrix  approach.  The  model  is  oversimplified 
since  (1)  rapid  phase  variations  can  render  the 
definition  of  the  classical  EM  field  meaningless,  (2) 
external  damping  effects  should  be  included,  and  (3) 
neighboring  electronic  states  should  be  included 
(Fermi’s  golden  rule). 

According  to  the  semiclassical  theory,  the 
oscillating  dipoles  must  be  in  phase  with  the  driving 

EM  field  for  a  period  of  time  before  a  transition  can  occur  (i.e.  this  time  interval  is 
essentially  the  reciprocal  of  Rabbi  frequency).  Now  if  the  phase  <|)(t)  of  the  driving  field 

e,“‘+,*(*)  changes  fast  enough,  the  driving  field  is  not  in-phase  with  the  oscillating  dipole 
for  a  long  enough  period  of  time  to  induce  a  transition.  This  is  true  for  absorption  or 
stimulated  emission.  Various  probability  distributions  for  <|>  are  possible  and  lead  to 
various  “gains”  for  the  transition.  The  reader  not  interested  in  the  mathematical  detail 
should  jump  to  the  discussion  after  Equation  1.4.2. 


Figure  1.4.2:  Queched  VCSEL 
with  3  linear  waveguides.  VCSEL 
has  ring  electrode  with  output  facet 
at  the  center.  The  VCSEL  uses 
oxide  confinement. 
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To  illustrate  how  the  “gain  of  transition”  depends  on  the  entropy  of  the  phase, 
consider  the  following  argument  based  on  time  dependent  perturbation  theory  from 
quantum  mechanics.  Suppose  an  atom  is  perturbed  by  an  incident  classical  electric  field 
E(t).  Assume  H0  is  the  Hamiltonian  of  the  unperturbed  atom  and 

V(t)= £E(t)=  £E0ej“,+j*(,)  =  Vej<n,+j*(,) 

where  p  is  the  dipole  moment  operator,  j  =  ,  E  ;  ; 

and  the  conjugate  term  is  dropped  for  convenience  /A  /j  A  j 
(the  form  of  the  perturbing  potential  assumes  an  \J  \\y  \j\J  \3  1 

emission  event).  For  example,  Figure  1.4.2  shows  - 

an  electric  field  with  multiple  discontinuities  in  the  A 
phase.  The  middle  portion  of  the  figure  shows  the  ' 

approximate  phase  as  a  function  of  time.  As  usual  - 1  - 1 

with  time  perturbation  theory,  assume  that  - 

{|n)  =  |un) }  are  the  complete  set  of  eigenfunctions 

for  the  unperturbed  hamiltonian  H0  KjjhA  A  / 

H0|n)  =  En|n) 

The  wavefunctions  that  satisfy  Schrodinger’s  j^y  Average 


equation  for  the  total  hamiltonian 

H|'t'(t))  =  [H0+V(t)]|v-(t)>  =  j»||M-(t)> 

are  given  by 


Noisy  Average 

Phase  Phase 

Figure  1.4.3:  Top:  electric  field  with 
phase  shift.  Middle:  Phase  of  electric 
field.  Bottom:  the  average  of  a  rapidly 
varying  phase. 


Mt))  =  lP„(t)|n) 


Assume  that  the  atom  is  initially  known  to  be  in  state  “i”  so  that 

,  x  fl  n  =  i 
P*(H  n,i 

The  probability  of  transition  from  state  “i”  to  state  “f  ’  (i  ^  f )  is 

=N2 

where,  to  first  order  perturbation, 

pf  =  ~  e"‘“ft  |dTej“fiT(f|v(T)|i) 
and 


pf  =-le-iaft  |dTej“fiT(f|Y(T)|i) 


<0f=—  C0fi  =  (0f  -  ©j  <  0 

h 

Substituting  the  perturbing  potential  for  the  matrix  element  provides 

pf  =^-e'j“ft  |dTej“fiTej<9T+j*(T)  =-^-e"j“ft  |dxejnTej*w  (1.4.1) 

where,  for  simplicity,  Q  =  co  +  cofi  is  also  substituted.  Notice  that  Q  can  be  quite  small 

and  the  time  scale  T  ~  —  can  be  quite  large.  Assume  that  the  time  interval  over  which 

Q 


9 


the  phase  changes  is  small  compared  with  T.  At  this  point,  the  integral  can  be  evaluated. 
For  noise  impressed  on  an  average  varying  phase  (see  bottom  portion  of  Figure  1.4.2) 

such  as  <f>(t)  =  <j>(t)+<|>n(t)  where  <|>n  is  an  ergodic  noise  process,  an  average  of  Equation 
1.4.1  can  be  found  using  an  ensemble  of  systems.  However,  for  illustration  purposes,  the 
integral  in  equation  1.3.1  is  simplified  with  the  help  of  some  simple  ideas. 


Lemma:  Let  “F(t)”  and  “S(t)”  be  functions  (of  time)  with  the  properties  that  “F”  is  a 
rapidly  varying  function  and  “S”  is  a  slowly  varying  function.  Let  the  xi  be  a  time 
interval  large  compared  with  the  duration  of  the  variations  of  “F”  but  small  compared 
with  the  duration  of  the  variation  of  “S”.  Let  x;  be  a  time  in  the  interval  Xj .  The 

N 

intervals  xf  might  as  well  all  have  the  same  duration  x  so  that  the  relation  t  =  ^xs  =  Nx 

i=l 

holds.  Let  (  denote  an  average  over  the  small  time  interval.  The  following  relations 
hold 


I.  If  <F),  =0  then  (F)t>>,  =  Ud.F=±2I  JdtF-i£<F)f  =0 

1  0  n  T  Xn  ^  n 


”T 

^ 


0 


1 1 1 1 1 
At 


Figure  1.4.3:  Comparison 
of  intervals 


2- H <F>,  =0  then  (F(t)+S0)>,  =(F),+(S),  -(S),  =S(t) 

3.  Let  Atj  be  small  compared  with  x  so  that  the  definition  of 
Riemann  integral  holds 

Jdt  SF  =  £s(t,  )F(t|)At,  =  £  )At, 

i  t;  tjexj 

Since  tf  is  in  the  interval  Xj  and  “S”  is  slowly  varying,  the 
relation  S(tj)=  S(x; )  holds.  The  integral  can  be  written  as 

JdtSF=2>h)2F(t,)At,  =  £s(t,)t,  1  s(ti)(F)i  s  fdx S(t)(F)i 

Ti  ‘i«i  Tj  Xi  tiET,  Tj  * 

where,  in  the  last  integral,  x  is  a  dummy  variable  and  the  average  of  “F”  is  written  as  a 
function  of  time  with  the  subscript.  If  the  average  of  “F”  over  the  small  interval  is  zero, 
then  the  entire  integral  is  zero. 

—  End  Lemma  — 


Returning  to  Equation  1.4.1,  which  is 

pf  =^e~j“f,|dxej£ltej*(T) 

and  substituting  <|>(t)=  <j)(t)-F  <j>n  (t),  the  expansion  coefficient  becomes 

Pf  =  ^  e"j“ft  |  dx  ejIn+*(T>JTej*-(T) 

For  illustration,  it  is  sufficient  to  assume  the  average  phase  is  zero.  Also  the  exponential 
term  ejnT  is  the  slowly  varying  function  while  e^^is  assumed  to  be  the  rapidly  varying 
one.  The  third  part  of  the  Lemma  can  be  used  to  write  the  expansion  coefficient  as 
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(1.4.2) 


Pf  =^-e-j“f,|dTejnt(ej*")^ 

If  there  is  no  phase  noise  4>n  (t)  =  0  for  all  times,  then  the  average  under  the  integral  is 
unity  and  the  expansion  coeffient  is 

pf  =^e-j“ft  fdxejQT 

j»  A 

which  is  the  usual  result  from  perturbation  theory.  If  the  phase  varies  rapidly  enough 
then  the  expansion  coefficient  is  smaller  than  usual.  For  example,  if  <j>  =  0,7t,0,7i,...  then 

the  average  of  =  1,-1, 1,-1,...  is  zero.  The  probability  of  transition  is  zero  for  this  last 
example. 

The  discussion  above  illustrates  that  sufficiently  rapid  phase  variations  (such  as 
for  FM  modulation  or  laser  phase  noise)  can  inhibit  transitions.  For  such  a  case, 
photodetectors  might  not  be  expected  to  absorb  light  and  some  laser  amplifiers  might  not 
amplify.  The  above  reasoning  suggests  that  certain  normally  opaque  materials  might  be 
transparent  for  sufficiently  rapid  phase  modulation.  In  such  a  case,  if  the  normally 
opaque  material  covers  a  truely  opaque  one,  the  one  might  speculate  that  phase 
modulation  might  allow  a  person  to  view  the  underlying  material  without  interference 
from  the  top  one. 

The  requirement  for  the  simple  model  presented  above  is  that  the  driving  field  be 
near  resonance.  The  time  scale  of  interest  is 

rp  1  1 

T  «  —  = - 

Q  G)  +  cofi 

where  cofl  is  negative  since  we  assume  the  emission  case.  Suppose  that  the  bandwidth  of 
the  typical  quantum  well  laser  diode  is  used  to  calculate  T.  The  typical  order  of 
magnitude  of  the  bandwidth  of  spontaneous  emission  is  5  nm.  This  is  essential  the 
“natural  line  width”  set  by  the  dipole  dephasing  time.  For  GaAs  semiconductors,  the 
dipole  dephasing  time  is  10  to  100  femtoseconds.  The  oscillation  period  of  800  nm  light 
is  3  femtoseconds. 
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Section  1.5:  Comments  on  Space  Applications  of  Signal  Processing 

The  Joint  Warfighting  Science  and  Technology  Plan  specifies  Joint  Warfighting 
Capability  Objectives  (JWCO)  and  Key  Technologies  that  are  required  to  meet  the 
JW CO.  The  JW CO  clearly  indicates  the  need  for  higher  performance  links  and  signal 
processing,  greater  storage  capacity,  better  components  and  miniaturization  technologies. 
Space  applications,  in  particular,  require  low  power,  small  size,  light  weight,  high  speed, 
environmentally  rugged  components.  These  Systems  use  sensors,  A-D  converters,  signal 
processors,  data  storage  and  memory,  and  rfroptical  links. 

A  typical  space  application  might  be  a  satellite.  The  variety  of  sensors  and 
detection  methods  includes  radar,  photodetectors  (high  power  or  sensitive),  detector 
arrays  capable  of  seeing  through  clouds,  sensors  to  image  subterranean  objects,  low  light 
TV,  high  resolution  detector  arrays  for  imaging  from  space  platforms,  vibration  and 
motion  sensors.  The  EM-wave  sensors  preferably  operate  at  multiple  wavelengths.  An 
A-D  converter  is  envisioned  to  transform  analog  sensory  data  into  a  digital  format  for 
further  signal  processing,  encryption,  or  RF  digital  transmission.  A  space  platform 
requires  a  signal  processor  for  multiple  systems  and  subsystems  such  as  for  space  based 
radar,  digital  receivers  and  communications,  antenna  control,  platform  maneuvering,  data 
reduction  and  fusion,  data  storage  for  delayed  transmission,  downlinks  and  subsystem 
programming.  RF  down  links  can  used  to  transmit  compressed  data  or  to  send  full-length 
records  to  a  ground  station.  Optical  links  are  potentially  important  for  communications 
between  multiple  space  platforms  (intemet-in-the-sky)  since  free-space  optical  beams  are 
difficult  to  intercept  and  do  not  require  massive  structures  to  produce  them.  Lightweight 
fiber  might  eventually  replace  heavier  cables  on  the  platforms. 

The  signal  processor  in  this  example  scenario  is  envisioned  to  consist  of  photonic 
integrated  circuits,  optical  interconnects  and  integrated  memory  that  conform  to  an  over¬ 
all  architecture.  The  opto-electronic  components  are  monolithically  integrated.  The 
portion  of  the  interconnect  that  caries  the  optical  signal  can  be  free  space,  fiber, 
monolithically  integrated  waveguides  or  other  waveguiding  optics  between  circuits.  At 
present,  there  is  widespread  belief  that  optical  interconnects  are  most  important  for  long- 
haul  transmission  (on  the  order  of  kilometers)  or  between  gobal  systems  rather  than 
between  devices  on  small  integrated  circuits.  The  integrated  circuit  is  envisioned  to 
consist  of  detectors,  emitters,  memory  and  logic  devices. 

A  realistic  program  consists  of  designing  and  implementing  a  high  performance 
RF  signal  processor  with  a  ten-fold  improvement  in  size,  weight  and  power  requirements 
over  presently  available  processors.  Such  a  processor  is  envisioned  to  provide  two 
processing  and  storage  functions:  (1)  store  massive  amounts  of  raw  data  in  a  down-link 
buffer  and  (2)  provide  real  time  sensor  fusion  and  image  analysis  for  immediate 
transmission  to  a  ground  station. 

The  evolution  of  components  for  signal  processing  is  toward  smaller, 
faster  and  cheaper.  As  stated  by  JWCO,  the  AF  depends  on  rugged,  fast,  light  weight 
components  for  superior  warfighter  space-air  systems.  The  performance  of  present 
systems  is  orders  of  magnitude  away  from  the  performance  of  systems  using  opto- 
electronically  enhanced  modules,  memory,  processing  elements  and  interconnects. 

A  program  can  be  aimed  at  developing  small,  low  power,  integrated  devices  for 
RF  digital  receivers,  signal  processors,  and  communications  equipment.  The  desired 
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trend  is  away  from  large  power  hungry  multichip  modules  and  toward  circuits  with  the 
optics  and  electronics  monolithically  integrated  on  a  single  wafer.  Most  chip 
manufacturers  agree  that  there  needs  to  be  further  decreases  in  size  and  power  to  meet  the 
future  needs  of  industry  and  DOD.  These  requirements  pose  significant  problems  for 
both  the  design  and  fabrication  of  the  components. 

Monolithic  integration  of  opto-electronic  components  (especially  those  with 
nanometer  scale  features)  specifically  addresses  the  size,  weight  and  speed  issues  of 
electronic  and  optical  components  for  systems  (as  stated  by  JWCO  and  TPITs).  The 
linear  feature  sizes  can  be  a  factor  of  20  (or  more)  smaller  than  presently  available 
devices.  Smaller  feature  sizes  directly  translate  to  lower  power  and  higher  speed.  Small, 
low  power  devices  or  signals  require  new  techniques  to  handle  noise  problems.  These 
components  can  be  designed  as  integrated  memory  elements  with  more  than  a  factor  of 
20x20=400  (per  surface  area)  increase  in  density  over  present  state  of  the  art  integrated 
memory. 

Integrated  emitters  (lasers/leds)  and  detectors  are  appropriate  for  optical 
interconnects  and  links  that  require  high  packing  density  and  low  power.  Low  power  and 
small  sized  devices  generally  can  be  expected  to  exhibit  lower  signal-to-noise  S/N  ratios 
than  the  larger,  more  powerful  ones.  Low  power  components  tend  to  operate  near  the 
noise  floor.  It  is  therefore  important  to  identify  the  noise  sources  and  reduce  their  effect 
where  possible.  The  components  must  be  monolithically  integrated  into  a  semiconductor 
wafer.  The  circuits  need  to  be  rad-hard,  rugged,  lightweight  and  small  for  space 
applications. 

RF  and  digital  receivers  necessary  for  the  space  applications  consist  of  integrated 
components  and  signal  processors.  As  mentioned,  the  receivers  can  connect  to  sensors 
through  AD  converters.  These  receivers  require  low  noise,  lightweight,  low  power,  small 
and  rugged  components.  At  present,  the  bottleneck  in  commercial  processing  systems  is 
the  bus-speed  that  can  be  increased  by  using  opto-electronic  components  and 
interconnects. 
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Section  1.6:  Discussion  of  Device  Trends 

The  goal  is  to  improve  system  performance  by  investigating  and  developing  low 
power,  small,  lightweight,  photonic  components  and  subsystems.  Small  size  naturally 
leads  to  higher  speed  by  reducing  signal  propagation  and  interaction  times.  Modem 
research  investigates  physical  systems  consisting  of  a  small  number  of  particles  (<106); 
these  “systems”  can  be  either  a  device  or  a  signal.  The  term  “particles”  refers  to  atoms  in 
a  device  and  photons  in  a  signal.  Small  signals  naturally  have  poor  signal  to  noise  ratios 
and  they  have  lower  dynamic  range  which  can  dramatically  affect  both  analog  and  digital 
devices.  Small  devices  (scale  sizes  less  than  1000  angstroms)  tend  to  produce  relatively 
large  amounts  of  thermal  noise  (compared  with  the  allowable  signal  sizes).  One  way  to 
improve  the  statistics  is  to  increase  the  number  of  particles  in  the  system.  Unfortunately, 
such  systems  necessarily  involve  large  sizes  and  high  power.  The  noise  for  the  entire 
system  must  be  examined. 

Present  commercial  components 
have  minimum  sizes  on  the  order  of  200 
nm  for  DRAM,  3x30  pm  for  in-plane 
(edge-emitting)  lasers,  10x10  pm2  for 
VCSELS  (with  thresholds  as  low  as  0.2 
mA),  200  nm  gate  lengths  for  FETs,  and 
1000  nm  pixel  sizes  for  CD  ROM. 

Nanophotonic  components  have  features 
smaller  than  100  nm  which  corresponds  to 
roughly  106  atoms  or  less.  Fewer  atoms 
implies  smaller  signals,  lower  power 
dissipation  and  higher  speeds.  Low 
particle-count  physical  systems  require 

non-classical  descriptions  since  (1)  small 
volumes  tend  to  emphasize  quantization 
effects  (electron  wavefunctions  in  first  quantization),  (2)  the  collective  properties  of  a 
small  number  of  atoms  or  photons  are  not  adequately  described  by  ensemble  averages. 
The  departure  from  the  ensemble  average  (i.e.,  noise),  as  represented  by  a  probability 
distribution,  becomes  significant  for  small  physical  systems  that  are  best  described  by  a 
form  of  Quantum  ElectroDynamics  (QED).  However,  QED  -  the  best  theory  available 
for  electromagnetic  interactions  -  is  a  rather  general  theory  and  has  not  been  extensively 
applied  to  engineering  problems. 

Besides  new  applications  of  physical  theory  to  engineering  practice,  the 
fabrication  of  nanometer  scale  circuits  and  devices  poses  technical  challenges.  It  is 
relatively  easy  to  grow  layers  as  thin  as  one  or  two  atoms  into  a  material  by  using 
Molecular  Beam  Epitaxy.  However,  it  is  difficult  to  laterally  pattern  structures  of  similar 
sizes.  One  important  challenge  for  the  commercial  sector  consists  of  developing  a 
reliable,  low  cost  lithography  (or  other  means)  capable  of  producing  lateral  feature  sizes 
smaller  than  100  nm.  Recently,  an  ARPA  sponsored  program  has  developed  an  optical 
photoresist  suitable  for  80  nm  feature  sizes.  At  present,  electron  lithography  is  capable  of 
feature  sizes  as  small  as  10  nm  although  the  process  is  expensive.  Generally,  smaller 
devices  require  material  with  smaller  and  fewer  defects  than  for  presently  available 
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Figure  1.6.0:  Device  trends. 
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Gate  Oxide  Thickness  in  nm 


commercial  materials.  As  a  side  comment,  either  the  number  of  process  steps  must 
decrease  or  the  reliability  of  each  step  must  increase  since  the  probability  of  at  least  one 
defective  component  on  a  wafer  increases  with  the  number  of  components.  To  minimize 
the  number  of  wasted-die,  manufacturers  of  integrated  circuits  use  extensive  process 
development  and  calibration;  they  do  not  flippantly  change  even  the  smallest  of  details  or 
process  steps.  As  is  evident,  the  development  of  new  components  places  new 
requirements  on  design,  materials  and  fabrication. 

To  illustrate  the  advantages  of  nanometer  scale  components,  consider  the  signal 
processor  for  a  surveillance  system.  The  processor  and  links  consist  monolithically 
integrated  and  bulk  storage  memory,  optical  interconnects  and  integrated  nanometer  scale 
opto-electronics  operating  at  RF  speeds.  The  highest  possible  speed,  using  nanometer- 
scale  components  is  approximately  100  THz  with  an  ultimate  packing  density  of 
approximately  10  TeraBits/cm2.  This  ultimate  speed  and  packing  density  is  based  on  the 
speed  of  light  between  components  that  have  atomic  dimensions.  Fewer  atoms  implies 
smaller  signals,  lower  power  dissipation  and  higher  speeds.  The  maximum  far-term 
device  and  processor  specifications  are  given  in  the  next  list. 
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Section  1.7:  Brief  Review  of  Some  Nanometer  Scale  Devices 

A  number  of  quantum  devices  have  been  developed  by  several  internationally 
known  universities  and  large  corporations  (refer  to  Turton’s  book  on  Quantum  Dots) 
using  either  an  evolutionary  or  a  revolutionary  approach.  The  evolutionary  approach 
emphasizes  scaling  down  present  devices  with  only  minor  modifications  to  the 
construction  and  operating  principles.  The  revolutionary  approach  develops  new  devices 
with  new  operating  principles;  these  new  devices  do  not  resemble  former  ones  with 
respect  to  design  and  construction.  The  previously  developed  devices  provide  a 
convenient  starting  point  for  the  work  on  nanophotonic  components  and  can  be 
incorporated  into  a  demonstration  of  the  technology.  The  Resonant  Tunneling  Diode 
(RTD)  and  Resonant  Tunneling  Transistor  (RTT)  both  use  a  “quantum  size”  layer 
positioned  between  two  tunneling  barriers.  With  the  proper  source-to-drain  or  gate 
voltage,  earners  can  tunnel  through  the  barriers  to  produce  current.  The  Single  Electron 
Transistor  (SET)  is  somewhat  similar  to  the  RTT  except  that  only  one  electron  can  enter 
the  gate  region  at  one  time  (due  to  coulomb  repulsion).  The  Quantum  Dot  (QD)  has  two 
free  electrons  within  its  volume;  the  configuration  of  these  two  electrons  determines  the 
state  of  the  device.  Aharanov-Bohm  type  devices  use  a  magnetic  field  to  change  the 
phase  of  the  electron  wavefunction  so  that  the  wavefunction  either  constructively  or 
destructively  interferes  with  itself  so  as  to  produce  “on”  or  “off’  states,  respectively. 

Resonant  Tunnel  Device  (RTD) 

A  resonant  tunneling  device  has  two 
terminals  and  it  is  similar  in  construction  to  a 
normal  diode.  The  device  consists  of  a 
quantum  well  region  separated  from  two 
conduction  regions  by  quantum  barriers  (on 
the  order  of  50  to  100  angstroms  thick).  The 
barriers  can  be  AlGaAs,  for  example,  while 
the  well  and  conduction  regions  can  be 
GaAs.  Conduction  through  the  device 
occurs  by  quantum  tunneling  through  the 
barriers.  The  voltage  must  be  adjusted 
across  the  device  so  that  the  energy  levels  in 
the  well  have  the  same  energy  as  the 
conduction  band  on  the  electron  injection 
side  (left  side  of  the  figure). 

Resonant  Tunneling  Transistor  (RTT) 

A  Resonant  Tunneling  Transistor  is  similar  in  construction  to  the  resonant 
tunneling  device  except,  in  addition  to  a  source  and  drain,  it  has  a  gate  electrode  attached 
to  the  well  region.  Electrons  are  injected  into  the  device  through  the  source  electrode.  An 
applied  gate  voltage  adjusts  the  energy  of  the  well  levels  with  respect  to  the  energy  range 
of  the  occupied  conduction  states  in  the  source.  Carriers  tunnel  through  the  barrier  into 


Figure  1.6.1:  Band-edge  diagram  for  electron 
transport  in  an  RTD 


16 


the  well  from  the  source  when  the  energy  of  a  well  state  falls  within  the  energy  range  of 
the  occupied  conduction  states  in  the  source.  With  a  voltage  applied  from  the  source  to 
drain,  the  charge  will  then  flow  into  the  drain. 

Single  Electron  Transistors 

A  Single  Electron  Transistor  (SET)  has  gate,  drain  and  source  terminals.  With 
appropriate  gate  voltage,  a  single  electron  from  the  source  can  tunnel  onto  a  center  island 
(somewhat  similar  in  structure  to  the  RTT).  The  additional  charge  changes  the  energy 
levels  of  the  island  and  coulomb  repulsion  prevents  additional  electrons  from  entering  the 
island  (for  fixed  gate  voltage).  Once  the  extra  electron  transfers  to  the  drain,  additional 
charge  can  enter  the  island  and  thereby  contribute  to  the  conduction  process.  The  current 
can  be  quite  large  (tens  of  microamps). 


Quantum  Dots 


Quantum  Dots  consist  of  a  sequence  of 
islands  with  each  one  spatially  confining  two 
charges.  A  length  of  end-to-end  quantum  dots 
can  be  used  to  transfer  a  signal.  Charges  in 
neighboring  cells  assume  the  same  configuration 
as  the  “input”  (or  control)  cell,  which  is  shown 
furthest  to  the  left  in  the  figure.  If  the  charges  in 
the  control  cell  are  rotated  by  90  degrees  then  the 
neighboring  cell  will  assume  the  same  state  to 
minimize  the  coulomb  interaction  energy. 


Figure  1.6.2:  A  quantum  dot  inverter. 
The  signal  propagates  left  to  right. 


Subsequent  cells  will  also  rotate  their  state  by  90 

degrees.  The  figure  shows  an  inverter  as  an  example.  The  cell  on  the  right  assumes  the 


opposite  state  from  the  others  due  to  coulomb  repulsion  from  the  neighboring  cells. 


Aharanov-Bohm  Effect  Device 

The  Aharanov-Bohm  Effect  Device 
(ABED)  is  based  on  the  fact  that  the  phase  of  an 
electron  wavefunction  can  be  influence  by  the 
presence  of  an  electric  or  magnetic  field  even  when 
that  field  is  completely  isolated  from  the  charge.  gf^ede^e3:  ^  Aharanov‘Bohm 
The  field  is  assumed  to  be  confined  to  region  A  in 
the  figure.  By  changing  the  phase  of  the 

wavefunction  in  the  top  branch  vs  that  for  the  bottom  branch,  it  is  possible  to  have  either 
constructive  or  destructive  interference  which  in-tum  controls  whether  current  flows  or 
not. 
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Quantum  Interference  Devices 

The  Quantum  Interference  Device  (QUIT)  uses 

the  Aharanov-Bohm  Effect  but  in  a  slightly  different 

manner  than  the  ABED.  The  diagram  at  right  shows  7 

two  quantum  island  regions  “a”  and  “b”  defined  by  the 

surrounding  electrodes.  A  magnetic  field  is  applied 

vertically  to  the  plane  of  the  device.  The  magnetic 

field,  according  to  classical  physics,  tends  to  force  the 

resident  electrons  into  circular  orbits  which  inhibits  the 

electrons  from  following  a  trajectory  from  region  “a”  to  Flgure  16 A:  A  rePresentation  of 

_  ■ _ i)  tt  _  ,v  c  u  ,  the  quantum  interference  device. 

region  b  .  However,  the  magnetic  field  can  be 

adjusted  and  the  AB  effect  can  be  used  to  cancel  out 

the  circular  motions  and  thereby  enhance  a  trajectory  passing  between  the  two  regions. 
These  were  developed  in  1994  as  a  laboratory  device. 

Josephson  Junction 


K-t-'f 


A  Josephson  Junction  (JJ)  is  a 
superconducting  device  that  uses  a  weak 
magnetic  field  to  control  the  flow  of  current 
through  a  tunneling  barrier.  A  thin  oxide  layer 
that  serves  as  the  tunneling  barrier  separates 
two  slabs  of  superconducting  material.  A  slight 
voltage  is  applied  across  the  two  slabs  so  that 
current  will  flow  through  this  junction.  A  small 
loop  of  wire  functions  as  a  control  (or  gate) 
electrode.  A  small  current  passing  through  the 
loop  will  produce  a  small  magnetic  field 
which  is  sufficient  to  destroy  the  pairing  of 
charged  particles  (i.e.  suspends 


Control 


Figure  1.6.5:  The  Josephson  Junction. 
Picture  taken  from  Turton’s  book. 


superconduction)  near  the  junction.  As  a  result,  the  resistance  of  the  junction  increases 
and  the  devices  enters  the  “off’  state.  JJ  devices  use  up  to  a  factor  of  1000  less  power 
than  conventional  semiconductor  devices. 
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Section  1.8:  Discussion  of  References  for  this  Report 

The  material  for  the  report  has  been  compiled  from  a  number  of  books  and 
journals  with  the  author’s  unique  interpretation  in  some  cases.  Where  possible,  the  body 
of  the  text  lists  the  author  or  book  that  can  be  identified  with  a  specific  comment,  point  of 
view  or  derivation.  The  reference  list  is  divided  into  two  parts.  The  first  lists  the  books 
and  publications  most  responsible  for  the  points  of  view  taken  in  this  report.  The  second 
provides  a  sampler  of  the  material  already  in  the  literature. 
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Chapter  2:  Review  of  Elementary  Quantum  Mechanics  and  Notation 

The  application  and  understanding  of  quantum  electromagnetic  states  requires 
familiarity  of  basic  quantum  mechanics.  This  chapter  briefly  discusses  the  typical 
concepts  of  the  classical  Hamiltonian,  Hilbert  space,  the  quantum  mechanical 
Hamiltonian,  representations  and  the  density  operator. 


Section  2.1:  Euclidean  Vector  Spaces  and  Dirac  Notation 

Linear  algebra  is  the  natural  language  of  quantum  theory.  This  section 
reviews  the  Dirac  notation  that  unifies  discrete  (i.e.,  discrete  basis  sets)  and  continuous 
vector  spaces  with  an  inner  product.  First  the  notation  is  reviewed  for  the  vector  space 
spanned  by  the  basis  set  of  unit  vectors  {x,  y,z} .  It  is  then  generalized  to  function  space. 
The  concepts  of  closure  and  completeness  are  discussed. 

Topic  2.1.1:  Introduction  to  Inner  Product 

A  (generalized)  Hilbert  Space  H  is  a  vector  space  with  an  inner  product  defined  on  it. 
The  inner  product  between  two  elements  fi  and  f2  in  H  is  denoted  by  (f,  |f2) .  The  space 

H  is  sometimes  called  an  inner  product  space.  Other  books  use  the  term  Hilbert  Space  to 
refer  to  a  vector  space  of  functions  that  are  square  integrable  in  the  sense  that  the 
following  integral  exists  for  all  functions  f  e  H 

jdx|f(x)|2 

a 

In  this  books,  generalized  Hilbert  space  includes  ordinary  3-D  vectors  and  functions. 

The  inner  product  (i.e.  scalar  product)  (»|»)  is  closely  related  to  the  metric  and 
norm.  The  Norm  is  the  length  of  a  vector.  The  metric  d(r,,f2)  is  a  “distance  function” 
that  measures  the  distance  between  two  elements  r, ,  r2  of  the  vector  space.  The  norm  of  a 
vector  is  ||f1||  =  (r1|r,)1/2  =d(?,,0)  . 

An  inner  product  (»|»)  in  a  (real  or  complex)  vector  space  F  is  a  scalar  valued 

function  that  maps  F  x  F  —>  C  (where  C  is  the  set  of  complex  numbers)  with  the 
properties 

1.  (f  |g)  =  (g|f)  with  f,g  s  F  and  denotes  complex  conjugate 

2.  (af  +  Pg|h)  =  a  (f|h)  +  P*(g|h)  and  (h|af  +  {3g)  =  a(h|f)  +  p(h|g)  where  f,g,hsF 
and  a,P  s  F 

3.  (f|f}>0  Vf  and  (f|f}  =  0  iff  f=0  (except  at  possibly  a  few  points  forCp[a,b]) 

For  function  spaces,  the  inner  product  and  norm  are 
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b 

(f|g)=  Jdxf(x)*g(x) 

a 

b  b 

||f(x)||  =  (f  If)1'2  =  jdx  f(x)’f(x)  =  Jdx  |f(x)|2 

a  a 

As  for  real  vectors,  the  complex  conjugate  is  also  omitted  for  real  functions.  The  inner 
product  for  a  function  space  requires  a  Rieman  integral  over  the  domain  of  definition. 
Property  3  holds  exactly  for  continuous  functions  on  [a,b];  however,  for  piecewise 
continuous  the  property  is  correct  except  at  possibly  the  points  of  discontinuity  as  shown 
at  left.  The  exceptions  arise  for  piecewise  continuous  functions  because  the  Rieman 
integral  is  insensitive  to  individual  points. 

Topic  2.1.2:  Kets,  Bras  and  Brackets 

The  basis  vectors  for  3D  Euclidean  space  are  {x,y,z}  which  can  be  written  as 
{e1,e2,e3}  or  jl,2,3  .  A  “ket”,  denoted  by  |  },  is  another  notation  for  a  vector.  The 
vector  v  can  be  written  as  |  v)  and  the  basis  vectors  as 

x  <->  |l)  y  <->  |2)  z<-»|3) 

A  general  basis  vector  appears  as 

®n  ** |n> 

For  example,  the  vector  v  =  3x-4y  +  10z  is  obviously  written  as 
|  v)  =  3|  l)  -  4|  2)  + 1 0|  3) .  The  “ket”  is  not  a  component  like  the  “3”  or  “-4”  in  the  example 
for  |v).  By  definition,  a  vector  space  V  contains  the  sum  of  two  of  its  vectors 
|  v)  =  |  Vj )  +  [  v2 )  •  Some  people  write  |v)  =  |vj  +v2)  which  means  the  ket  (or  vector) 
corresponding  to  the  “summed”  vector  (i.e.,  |vj  +  v2)  =  |vj)  +  |v2)).  This  is  somewhat 
reminiscent  of  writing,  for  functions,  (fi+f2)(x)=fi(x)+f2(x).  Similarly,  |av)  =  a|v) 
where  a  is  a  complex  constant. 

A  “bra”  (  |  is  defined  to  be  a  projection  operator. 

The  bras  (l|,  (2|,  (3|  are  operators  that  project  a  vector  v 
onto  the  unit  vectors  x,  y,  z ,  respectively.  For  example, 
if  |v)  =  3|l)-4|2)  +  10|3)  then  the  projection  operations 
provide  the  components  (l|v  =  3,  (2|v  =  -4,  and 

(3|v  =  10.  The  better  notation  for  the  combination  of 
projection  operators  and  vectors  is 

(l|v  =  (l|v) 


Figure  2.1.1:  Projection  of 
v  =  3x  +  5y  onto  |l),|2). 
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This  combination  is  a  “bra”  +  “ket”  which  is  a  “braket”  (or  bracket).  In  general,  (w  |  is 
the  operator  that  projects  one  vector  onto  the  vector  w  .  Elementary  vector  analysis  says 
that  (w  |  corresponds  to  w*  where  the  dot  refers  to  the  usual  dot-product 


(w|  v)  =  (w.)v  =  W  •  V 

The  bras  are  linear  operators  and  can  be  distributed  across  a  sum. 

(w|[|vi)  +  |v2)]=(w|v1)  +  (w|v2) 

As  a  note,  other  books  call  the  bras  “projectors”  and  they  call  objects  like  [•}  (• 
projection  operators. 


For  two  general  unit  vectors,  the  orthonormality  relations  are 

/  i  \  ^  fl  m  =  n 

Hn}  =  6m,n=j  (2.1.1) 

[U  m^n 

Where  the  Kronecker  delta  function  5m  n  is  defined  in  Equation  2.1.1.  The  Kronecker 
delta  function  8m  n  is  used  to  express  orthonormality  when  the  basis  set  is  in  one-to-one 
correspondence  with  a  subset  of  integers  (could  be  an  infinite  subset).  For  cases  where 
the  set  of  basis  function  is  in  one-to-one  correspondence  with  a  dense  subset  of  the  real 
numbers,  the  Kronecker  delta  function  is  replaced  by  the  Dirac  Delta  Function  (i.e.,  the 

impulse  function)  5(x  -  x') .  A  set  of  vectors  B  =  { 1 1),  1 2),  •  •  • }  is  orthonormal  if  for  any 
two  vectors  |  m),  |  n)  in  B  the  inner  product  between  them  is  (m  |  n)  =  5m  n  . 

A  linear  combination  of  “n”  orthonormal  vectors  B  =  |l),  1 2), •  •  • ,  |n)}  has  the 

form 

lv>  =  2Cili>  (2-1.2) 

i=l 

where  Q  can  be  complex  numbers.  The  collection  of  all  such  vectors  V  =  {|  v) }  forms  a 
vector  space  and  the  set  B  is  a  basis  set.  The  set  B  “spans”  the  vector  space  V.  The 
dimension  of  the  vector  space  is  Dim(V)=n.  Since  every  vector  in  V  can  be  found  by  a 
suitable  choice  of  the  Q,  the  set  B  is  said  to  be  complete. 

The  components  of  the  vector  Q  in  Equation  2.1.1,  can  be  written  in  terms  of  the 
brackets  by  projecting  the  vector  |  v)  onto  each  basis  vector  |  m) . 

H  v>  =  HZC,|i)  -£c,(m|i)  =  £ciSiim  =  Cm  (2.1.3) 

i=l  i=l  i=l 

The  results  from  Equation  2.1.3  written  as  C;  =  (i|v),  can  be  substituted  into  Equation 
2.1.2  to  obtain 

|v)=£ci|i>=£[(i|v)]|i> 

i=l  i=l 

or 
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(2.1.4) 


iv>=iii><i|v> 

i=l 

The  closure  or  completeness  relation,  which  obtains  from  Equation  2.1.4,  is  of 
vital  importance  as  a  compact  expression  of  a  complete  set  of  orthonormal  vectors  (i.e.,  a 
basis  set).  Equation  2.1.4  can  be  regrouped 

|v)  =  f±|iXi|l|v> 

\i=l 

Consider  the  quantity  in  parenthesis  to  be  an  operator  and  realize  that  the  equation  must 
hold  for  all  vectors  in  the  vector  space  V  (sort  of  thinking  that  the  ket  |v)  can  be 
cancelled  on  both  sides).  The  last  equation  becomes 

iiM-i 

i=l 

for  the  vector  space  V  spanned  by  the  basis  B  =  |l),  1 2), — ,  |n)}.  The  “1”  that  appears  in 
this  equation  is  actually  an  operator  and  not  just  the  number  “1”  .  The  number  of  terms 
in  the  summation  changes  for  each  vector  space  depending  on  the  number  of  basis 
vectors. 


Example:  The  completeness  relation  for  R3  using  (w  |  =  w  •  is 

l  =  jl){l|  +  |2>(2|  +  |3)<3| 
so 

1«  A  A  A  A  A 

=  xx*  +  yy»  +  zz» 

Note  that  the  unit  vectors  are  just  written  next  to  each  other  without  an  operator  between 
them. 


Example:  To  see  that  “xx •  +  yy  •  +  zz •  ”  is  a  unit  operator,  let  R  =  xx  +  yy  +  zz 
and  write 


(xx*  +  yy«  +  zz»  )R  =  (xx*  +  yy*  +  zz»)(xx  +  yy+zz) 

(A  A  AA  A  A  \  A  /A  A  A  A  AA\A./AA  A  A  A  A  \  A 

xx  »+yy  •+zz»jxx  +(xx  »+yy  *+zz»|yy  +  (xx  »+yy  »+zz*/zz 


=  xx  +  yy  +  zz 


So  we  get  the  vector  Rback  again.  The  operator  “xx*  +  yy •  +  zz»”  just 
decomposes  R  into  components  and  then  re-assembles  it  again. 


Topic  2.1.3:  The  Euclidean  Dual  Vector  Space 


The  previous  subtopic  shows  that  a  bra  (w  |  ,  which  projects  an  arbitrary  vector 
onto  the  vector  w  ,  is  an  operator  that  maps  a  vector  space  V  into  the  complex  numbers 
C  (i.e.,(w|:  V  -»  C).  The  bra  (w|  is  a  linear  operator  and  can  be  distributed  across 
terms.  These  projection  operators  form  a  vector  space  -  a  vector  space  of  linear 
operators. 
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The  space  “dual”  to  the  vector  space  V  is  defined  to  be  the  set  V+  consisting  of 
all  of  the  bra  operators  (w| .  For  each  ket  |  w),  there  is  a  bra  (w  and  vice  versa.  Each 
element  of  the  original  vector  space  V  is  in  1-1  correspondence  with  the  “dual  vector 
space  V+”.  Mathematically,  the  two  vector  spaces  V  =  {|v)}  and  V+  ={(w|}  are 
related  by  an  anti-linear  1-1  (isomorphic)  map  denoted  by  the  dagger  superscript.  The 
isomorphic  map  + :  V  <->  V+  is  call  the  Hermitian  conjugate  (or  adjoint  operator). 

(•I  o  |.) 

+ 

The  usual  way  to  write  this  mapping  is  as 

|w)+  =  (w| 

If  a,  p  e  C  (the  complex  numbers)  then  the  anti-linearity  property  is  written  as 

[a|v)  +  p|w)]+ =[a|v)]+  +[p|w)]+  =a*(v|  +  p*(w| 
where  *  ‘  indicates  complex  conjugate.  Part  of  the  reason  for  taking  the  complex 
conjugate  of  the  coefficients  has  to  do  with  finding  the  magnitude  of  a  “complex”  vector. 
The  adjoint  operator  maps  a  basis  set  for  V  into  a  corresponding  basis  set  for  V+. 

If  {|i):i  =  l,...,n}  is  a  basis  set  for  V  then  {(i|:i  =  l,...,nj  is  a  basis  set  for  V+. 

Therefore  the  dual  basis  set  is  composed  of  operators  that  project  an  arbitrary  vector  onto 
the  set  of  basis  vectors  of  the  vector  space  V. 


Example:  Some  relations  can  be  demonstrated  for  v  =  |  v)  =  a|  l)  +  b|  2)  where  { |l),|2) } 
spans  R2. 

1.  (v|  =  [v)+  =[a|l)  +  b  2)]+  =  a*(l|  +  b’{2| 

2.  (v|l)  =  [a*(l|+b‘{2|  |l)  =  a*and  (l|v)  =  (l|  [a|l)  +  b|2)]=  a 

3.  (l|v)  =  a  =  (a*)*  =  (v|l)* .  Note  that  (vjl)+ =(l|v)  =  (v|l)*. 


For  the  sake  of  argument,  let  L,  Li,  L2  be  linear 
operators  that  act  on  the  vector  space  V  with  basis  vectors 

{ 1 1),  1 2), . . . ,  |  n) }  where  L=L]L2  (for  example).  Note  that  L 
does  not  need  to  be  a  projection  operator  (there  are  other 
types  of  operators);  however,  as  seen  in  a  subsequent 
section  the  linear  operators  can  be  written  as  combinations 

of  bras  and  kets.  As  a  prototype  consider  (w|L|v)  where 

|v)>|w)eV  and  (w|eV*.  The  adjoint  operator  reverses 

the  direction  of  all  the  objects  and  adds  the  “+”  to  each 
operator. 

(v|L,L2|w)+  =(w|L2Lt|v). 


<V  I  L  I  w>+ 
<  w  I L  I  v> 


Topic  2.1.2:  Action  of  the 
adjoint  operator. 
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Topic  2. 1.4:  Inner  Product  and  Norm 


Assume  |i):i  =  1,2,3  is  a  basis  set  for  a  3D  vector  space.  The  norm  (or  length) 
of  a  vector  is  found  by  taking  the  square  root  of  the  inner  product. 

||v|j2  =  V«  V  =  (v|v) 


=  Sh^li) 

i,j=l  i.j=l 

The  last  step  follows  since  v*Vj  is  just  a  number  and  so  it  can  be  moved  outside  the 
brackets.  Now  we  use  the  orthonormality  property  for  unit  vectors  to  write 

H2  =  1^=1^=  Shi2 

i,j=l  i=l  i=l 

where  |vj|  is  the  magnitude  of  the  complex  number. 
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Section  2.2:  Hilbert  Space  of  Functions 

The  first  topic  shows  how  the  brackets  allow  functions  to  be  thought  of  as 
components  of  a  vector.  The  next  sections  shows  the  Hilbert  Space  of  functions  where  a 
function  can  be  written  as  a  linear  combination  of  basis  functions.  Although  the  two 
representations  are  related,  one  thinks  of  projecting  a  function  into  coordinate  space  as 
different  from  a  projection  into  a  Hilbert  space  with  basis  functions.  These  two  sections 
will  compare  and  contrast  the  concepts. 

We  will  provide  examples  using  Fourier  series.  Sections  at  the  end  of  this  chapter  will 
examine  some  issues  of  convergence. 

The  inner  product  is  formed  by  the  combination  of  a  “bra”  and  a  “kef The  inner 
product  is  thought  of  in  two  different  ways  for  functions  even  though  they  are  related. 
This  section  reviews  vector  spaces,  basis  sets  and  closure  relations  for  functions.  The 

inner  product  (x|f)  where  “x”  refers  to  the  x-axis  is  really  the  function  f(x).  It  follows 
from  the  definition  of  inner  product  when  “x”  is  taken  to  mean  the  Dirac  delta  function 
(impulse  function).  This  will  be  seen  in  more  detail. 

Topic  2. 2. 1 :  Vector  Space  of  Functions 

Functions  in  a  set  F  =  {<t>0,<|>1,<|)2,...,<|>B  }  are  linearly  independent  if  for  complex 
constants  q  (i=0,...,n},  the  sum 

ici<j>i(x)  =  0 

i=0 

can  only  be  true  when  all  of  the  complex  constants  are  zero  q=0.  Functions  in  the  set 
F  =  {<t>o’<t)i’<t)2’--^<t)n  }  are  orthonormal  if  (<|)iUj)  =  88  for  every  integer  ij  in  the  set 
{0,l,2,...,n}.  The  inner  product  between  two  complex  functions  “f’  and  “g”  over  the 
range  (a,b)  is 

(f|g)=  Jdxf‘(x)g(x) 

a 

Orthonormal  functions  are  linearly  independent  as  can  be  seen  by  starting  with  a  sum 
over  the  functions  <J)j  using  complex  coefficients  q 

Eci(t’i==0  or  Zc.|*,)-° 

Next,  operate  on  both  sides  with  the  bra  operator  (<t>m  |  to  get 

but 

=  {^m  l^i) 

so  that  the  complex  coefficients  must  all  be  0  (i.e.,  q=0  for  all  i). 
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A  linearly  independent  set  of  functions  F  =  { (j)0  ,<{>,  ,<j)2  }  is  complete  if  every 

function  f(x)  in  the  space  can  be  written  as 

f(x)  =  Sc1+I(x)  or  |f)  =  Xci|())i) 

i=l  i=l 

(except  at  possibly  a  few  points)  for  some  choice  of  complex  numbers  c*.  If  the  set  {<t>i} 
is  "complete  and  orthonormal"  then  the  functions  <|)j  are  basis  functions  (or  basis  vectors) 
and  span  the  function  space.  The  complete  orthonormal  set  of  functions 
F  =  ><►„ )  form  of  basis  for  a  Hilbert  space  H.  The  basis  functions  can  be 

written  using  Dirac  notation  as  | }  or,  more  conveniently  as  (|0),|l),... } . 
Assume  that  the  infinite  series  uniformly  converge  so  that  they  can  be  integrated  or 
differentiated  as  necessary. 

Results  very  similar  to  that  for  the  Euclidean  space  (actually,  Euclidean  space  is  a 
misnomer  since  function-space  also  has  orthonormal  basis  vectors!)  can  be  written  for  the 
function  the  Hilbert  space  H.  The  basis  vector  expansion  is 


i=0 

The  components  of  the  vector  |f)  (i.e.,  the  expansion  coefficients  Cj)  can  be  found 
by  operating  with  the  bra  { j  |  as  follows 

0lf) = (^  |f) = OE^) = = Zci5o = cj 

i=0  i=0  i=0 

so,  just  like  Euclidean  vectors,  we  find  the  vector  components  to  be  Cj  =  (j|f) .  The 
definition  of  the  vector  components  C;  =  (<j>j  |f)  =  (i|f)  can  be  used  to  demonstrate  a 
closure  relation. 

|f>  =  Sc,|i>  =  £{i|f)|i>  =  E|i)(i|f>  =  fsii>(i|)  |f> 

i=0  i=0  i=0  V  i=0  J 

The  closure  relation  is  found  by  comparing  both  sides 

i=0 

The  closure  relation  is  equivalent  to  saying  that  the  set  F  =  {<j)0,(|)1,(|)2,. ..,<()„ }  is 
complete. 

The  bra  for  functions  can  be  written  in  terms  of  an  operator  as 

(f|S[dxf‘o 

where  the  small  circle  is  a  place  holder  for  another  function. 
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Topic  2.2.2:  Projecting  Functions  into  Coordinate  Space 

Recall  that  Euclidean  vector  v  (Section  2.5)  in  a  generalized  Hilbert  space  has 
components  v;.  The  components  are  really  functions  of  the  index  “i”  as  in 

v(i)  =  Vj  =(ijv).  This  is  equivalent  to  projecting  the  vector  v  on  to  the  ith  coordinate. 
The  index  “i”  is  thought  of  similarly  to  the  x-axis,  for  example,  except  that  “i”  refers  to 
the  integer  subset  of  the  reals. 

The  function  “f ’  in  a  vector  space  is  written  as  |f) .  The  function  “f*  (i.e.,  |f)  )  is 
regarded  as  a  physical  object  and  not  the  component  f(x).  The  reason  is  that  “f’  can  be 
represented,  for  example,  as  f(x),  or  as  the  Fourier  transform  f(k)  or  as  a  series  expansion. 
All  three  representations  are  equally  valid  expression  for  “f\  The  component  f(x)  is 
equivalent  to  projecting  the  function  “f  ’  onto  the  xth  coordinate.  The  Fourier  transform  is 

equivalent  to  projecting  “f”  into  k-space  to  get  (k|f)  =  f(k).  The  same  “f”  is  used  for 
f(k)  as  for  f(x)  with  the  understanding  that  the  explicit  form  of  the  projected  function  is 
different  (i.e.,  f(k)  is  not  found  by  replacing  “x”  with  “k”). 

The  connection  between  the  definition  of  (g|h)  as  an  integral  and  the 
interpretation  of  (x|f)  as  the  function  f(x)  is  obtained  through  the  Dirac  delta  function. 

If  x0  is  a  coordinate,  then  ket  |x0)  is  actually  the  delta  function  5(x-x0)  .  Then  the 
inner  product  (i.e.,  the  projection  of  “f  ’  onto  Xo)  is 

(x0|f)  =  (5(x -x0)|f(x))  =  £dx[8(x-x0)]t f(x)  =  £dx  5(x -x0)f(x)  =  f(x0) 

The  vector  f  =  |f)  is  therefore  decomposed  into  the  delta-function  basis  vectors 

{5(x  -x0) : x0  e  R}  of  which  there  are  an  infinite  number. 

The  closure  relation  for  Euclidean  vectors  can  be  generalized  for  use  with 
coordinate  space.  The  summation  used  with  discrete  basis  vectors  |i)  is  replaced  with  an 

integral  for  the  continuous  set  of  basis  vectors  such  as  |x) .  The  basis  set  for  the  Fourier 
transform  set  is  also  continuous  and  the  summation  is  also  replaced  with  an  integral.  The 
relations  for  closure  and  orthonormality  become 

£|i)(i|  =  l  ->  J  lx)dx(x|  =1 

(m|n)  =  6mn  (x'|x)  =  5(x  -x') 

m,n  €  int  egers  x,x'e  R 

The  relations  can  be  demonstrated  using  the  delta-function  definition  of  the  coordinate 
ket  jx) .  The  proofs  are  left  to  the  reader.  Notice  in  particular  the  new  representation  for 
the  Dirac  delta  function. 

To  see  that  the  notation  is  consistent,  operate  on  the  left  of 

1  =  J |x)dx(x| . 

with  the  bra  (x'|  and  on  the  right  by  a  function|f)  to  get 
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(x'|f>  =  (x'|f)  =  (x'|l|f)  =  (x'l  j  |x)dx (x 1 1 f) 

=  J  (x'|x)dx(x|f)  =  J  8(x-x')f(x)dx 

=  f(x’) 

Generally,  closure  relations  are  used  to  write  inner  products  in  a  more  tractable 
form.  For  example,  considered  two  functions  |  f  },|  g) .  The  inner  product  is 

{g|f)  =  (g|l|f)  =  (g!|ix)dx(x||f>=  J(g|x)dx(x|f) 

Now  use  (x|g)+=(g|x)  and  the  fact  that  (x|g)  is  a  complex  number  so  that 

(x|g)+=(x|g)  and  then 

(g|f)=  J  dxg*(x)f(x) 

as  required  by  the  basic  definition  of  inner  product. 

The  Dirac  delta  function  is  used  when  the  basis  vectors,  such  as  |x),  are 

continuous  functions.  When  the  index  "i"  (as  in  |i))  is  discrete,  the  Kronecker  delta 

function  is  used  in  place  of  the  Dirac  delta  function.  The  index  "i"  does  not  need  to  be  an 
integer  so  long  as  it’s  range  of  values  is  in  one-to-one  correspondence  with  a  subset  of  the 
integers.  The  use  of  the  Dirac  or  Kronecker  delta  function  is  the  only  difference  between 
using  continuous  or  discrete  basis  functions,  respectively. 

Topic  2.2.3:  Miscellaneous  Relations 

The  norm  (squared)  of  a  function  can  be  calculated 
||f||2  =(f|f>  =  <f|l|f)  =  (f|[j|x)dx<x|]|f)  =  J  (f|x)dx(x|f)=  J  (x|f)+dx(x|f) 

=  Jf*(x)f(x)dx=  J|f(x)|2 

Each  different  set  of  basis  vectors  F  leads  to  a  different  representation  of  the  Dirac 
delta  function.  For  example,  using  5(x  -  x')  =  (x  |  x') 

8(x-x')  ={xjx')  =  (x|l|x') 

_  i=0 

=X(xl*sX*iM 

i=0 
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Section  2.3:  Linear  Operators 

This  chapter  discusses  linear  transformations  on  a  Hilbert  space.  These  linear 
operators  have  matrix  representations.  Unitary  operators  change  the  basis.  The  adjoint 
operator  is  discussed  along  with  the  self  adjoint  and  Hermitian  operators.  This  section 

denotes  operators  by  a  caret  above  the  symbol  as  in  Oand  the  corresponding  matrices 
with  an  underline  O .  Linear  operators  can  be  represented  by  matrices  once  a  basis  set  is 
identified  for  the  vector  space. 

Topic  2.3.1  Linear  Transformations  and  Matrices 

A  linear  transformation  T  defined  on  a  Hilbert  space  maps 
one  vector  |  va )  in  the  space  into  another  |  vc )  according  to 

T|VaHVc) 

If  |va)  and  |vb)  are  elements  of  the  Hilbert  space  and  ci,  C2 
are  complex  numbers  (C)  then 

T[c1|va)  +  c2|vb)]  =  c1T|va)  +  c2T|vb> 

where  the  new  vectors  T|  va }  and  T|  vb )  are  also  members  of 
the  Hilbert  space. 

A  linear  transformation  T  can  be  represented  by  a  matrix.  The  transformation  "T" 
(i.e.,  linear  operator)  maps  elements  of  the  Hilbert  space  into  other  elements  of  the 
Hilbert  space.  However,  each  element  of  the  Hilbert  space  is  a  vector  which  is  a  linear 
combination  of  the  "unit  vectors"  in  the  basis  set.  Knowing  how  "T"  maps  each  basis 

vector  is  sufficient  to  know  how  "T"  maps  all  vectors  |  v) . 

For  simplicity,  consider  a  linear  transformation  “T”  that  maps  a  vector  space  into 
itself  T :  V  -»  V  so  that  the  matrix  is  square.  Let  V  be  an  n-dimensional  (generalized) 

Hilbert  space  with  basis  B  =  =  |  <(> . )  =  |  i) :  i  =  1,2, . . . ,  n}  .  The  matrix  of  the  operator 

"T"  with  respect  to  the  basis  set  B  is 

T  T 
A11  x12 

T  T 

rp  _  a21  x22 

— ii  ~  : 

T  T 
Lani  ani 

where  Ty  occurs  in 

T*J-2]Tl*i  P-3.1) 

i 

Note  the  order  of  i  j  on  the  matrix  element  Ty.  Equation  2.3.1  can  also  be  written  as 

Tl*J>-ZTll+<)  01  Tli>  =  ET«|i) 

i  i 

The  non-square  matrix  is  similar  except  two  different  vector  spaces  are  required. 


Figure  2.3.1:  Linear  operator 
maps  vectors. 
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The  matrix  elements  are  most  conveniently  written  in  Dirac  notation.  For 
simplicity,  consider  an  operator  that  maps  a  vector  space  into  itself  according  to 
X :  v  _»  V .  As  before,  assume  V  is  spanned  by  the  basis  vectors  (Euclidean  or 

functions)  Bv  =  =  |i)  :i  =  1,2,... ,n} 

T|*.>-2T>I*.) 

Operating  with  a  projection  operator  (<})b  j ,  we  have 

(KlTlO  =(<t>bE,Tia|<|)a)  =  ^]Tja(<))b|(j)i)  =  ^]Tia8bj  =Tba 

i  i  > 

So  inner  products  involving  unit  vectors  and  a  linear  transformation  T  are  really  elements 
of  a  matrix.  Note  the  order  of  the  indices  b,a. 

As  a  note,  the  adjoint  of  a  matrix  is 

a*  c*" 
b*  d* 

Topic  2.3.2:  Basis  Vector  Representation  of  a  Linear  Operator 

It  is  sometimes  useful  to  represent  an  operator  T  in  terms  of  bras  and  kets  (i.e.,  in 
terms  of  the  basis  vectors  for  the  vector  space  and  the  dual  space).  First  consider  an 

operator  T :  V  ->  V  that  maps  of  vector  space  V  into  itself  with  basis  Bv  =  (|i) }  .  The 
definition  of  matrix  gives 

T|b)  =  2Ta» 

a 

where  |a)  and  |b)  are  basis  vectors.  Multiplying  this  last  equation  by  (b|  from  the  right, 
provides 

T|  b)(b  |  =  Tlb  |  a)(b  | 

a 

Now  sum  both  sides  over  the  index  "b" 

TS|b)(b|  =  2X|a)(b| 

b  a,b 

The  closure  relation  ^!b)(b  =l  provides 

T  =  ST,„|a)(b| 

a,b 

These  basis  vector  representations  of  an  operator  have  a  form  very  reminiscent  of  the 
closure  relation.  In  fact,  the  closure  relation  obtains  if  the  operator  T  is  taken  as  the  unit 
operator  T=1  so  that  the  matrix  elements  are  Tab=§ab- 


M+  = 


a  b 
c  d 
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Example:  For  the  linear  operator  T :  V  ->  V  find  an  operator  that  maps  the  basis  vectors 
as  follows 

1 1)  — >  1 2)  and  |2)  — >  — |l) 

The  solution  can  be  found  by  noting  that  |2)(l|  can  operate  on  the  unit  vector  |l) 

and  it  gives  |2)(l|l)  =  1 2) .  We  similarly  notice  that  (—  |l)(2|  )|  2)  =  — jl)(2  j2)  =  —1 .  We 
therefore  speculate  that  the  desired  operator  is 

T=|2){1|-|1){2| 

The  reader  can  try  the  operator  on  both  basis  vectors.  The  first  basis  vector 

TI1>=(I2X1H1X2I)I1H2> 

The  transformation  T  describes  her  rotation  by  90°. 

Topic  2.3.3:  Direct  Product  Space 

Vector  spaces  V  and  W  can  be  combined  into  product  spaces  with  basis  vectors  of 
the  form 

kM-Mj)} 

where  the  individual  spaces  have  the  basis  vectors 

b. -{!♦,)}  BW={|'FJ)} 

and  the  spaces  V  and  W  do  not  need  to  be  the  same  size.  The  size  of  the  direct  product 
space  V  ®  W  is  given  by 

Dim[v  0  W]  =  Dim(v)  Dim(w)  . 

The  projection  operators  (bras)  corresponding  to 

|v,w)eV®W  are  |v,w)+  =  (v,w|  =  (v|(w| 

where  (v,  w|  e  [V®  WJ* .  The  basis  set  for  the  dual  space  is 

{(^K+iM} 

Next,  consider  inner  products  on  the  product  space.  Inner  products  can  only  be 
formed  between  V*  and  V,  and  also  between  W*  and  W.  So  if 

|v,),|v2)eV  |w,),|w2)eW 

then  the  inner  product  is 

(v,w,  |  v2w2)  =  (v,  |  v2)(w,  |  w2)  (2.3.2) 

Of  course,  (v,  |v2)  and  (w,|w2)  are  just  complex  numbers,  and  (2.3.2)  can  also  be 
written  as 

(v1wI|v2w2)  =  (w,|w2)(vI|v2) 

where  the  factors  on  the  right  hand  side  have  been  reversed. 

There  are  other  operators  O  that  act  on  the  direct  product  space.  The  matrix  of  O 
can  be  defined  by 

a,p 
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or,  taking  the  inner  product  using  the  projection  operator  (<(>c,vFd  | ,  provides 

= Xo4,»{«  1*.^) =Z°*»8«8. = 

a,p  a,p 

Topic  2.3.4:  Trace  of  an  Operator 

The  trace  of  an  operator  is  essentially  defined  as  the  trace  of  its  matrix,  which  is 
the  sum  of  the  diagonal  elements.  Let  (|a) }  be  the  set  of  basis  vectors  for  the  vector 
space  V.  Let  T :  V  -»  V  be  a  linear  operator.  The  trace  of  T  is 

Tr(T)  =  2>!Tla> 

a 

Recall  that  the  trace  is  independent  of  the  particular  choice  of  basis  vectors 

The  following  lists  some  useful  properties  of  the  trace.  Assume  that  the  operators 

A,  B,  C  have  a  domain  and  range  within  a  single  vector  space  V  with  basis  vectors 

B,  =  {|a> 

(1)  Tr(AB)=Tr(BA) 
proof: 

Tr(AB)  =  £(n|AB|n)  =  £(n|AlB|n)  =  £(n|A|m)(m|B|n)  =  £(m|B|n)(n|A|m) 

n  n  nm  “n 

=  £(m|BA|m)  =  TR(BA) 

m 

(b)  TR(ABC)  =  TR(BCA)  =  TR(CAB) 


Topic  2.3.5:  Trace  in  Coordinate  Space 

Starting  with  the  definition  of  trace,  inserting  a  unit  operator  in  two  places,  and 
then  the  closure  relation  in  coordinate  space  gives 

Tr  A  =  £<n]A|n)  =  ]£(n|lAl|n)=  jjdxdx'  £  (n|x)(x|A|x')(x’|n) 

n  n  n 

The  matrix  elements  are  number  that  can  be  rearranged  to  give 

Tr  A=  Jjdxdx' X  (x|A|x')(x'|n)(n|x)=  JJdxdx' (x|A|x’)(x’|x)=  Jjdxdx' (x|A|x')8(x-x') 

n 

where  the  closure  relation  is  used  for  |n^  and  the  Dirac  delta  function  is  substituted. 
Performing  the  final  integration  gives 

Tr  A=  Jdx(x|A|x) 
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Section  2.4:  Unitary  Operators  and  Similarity  Transformations 


This  section  discusses  operators  with  a  domain  and  range  within  a  single  vector 
space.  Unitary  operators  preserve  angles  and  lengths.  Therefore,  if  a  unitary  operator 
acts  on  a  set  of  basis  vectors,  the  image  set  is  another  set  of  basis  vectors.  The  unitary 
operator  is  critical  to  understanding  the  evolution  operator  obtained  from  Schrodinger’s 
equation.  The  orthogonal  operators,  which  rotate  Euclidean  vectors)  are  subsets  of  the 
unitary  operators.  The  discussion  freely  interchanges  the  focus  from  linear  operators  to 
matrices  and  back  owing  to  the  natural  isomorphism  existing  between  the  space  of 
operators  and  the  space  of  matrices. 


Topic  2.4.1:  Orthogonal  Rotation  Matrices 


Orthogonal  matrices  rotate  Euclidean  vectors.  The 
word  "orthogonal"  is  meant  to  imply  that  the  length  of  a  vector 
does  not  change  when  the  coordinates  are  rotated.  The 
orthogonal  operator  is  most  conveniently  defined  through  its 
matrix.  An  orthogonal  matrix  R  has  the  property  that  the 
inverse  is  related  to  the  transpose  as 

R"1  =Rt  (2.4.1) 

This  relation  is  independent  of  the  basis  set  chosen  for  the 
vector  space  (as  it  should  be  since  the  operator  does  not  depend 
Recall  the  definition  of  the  transpose 

or  Rl,=R,„ 

where  the  indices  "a"  and  "b"  are  interchanged.  The  defining 

relation  in  Equation  2.4. 1  can  be  used  to  show  Det  (r)=1  . 

Recall  that  rotation  can  be  viewed  as  either  rotating  the 
coordinate  system  or  as  rotating  a  vector  ? .  As  an  example, 
consider  a  rotating  all  vectors  by  45°  counter  clockwise  and  then 


X 


Figure  2.4.1:  Rotation 
of  axes 

on  the  chosen  basis  set). 


re-expressing  them  in  terms  of  the  original  basis  vectors  Figure  2.4.2:  Rotating 

|l)  and  |2).  The  rotation  operator  provides  R|l)  =  |l').  However,  *e  basis  vectors  311(1 
1/17  1  '  re-expressing  them  in 

the  definition  of  a  matrix  requires  R|l)  =  R„|l)  +  R2,|2).  the  original  basis  set. 
Therefore 


|1')  =  R|1)=  -jL|l)+-jL|2>  =  co.e  ]l)+sin0|2)  =  Rn  |l)+Ral|2) 

2')  =  R|2)  =  — Ujl) H — l=|2)  =  -sin9  |l)  +  cos0|2)  =  R,;  |l)  +  Rjj  |2) 
V2  v2 

where  the  coefficients  are  obtained  from  the  figure.  The  results  can  be  written  as 


R  =  R , ,  1 1)<1 1  +  R,,  |l><2j  +  R21  i  2){1 1  +  R22 1 2><2 1 
=  cos  0 1  l)(l  j  +  sin  0 1 1)(2 1  -  sin  0 1 2)(l  |  +  cos  0  [  2)(2| 
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The  orthogonal  linear  operators  preserve  the  orthonormality  relation  and  therefore 
transform  one  basis  set  into  another.  This  can  be  seen  as  follows  for  a  2-D  space  with 

basis  vectors  |l),|2).  Let 

R|a)  =  |va)  R|b)  =  |vb) 

where  a,b  are  1  or  2  for  the  two  basis  vectors.  Forming  the  inner  product  provides 
(va|vb>  =  (|  v.)  )+|  vb)  =  (R|a)  y  R|b)  =  (a|R+R|b) 

+  *t  T 

However,  R  is  real  and  so  R  =R  =R 

(v.|v„)  ={a|R*Rjb)  -  (a|RTR|b)  =  <a|l|b>  =  <a|b>  -  8,„ 

where  the  defining  relation  for  orthogonal  operaters  RT=R"'  is  used  for  the  forth  step.  As 
a  result,  R  preserves  the  orthonormality  relations  among  the  vectors.  In  fact,  orthogonal 
rotations  preserve  the  lengths  of  all  vectors  and  all  angles  -  not  just  those  for  the  basis 
vectors. 

Topic  2.4.2:  Unitary  Transformations 

A  unitary  transformation  is  a  "rotation"  in  the  generalized  Hilbert  space.  A 
unitary  operator  “u”  is  defined  to  have  the  property  that 

u+  =  u"1 

This  unitary  property  leads  to  |det(u)2  =  1  by  taking  the  determinant  of  both  sides  of 

uu+  =  1 

Assume  that  the  operator  u  maps  the  vector  space  V  into  itself  u :  V  -»  V .  Unitary 
operators  preserve  the  orthonormality  relations  of  the  basis  set.  That  is,  if 

B.  =  {|a>} 

is  a  basis  set  then  so  is 

B'v  =  {u|a)  =  |a')} 

The  proof  is  similar  to  that  for  orthogonal  operators. 

(a'|b')  =  (u|a))+(u|b))=  <a|u+u|b)  =  (a|l|b)  =  (a|b)  =  8ab 

As  a  result,  B'v  and  Bv  are  equally  good  basis  sets  for  the  Hilbert  space  V. 

The  inverse  of  the  unitary  operator  "u",  u'1==u+  can  be  written  in  matrix  rotation  as 

u+=uT*  or  (u+)ab=u*ba  or  sometimes  uab=uba 
Example:  If  u  =  ]T  uab  |  a)(b  |  then  u+  can  be  calculated  as 

ab 

«*=Ekl>)(b|)f=E(“J»<-l 

ab  ab 

The  coefficient  uab  is  a  single  complex  number  and  not  the  entire  matrix  so  that  the 
dagger  can  be  replaced  by  the  complex  conjugate  without  interchanging  the  indices.  As  a 

result 
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U+  =ZUab|b)(al 

ab 

The  result  can  be  checked  to  see  that  u+u=l. 

U  +  U=  ZUap|P)(al  fEUab|aXb|l  =  ZU*aPUab|P)(bl5aa=ZUaPUab|PXb| 

i  ap  A  ab  )  ab  ab 

ap  P 

Working  with  the  product  of  the  unitary  matrices  provides 

ZVab  =X(U+kUab  =(U+Ulb  =5Pb 
a  a 

Notice  that  the  indices  are  switched  for  Hermitian  adjoint  of  the  matrix  since  the  entire 
matrix  is  referenced.  Substituting  this  result  for  the  unitary  matrices  gives  the  results 

u*u=£sjP)(bl=IlbXbH 

Pb  b 


Topic  2.4.3:  A  Convenient  Picture  for  Unitary  Transformations 


The  unitary  linear  operator  maps  replaces  one  basis  set 
with  another. 

Bv  =  {|a> }  — »  B'v  =  {u|a)  =  |a’> } 

For  example,  the  figure  shows 

u|l>  =  |l'>  u|2>  =  |2-> 

On  the  other  hand,  the  two  objects  and  |2')(2j  perform  the 
following  mappings: 

|i')(i|  maPs  l1)-H1')  since  [|r)<i| ] |i>=|r)(l|l)=|r) 
|2')(2|  maps  1 2) ->  1 2')  since  |2’)(2|  ]  |2)  =  |2,)(2|2)  =  |2,> 


Figure  2.4.3:  Rotation 
by  an  unitary  operator 


Notice  that  the  objects  |l')(l|  and  |2'){2|  "basis  vectors"  for  the  vector  space  of  operators 
{u} .  Putting  both  pieces  together  gives 

U=|1,){1|  +  |2,){2| 

It  is  useful  to  write  "u"  as 


u=Zla'Xal 

a 

to  handle  "rotations"  in  all  dimensions.  When  using  "u"  for  actual  calculations,  either 
|  a')  must  be  expressed  as  a  sum  over  |a)  or  vice  versa. 
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Section  2.5:  Hermitian  Operators  and  the  Eigenvector  Equation 

The  concepts  of  adjoint,  self-adjoint  and  Hermitian  operators  are  essential  for  the 
study  of  Sturm-Liouville  problems  in  mathematics  and  quantum  mechanics.  This  book 
assumes  that  self-adjoint  and  Hermitian  operators  are  the  same.  Hermitian  operators 
have  valuable  properties  that  govern  the  allowable  eigenfunctions  and  eigenvalues. 
Eigenfunctions  are  generally  used  as  the  basis  set  for  the  vector  space. 

In  quantum  mechanics,  one  of  the  most  basic  assumptions  is  that  a  Hermitian 
operator  can  represent  every  physically  observable  quantity  such  as  energy,  momentum 
and  electric  field.  An  "observable"  is  the  physical  object  whereas  the  "Hermitian 
operator"  is  the  mathematical  object. 

The  result  of  measuring  an  observable  is  assumed  to  be  an  eigenvector  of  the 
operator.  For  example,  let  H  be  the  energy  operator  and  for  now  assume  that  the  Hilbert 
space  is  spanned  by  (|n) }  the  complete  set  of  eigenvectors  of  H  .  Then  H  |n)  =  En|n) 
says  that  the  observation  of  the  energy  of  a  particle  in  the  state  jn)  gives  the  values  of  the 

A 

allowed  energies  En.  The  expected  value  of  the  Hamiltonian  H  of  a  particle  occupying 
the  state  |n)  as 

(n|H|n)  =  (n|En|n)  =  En 

Clearly,  the  notion  of  Hermitian  operator  is  of  immense  importance  to  the 
physical  world  especially  given  that  all  physically  observable  quantities  correspond  to  a 
Hermitian  operator.  Based  on  this  fact,  it  seems  reasonable  that  the  result  of  any 
observation  must  somehow  be  contained  in  the  vectors  occupying  the  Hilbert  space.  In 
particular,  the  results  must  be  contained  in  the  basis  vectors.  Apparently  the 
"completeness"  of  a  basis  set  is  related  to  a  "completeness"  in  nature. 

Topic  2.5.1:  Adjoint,  Self-Adjoint  and  Hermitian  Operators 

Let  T  be  a  linear  transformation  defined  on  Hilbert  space  V  where  T :  V  — »  V  (for 
simplicity)  and  let  the  basis  vectors  be  {|n):n  =  1,2,...} .  The  adjoint  operator  T+  is 
defined  to  be  the  operator  which  satisfies 
(g|Tf)  =  (T*g|f) 

for  all  functions  jf)  and  |g)  in  the  Hilbert  space. 

For  functions,  we  will  see  that  T+  depends  on 
the  boundary  conditions  that  help  to  define  the  Hilbert 
space.  In  our  study  so  far,  we  have  assumed  that  T+ 
exists  and  we  "understand"  it  through  our 
understanding  of  the  dual  vector  space. 

Figure  2.9. 1 :  The  adjoint  map 

Definition:  An  operator  O  is  Hermitian  (i.e.,  self- 

adjoint)  when  0+=0.  The  term  "Hermitian"  is  often  reserved  for  complex  Hilbert  spaces. 
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Example:  If  6  =  -  then  find  O*  for  the  Hilbert  space  of  differentiable  functions  that 


approach  zero  as  x  ±oo .  The  Hilbert  space  is 

HS  =  If ;  — exists  and 
L  ox 

Solution:  The  objective  is  to  find  0+  such  that 


exists  and  f  ->  0  as  x  ->  ±oo 


Start  with  the  quantity  on  the  left 


f|6g}=(6*f|g) 


(f|6g}=  £dxf(x)Og(x)=  £dxf(x)|-g(x) 

The  procedure  is  usually  to  integrate  by  parts: 

(f|6g)=f(x)g(xt-£dx^)g(x) 

him/  by  assumption  which  shows  the  importance  of  the 

^e“flnd0nS'  ^  ^  ““  **>  °"d  ■»**  “e  und^t* 

(fl^)  =  ^[-®]‘g(x)-(6*f|8) 

Note  everything  inside  the  bra  (  |  is  p„,  under  the  complex  conjugate  (  J  in  the  integral. 
The  operator  0+  is  therefore  seen  to  be  or  f — T  = 

fa  laxj  dx' 

Example  2:  The  operator 

6*=fIiY 


-  V.btAy 

h  be  Sh0W” t0  be  self■adj0in,•  11  momentum  of  a  particle 


which  is  a  physical  observable. 


a  h  8 

p  =  7& 
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Topic  2.5.2:  Adjoint  and  Self-Adjoint  Matrices 

If  T  is  an  operator  and  |v) ,  |w)  are  two  vectors  in  the  Hilbert  space,  and  ||a) }  is 
the  basis  set  for  the  Hilbert  space  then 

(w|T|v)=(w|lTl|v)  =  ^(w|a)(a|T|b)(b|v) 

ab 

=  2>lw)>lT|b)(b|v) 

ab 

where  |a)and  jb)  are  two  basis  vectors.  The  components  of  |v)and  |w)  are  the 

collection  of  complex  numbers  (a|w^  and  (bjv)  which  can  be  arranged  as  the  column 
vectors 


The  quantity  (w|T|v)  can  be  written  as 

(w|T|  v)  =  w+Tv 

where 


The  adjoint  of  the  matrix  (for  example) 


which  can  also  be  written  as  (t)t*  where  "T"  in  the  superscript  refers  to  the  transpose 
operation.  Also, 


1  + 


These  results  can  be  demonstrated  from  previous  definitions  if  desired. 
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Topic  2.5.3:  Eigenvectors  and  Eigenvalues  ofHermitian  Operators 


There  are  two  important  theorems.  Assume  H  is  a  Hermitian  operator  defined  on 

the  Hilbert  space  V.  Assume  that  for  each  eigenvalue  En  there  is  an  eigenfunction  |  <f>n). 

It  is  customary  to  label  the  eigenfunction  by  the  eigenvalue  or  by  the  eigenvalue  number 
as 

|4>„>  =  |En>  =  |n) 

Usually,  the  eigenvalues  are  listed  in  order  of  increasing  value 

Ei<  E2<... 

This  last  point  is  not  essential  to  the  next  theorems.  The  condition  of  non-degenerate 
eigenvalues  means  that  for  a  given  eigenvalue,  there  is  only  one  eigenvector.  The 
eigenvalues  are  "degenerate"  if  for  a  given  eigenvalue,  there  is  more  than  one 
eigenvector. 

non  —  deg  enerate  deg  enerate 

E,«|E,>  E,«|E,> 

Es^[Es1>,|E22> 

E„«|E„)  E,  *»|E,) 

It  turns  out  that  the  degenerate  eigenvectors  (which  means  both  states  have  the  same 
"energy"  E„)  actually  span  a  two-dimensional  space  (as  an  example  for  E2  above). 
Mathematically,  a  vector  is  chosen  in  the  subspace  spanned  by  {|E2,l),|E2,2) }  such  that 
it's  orthogonal  to  the  others  in  the  set  {|E,),|E3)...} . 

The  eigenvalues  of  a  Hermitian  operator  H  are  real  and  the  eigenvectors 
corresponding  to  different  eigenvalues  are  orthogonal.  It's  a  good  thing  that  Hermitian 
operators  have  real  eigenvalues  since  observables  correspond  to  Hermitian  operators  and 
the  results  of  the  observation  are  the  eigenvalues.  Energy,  for  example,  will  never  be 
observed  to  be  imaginary. 

Theorem  1:  Self-Adjoint  Operators  H  have  real  eigenvalues 


Proof:  Assume  ||n) }  are  the  eigenvectors  corresponding  to  the  eigenvalues  {En} ;  i.e., 
the  eigenvector  equation  is  H  |  n)  =  En  | n) .  Consider 

(n|H  jn)  =  (n|En|n)  =  En  (n|n)  =  En 

which  assumes  that  the  eigenvectors  are  normalized  to  unity  as  (n|n)  =  1 .  So 

(n|H|n)  =  En  (2.5.1) 

take  the  adjoint  of  both  sides 

<n|H|n)*=(Ej 

Reversing  the  factors  on  the  left-hand  side  and  changing  the  "dagger"  into  a  complex 
conjugate  on  the  right-hand  side  provides 

(n|H*|n}  =  E* 
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The  Hermiticity  of  the  operator  H  ,  which  is  H=H+,  provides 

(n|H|n)  =  E*  (2.5.2) 

Equations  2.5.1  and  2.5.2  show 

e„=e; 

which  means  that  En  is  real. 


Theorem  2:  Orthogonal  Eigenvectors 

If  H  is  Hermitian  then  the  eigenvectors  corresponding  to  different  eigenvalues  are 
orthogonal. 

Proof:  Assume  Em  *  En  and  start  with  two  separate  eigenvalue  equations 

H‘|E>EJE„>  H|E.)-E.|E„) 

operate  with  (En  j  operate  with  (Em  | 

(E.M|E„)=E„(E„|E„>  (e.H|e,)-e.<e.|e.) 

Take  adjoint  of  both  sides 

<e.H|e.)=e,(e.|e.) 

where  the  right  hand  column  made  use  of  the  Hermiticity  of  the  operator  H  and  the 
reality  of  the  eigenvalues  En.  Now  compare  the  results  of  the  two  columns  to  find 

0  =  (Em-E„XE,|Em) 

The  conditions  of  the  theorem  assume  that  Em  -En  *  0  and  therefore  (En  |Em) .  The 

results  of  the  theorems  then  says  that  the  eigenvectors  of  a  Hermitian  form  an 
orthonormal  set 

B  =  {|E.)  =  |n)} 

which  is  assumed  to  be  complete.  Therefore,  B  is  a  basis  set. 

This  previous  theorem  is  important  because  it  assures  us  that  Hermitian  operators, 
which  correspond  to  physical  observables,  have  eigenvectors  that  form  a  basis  for  the 
vector  space  of  all  allowed  wave  functions.  Therefore  every  allowed  wave  function  must 
be  expressible  as  a  linear  combination  of  the  eigenvectors/eigenfunctions.  The  basis  set 
forms  the  elementary  modes  for  the  physical  system.  When  a  measurement  is  made  of 
the  physical  observable  corresponding  to  the  Hermitian  operator,  the  result  will  always  be 
one  of  the  eigenvalues  and  the  particle  will  be  found  in  one  of  the  eigenstates.  The  total 
wave  function  collapses  to  one  of  the  eigenvectors.  The  modulus-squared  of  the 
expansion  coefficients  for  the  total  wave  function  are  the  probabilities  of  the  total  wave 
function  collapsing  into  a  particular  eigenstate. 
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Topic  2.5.4:  An  Algebra  of  Operators  and  Commutators 


For  this  topic,  consider  linear  operators  that  have  a  domain  and  range  within  a 
single  vector  space  T :  V  — >  V  where  V  has  the  basis  set  Bv  =  {|n) :  n  =  1,2,  .}  There 
is  a  matrix  for  each  operator  T  and  a  linear  isomorphism,  which  is  "  1-1"  and  "onto", 

M .  T  — >  T .  The  linear  isomorphism  is  important  because  it  assures  the  properties  of  the 
operators  and  the  matrices  are  the  same. 

Matrices  and  operators  generally  do  not  commute.  Linear  operators  form  an 
algebra  which  satisfy  the  properties 

(a)  A0=0A=0  where  0  is  the  "zero"  operator 

(b)  AI=IA=A  where  I  is  the  "unit"  operator 

(c)  A(B+C)=AB+AC  where  A,  B,  C  are  linear  operators 

(d)  A(BC)=(AB)C 

(e)  aA=Aa  where  "a"  is  complex  number 

Properties  a-e  require  a  definition  as  to  when  two  operators  A  and  B  are  equal. 

Definition  Let  A,B  be  to  linear  operators  that  map  the  vector  space  V  into  itself.  Then 
A“B  if  A|  v)  =  B|  v)  for  every  vector  |  v)  in  the  vector  space  V. 

None  of  the  properties  a-e  refer  to  the  commutation  of  two  (or  more)  operators 
Two  operators  commute  when 

AB=BA  or  AB-BA-0 

The  quantity  AB-BA  is  represented  by  the  commutator  of  A  and  B: 

[A,B]=AB-BA 

Therefore  two  operators  A  and  B  commute  when  [A,B]=0. 


Example  Evaluate 


d 

dx 


*  0  •  As  an  important  note,  the  commutator  is  itself 


an 


operator  that  operates  on  functions  f(x).  Therefore 

x.-r"lf  =fxT — -p*]f(x)  =  x  — — — (xf)=x— f-x— =  -f  *0 
L  dxj  ^  dx  dx  J  dx  dx  dx  dx  dx 

Notice  that  the  derivative  in  the  commutator  operates  on  everything  to  the  right. 


Commutivify  and  non-commutivity  of  the  operators  are  of  vital  importance  to  our 
i  ,  JV8  concept  underlying  all  of  quantum  mechanics.  As  will  be  discussed 

aterl,  if  A  and  B  do  not  commute  then  A  and  B  have  an  associated  uncertainty  relation 

aAaB>C>0 

where  a  is  the  standard  deviation  from  probability  theory. 
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Some  Theorems  on  Operator  Algebra 
Let  A,B,C  be  operators. 


o.  [A,b]=Ab-bA 

2.  [A,b]=-[b,A] 

4.  [A  +  B,c]=[A,c]+[b,C 

1A  A  A  I  |  A  A  1  A  A  |a  A 

ab,cJ=[a,cJb+a[b,c 


1.  [A,A]=o 

3.  [A,B  +  c]=[A,b]+[A,C 

[A  A  A  I  I  A  A  |  A  A  f  A  A  | 

a)bcJ=[a5bjc+b[a,cJ 

7.  If  f  =  f(A)  then  [f(A)  A]=  0 


Properties  1  through  6  are  easy  to  prove  by  expanding  the  brackets  using  the 
definition  of  commutator.  For  example,  consider  property  5 

[a,  b]c  +  b  [a,  c]  =  (ab  -  ba)S  +  b(ac  -  ca) 

=  ABC  -  BAC  +  BAC  -  BCA 
=  ABC  -  BCA 

=  [a,bc] 

Properties  such  as  Number  7  are  usually  proved  by  Taylor  expanding  the  function.  The 
Taylor  expansion  of  a  function  of  an  operator  has  the  form 


f(A)=Ic.A- 

n 

where  Cp  can  be  a  complex  number  and  "n"  is  a  nonnegative  integer, 
commutator  can  be  expanded  as 


ZcnA",A 


Xc„[A\A]=0 


Then  the 


Next,  examine  what  happens  when  two  Hermitian  operators  A,B  commute. 
Each  individual  Hermitian  operator  must  have  a  complete  set  of  eigenvectors  which 
means  that  each  Hermitian  operator  generates  a  basis  set  for  the  vector  space.  The  next 

theorem  shows  that  if  the  operators  commute  [A,b]=  0  then  the  basis  set  for  the  vector 
space  can  be  chosen  to  be  the  same  as  the  one  for  the  operator  A  and  for  the  operator  B . 

Theorem2.5.4.1:  Commuting  Hermitian  Operators  and  the  Basis  Set 

If  A,B  are  Hermitian  operators  that  commute  [A,b]=0  then  there  exists,  the 
eigenvectors  |^)  such  that  Aj|)  =  a5|^)  and  B|£,)  =  b^  [£,) 

Proof:  Assume  that  A  has  a  complete  set  of  eigenvectors.  Let  |£)  be  the  eigenvectors  of 

A 

A  such  that 
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Further  assume  that  for  each  a*  there  is  only  one  eigenvector  [£,).  Consider 

BA|5)  =  Ba,|5) 

But  BA  =  AB  since  [A,B]=  0  and  so 

a,(B|5>)=  Ba{|$>  =  BA)5)  =  AB|5)  =  A(B|4» 

which  means  that  B|£)  is  an  eigenvector  of  the  operator  A.  Corresponding  to  the 
eigenvalue  a^.  But  there  is  only  one  eigenvector  for  each  eigenvalue.  So 

|5)~B|4> 

or,  rearranging  the  previous  expression  and  inserting  a  constant  of  proportionality  b^,  to 
get 

Bl4)  =  bi!4> 

This  is  an  eigenvector  equation  for  the  operator  B;  the  eigenvalue  is  . 

. QED . 

The  eigenvectors  can  be  written  as 

^)  =  |a4,b4)  =  |a,b>  =  |a)|b) 

so  long  as  we  keep  track  of  which  eigenvector  goes  with  which  operator. 

A|a)|b)  =  (A|a))bUa|a)|b} 

B|a)|b>  =  |a>(B|b>)=b|a)|b) 

It  should  be  clear  that  the  set  (|a)|b)}  forms  a  basis  set  for  the  direct  product  space. 

{|a)lb)Mla)}®{|b>} 

where  the  space  spanned  by  the  eigenvectors  of  A  and  Bare  BA={|a)}  and  BB  =  {|b)}. 

Notice  that  the  object  J^)  =  |a)jb)  is  considered  to  be  a  single  object.  Commuting 

operators  refer  to  "different"  vector  spaces.  If  an  operator  has  the  form  0=AB  and 
[A,B]=0  than  the  matrix  of  the  operator  O  can  be  decomposed. 


Theorem2.5.4.2:  Common  eigenvectors  correspond  to  commuting  operators 

As  an  inverse  to  Theorem  2.5.4.1,  if  the  operators  A,B  have  a  complete  set  of 
eigenvectors  in  common  then  [A,B]=0. 

s. 

Proof:  Let  |v)  be  an  element  of  the  direct  product  space  of  the  eigenvectors  for  the 

A  A 

operators  A,B  so  that  it  can  be  expanded  as 

lv)=2Xlab) 

ab 

then 
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AB|v)  =  XP.bAB|ab)  =  2>„,Ab|ab)2>,bba|ab) 

ab  ab  ab 

=  XP.„aB|ab)  =  2>*Ba|ab)XP.bBA|ab) 

ab  ab  ab 

=  BA|v) 

This  is  true  for  all  factors  in  the  vector  space  and  so 

A  A  A  A 

AB  =  BA 
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Section  2.6:  Constraints  and  Generalized  Coordinates 

Constraints  represent  a-priori  knowledge  of  a  physical 
system.  They  represent  a  reduction  in  the  total  number  of  degrees  of 
freedom  available  to  the  system.  For  example,  Figure  2.6.1  shows 
rigid  rods  fixing  the  distance  between  a  collection  of  masses  so  as  to 
reduce  the  number  of  degrees  of  freedom;  however,  the  three  masses 

as  a  unit  can  still  move.  As  another  example,  walls  of  a  container 
also  impose  constraints  on  a  system.  For  quantum  theory, 
constraints  are  only  used  to  model  a  system  since,  in  actuality, 
small  particles  experience  forces  and  not  constraints.  For  example, 
an  atom  is  held  in  place  in  a  lattice  by  electrostatic  forces  and  not  by  rigid  rods. 
Evidently,  constraints  are  mostly  important  for  macroscopic  classical  systems. 

A  generalized  set  of  coordinates  Bq={q1,q2,...,qic}  describe  the  position  of  N 
particles.  The  qj  are  independent  of  each  other  without  constraints.  N  particles  are 
normally  described  by  the  position  vectors 

r,  =r,(q,,...,qk,t) 

%  =%(<li>->qk>t) 

For  example,  the  {qs  }  might  be  the  spherical  coordinates.  Without  constraints,  N 
particles  have  3N  degrees  of  freedom  so  that  k=3N.  Constraints  reduce  the  degrees  of 
freedom  so  that  k<3N;  that  is,  the  constraints  eliminate  3N-k  degrees  of  freedom. 
Configuration  space  consists  of  the  collection  of  the  “k”  generalized  coordinates 
{q!,q2,...,qk  }  where  each  coordinate  can  take  a  range  of  values.  These  generalized 
coordinates  are  particularly  important  for  the  Lagrange  formulation  of  dynamics.  The 
generalized  velocities  are 

|  (ll>(l2»*"»tlk 

They  are  not  treated  as  independent  of  the  generalized  coordinates  for  the  Lagrange 
formulation.  That  is,  the  variations  8q,  8q  are  not  independent.  This  book  assumes  that 
there  aren’t  any  constraints. 

A  system  follows  a  particular  curve  in  phase  space  as  a  function  of  time.  Phase 
space  consists  of  the  generalized  coordinates  and  conjugate  momentum  (to  be  defined 
later) 

{Tp^2»,"’^lk’Pl’P2’*">Pk  } 

all  of  which  are  assumed  to  be  independent  of  one  another.  Assigning  particular  values 
to  the  2k  coordinates  in  phase  space  specifies  the  “state  of  the  system”.  The  phase  space 
coordinates  are  used  primarily  with  the  Hamiltonian  of  the  system. 

The  generalized  coordinates  discussed  so  far  consitute  a  discrete  set  whereby  the 
coordinates  are  in  one-to-one  correspondence  with  a  subset  of  the  integers.  It  is  possible 
for  the  set  to  be  infinite.  A  continuous  set  of  coordinates  would  have  elements  in  1-1 
correspondence  with  a  dense  subset  of  the  real  numbers.  The  distinction  is  important  for 
a  number  of  topics  especially  field  theory. 


Figure  2.6.1:  Three 
mass  connect  by 
rigid  rods. 
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Of  importance  is  the  way  the  generalized 
coordinates  and  velocities  can  be  pictured  (especially  for  a 
field  theory).  For  a  physical  medium  like  a  crystal  lattice, 
suppose  that  there  are  k  atoms  in  number.  The  top  portion 
of  Figure  2.6.2  shows  the  atoms  at  equilibrium.  There  is 
one  atom  for  each  equilibrium  position  Xj.  The  atoms  can 
be  labeled  be  either  the  respective  equilibrium  position  Xj  or 
by  the  number  “i”.  The  bottom  portion  of  the  figure  shows 
the  atoms  displaced  along  the  vertical  direction.  In  this 
case,  the  generalized  coordinates  label  the  displacement 
from  equilibrium;  for  3-D  motion,  each  atom  would  have  3 
generalized  coordinates  and  3  generalized  velocities.  For 
the  1-D  case  shown,  the  generalized  coordinates  can  be 
written  equally  well  in  either  of  two  ways 

q;  =q(Xj) 

Mathematically,  the  displacements  just  described  can  be  randomly  assigned.  It’s 
only  once  the  dynamics  (Newton’s  Laws  etc)  are  formulated  and  applied  to  the  problem 
that  the  displacements  become  correlated.  Mathematically,  without  dynamics  (Newton’s 
laws),  atom  #1  can  be  moved  to  position  qi  and  atom  #2  to  position  q2  without  there 
being  any  reason  for  choosing  those  two  positions.  The  notion  of  independent 
translations  leads  to  an  alternate  formulation  of  Newton’s  laws. 

The  Hamilton  formulation  of  dynamics  uses  phase-space  coordinates.  These 
phase-space  coordinates  are  all  on  the  same  “footing”  meaning  that  none  are  more 
fundamental  than  the  others 

{qi,q2>-,qk>Pi>P2v.,pk } 

For  phase  space,  the  variations  8q,  8p  are  considered  to  be  independent  of  one  another. 
The  term  configuration  space  is  reserved  for  the  “q”  coordinates  and  “phase-space” 
applies  to  the  full  set  of  2k  coordinates  q,p.  Essentially,  in  the  absence  of  dynamics, 
position  and  momentum  can  be  arbitrarily  assigned  to  each  atom. 


1  2  3 


X  i  x2  x3  xk 

atoms  at  equibrium 


•  • 


q  : 

■ll66  60000b 
12  3  k 

displaced  atoms 


Figure  2.6.2:  Example  of 
generalized  coordinates  for 
atoms  in  a  lattice. 
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Section  2.7:  Lagrange’s  Equation  from  a  Variational  Principle 

The  forces  acting  on  a  system  of  particles  control  the  dynamics  of  the  system. 
However,  forces  of  constraint  are  often  not  known  until  after  the  problem  is  solved. 
D’Alembert  (and  Bernoulli)  divided  the  forces  into  “applied  forces”  and  “constraint 
forces”  and  assumed  that  the  virtual  work  done  by  forces  of  constraint  is  zero  (since  the 
forces  are  assumed  to  act  perpendicular  to  the  direction  of  motion).  The  resulting 
derivation  results  in  the  Lagrange  formulation  of  mechanics.  Recall  that  Lagrange’s 
equations  provide  an  alternative  formulation  of  Newton’s  laws.  Maxwell’s  equations  can 
be  most  elegantly  recast  into  a  Lagrangian.  This  section  reviews  the  common  variational 
method  of  obtaining  the  Lagrangian  and  Lagrange’s  equations. 

Lagrange’s  Equation  is  obtained  from  Hamilton’s 
principle  for  conservative  systems.  The  method  is 
particularly  easy  to  generalize  for  systems  consisting  of 
continuous  sets  of  coordinates  (i.e.,  field  theory).  Of  all  the 
possible  paths  in  configuration  space  that  a  system  could 
follow  between  two  fixed  points  l  =  (q[1),q2)v..,q[1))  and 

2  =  (qp),q(22),...,q(k2)),  the  path  that  it  actually  follows  Figure  2.7.1:  Three  paths 

makes  the  following  intergral  an  extremum  (either  connecting  fixed  end  Doints. 

minimum  or  maximum). 

2 

1=  jdt  L(q1,q2,...,qk,q,,q2,...,qk,t) 

i 

“L”  is  the  Lagrangian  and  is  a  functional  of  the  kinetic  energy  “T”  and  potential  energy 
“V”  as  in  L=T-V.  As  a  note,  it  is  possible  to  generalize  the  formulation  for  variable  end¬ 
points.  To  minimize  the  notation,  let  q^c^  represent  the  entire  collection  of  points  in 

{tfi  5^2  ’••"’ftk  ’^.1  }  • 

To  find  the  extremum  of 

2 

1=  JdtL(qi,qi,t) 

i 

define  a  new  path  in  configuration  space  for  each  generalized  coordinate  qi  by 

qi  (t,(Xi )  =  qj  (t,0)  +  aiPi  (t)  =  qj  (t,0)  +  8q; 

where  the  time  “t”  parameterizes  the  curve  in  configuration  space,  a,  are  parameters  and 
Pi  are  the  changes  in  the  path.  This  equation  can  be  differentiated  with  respect  to  time  to 
obtain  the  similar  version  for  q, .  Assume  that  otj=0  corresponds  to  the  path  qi(t,0)  that 
extremizes  the  integral  “I”.  Similarly,  aj=l  might  correspond  to  curve  Cb  in  the  figure. 
The  exact  form  of  r|j(t)  is  immaterial  except  that  r|j(ti)=  r|j(t2)=0  for  i=l,...,k.  The 
extremum  is  defined  as 

Q  _ (  dp  2fdtf  Ju?  [  dL(q,,q,,t)f dqA 

UaJai=o  .  l  5a.  Jai=o  '  d<h  [0a  J„i=0  Sq;  {da.Ja_0_ 

Lagranges  Equations  obtain  by  using 
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and  partial  integrating,  and  assuming  all  the  rj;  are  independent.  However,  it  is  customary 
to  work  with  the  parameters 

5qj  =airii 

The  extremum  condition  takes  the  form 

o  -  a  .  Jdt  y[ Sq, 

i  L  5cii  5cii 

Partial  integrate  the  second  term  using  the  fact  that  8qi(ti)=  5qj(t2)=0  to  find 

0  =  81  =  fdt  V I" 8L(qi’4i,1)  +  - Sq. 

r  i  L  d(ii  dt  J 

The  small  variations  8q;  are  assumed  to  be  independent  so  that 

dL  d  8L 

- + - =  0  i  =  l,2,... 

3qf  dtSqj 

where  L=T-V. 

The  canonical  momentum  is  defined  to  be 

dL 

pi=T- 

dq{ 

Pi  is  the  momentum  conjugate  to  the  coordinate  qj.  The  canonical  momentum  is  not 
always  the  same  as  the  usual  momentum  “mv”  for  a  particle.  The  canonical  momentum 
for  an  EM  field  interacting  with  a  particle  consists  of  the  particle  and  field  momentum. 

Example:  Single  particle  of  mass  “m”  constrained  to  move  vertically  along  the  “y” 
direction  and  acted  upon  by  the  graviational  force  F  =  -mg 

T  =  —  m(y)2  V  =  mgy  L  =  T-V  =  ^m(y)2  -mgy 

2  2 

Lagrange’s  equation 

5L_  d_5L  =Q 
dy  dt  dy 

gives  Newton’s  second  law  for  a  gravitational  force 

-  mg  -  my  =  0 

where  the  derivatives 

5y  =  0=  dy 


since  “y”  and  “y ”  are  taken  to  be  independent. 
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Section  2.8:  The  Hamiltonian 


The  Hamiltonian  is  the  total  energy  of  a  system  (under  certain  conditions).  The 
Hamiltonian  and  Lagrangian  formalism  provide  the  description  and  dynamics  quantum 
theory.  The  Hamiltonian  provides  deep  insight  into  the  structure  of  mechanics. 

Consider  a  closed,  conservative  system.  The  Lagrangian  L  is  not  an  explicit 
function  of  time.  A  closed  system  is  one  for  which  the  total  energy  and  the  total  number 
of  particles  are  constant.  A  conservative  system  is  defined  to  have  all  of  the  forces 
derivable  from  a  potential  function.  There  aren’t  any  equations  of  constraint  for  quantum 
mechanics  and  field  theory.  Differentiating  the  Lagrangian  provides 

dL_y|"aidqL  SLdq^l  dL 
dt  ;  [dqj  dt  Scjj  dt  y  dt 
The  last  term  is  zero  by  assumption 


Substitute  Lagrange’s  equation 


dL  d  dL 


dq{  dt  5q; 


to  find 


dL_y 

At  ~  2-! 


d  dL 


r  fli  +^r 


dt  j  [^dtSqjJ  '  dq{  dt  J  j  dt^dqj 
Recall  the  definition  for  the  generalized  coordinates 


dL  dq(  d  f  dL  . 

3A  At  ~  At  \  SA 


(2.8.1) 


Equation  2.8.1  becomes 


dL 

Pi  =T- 
dqt 


*  ?q'p'“L  =0 


The  Hamiltonian  “H”  is  defined  to  be 

H  =  £qiPi-L 

i 

which  is  the  total  energy  of  the  system  in  this  case.  Important  point:  H  is  considered  to 
be  a  function  of  qf  ,p;  whereas  L  is  a  function  of  q(  q; . 

Hamilton’s  canonical  equations  can  now  be  found.  Using  the  fact  that  H  is  a 
function  of  q^pj  (whereas  L  is  a  function  of  q^)  and  using  the  definition  of  the 
conjugate  momentum,  the  following  partial  derivatives  of  H  hold 

8H  8  |V.  T1  .  dL  . 


dpi  dpj 


dH  d  _  n  dL  d  dL  d 

- = -  >  q-p;  -L  =0 - = - = - p .  =  -p . 

dq}  aqj  Li  J  dq ,  dt  dq,  dtPj 
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Example:  For  the  example  in  Section  2.7,  find  H  and  q^p;  . 
Solution:  We  had 

L  =  T-V  =  ^m(y)2  -mgy 


H  must  be  written  as  a  function  of  the  coordinate  and  its  conjugate  momentum.  The 
relation  for  the  canonical  momentum  for  the  Lagrangian 

8L 

P  =  TT  =  my 
dy 

allows  “H”  to  be  written  as 


and  then 


H  =  yp  -L  =  — p- 
m 


1 

f  *0 

— m 

—  -mgy 

2 

J 

L+mgy 


dH_p_ 

dp  m 


The  Hamiltonian  H  can  be  seen  to  be  the  sum  of  the  kinetic  and  potential  energy 
T+V  by  calculating 

H  =  £q,P,-L 

i 

with  L=T-V  and  using  a  general  quadratic  form  for  the  kinetic  energy 

T-Z^q,  where  arajj 

i.j 

The  canonical  momentum  is 

4, 

Therefore, 

H  =  Zqm  Pm  -L  =  i  - (T -  V)  =  22aim  q,  qm- T  +  V 

m  m  i  mi 

=  2T  -  T  +  V 
=  T  + V 


5L 

P”  '  Sqm  ~  ?a‘" 
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Section  2.9:  Poisson  Brackets 

The  Hamiltonian  is  the  primary  quantity  of  interest  for  quantum  theory.  The 
specification  of  a  quantum  mechanical  Hamiltonian  follows  several  steps 

(1)  Determine  the  classical  Hamiltonian 

(2)  Substitute  operators  for  the  classical  dynamical  variables  (e.g.,  p’s  and  q’s) 

(3)  Specify  the  commutation  relations  between  those  dynamical  variables 

The  commutation  relations  in  quantum  mechanics  are  similar  in  function  to  the  Poisson 
brackets  in  classical  mechanics.  The  commuation  relations  and  Poisson  brackets 
determine  the  evolution  of  the  dynamical  variables.  In  the  quantum  theory,  operators 
replace  the  classical  dynamical  variables.  In  fact,  the  Heisenberg  quantum  picture  is  the 
closest  analogue  to  classical  mechanics  because  the  operators  carry  the  system  dynamics. 
In  quantum  theory,  the  commutation  relations  give  time  derivatives  of  operators.  A 

commutator  is  defined  by  [a,b]=AB-BA  where  A,B  are  operators.  The  classical 
theory  is  given  below  but  notice  that  the  Poisson  bracket  involves  partial  derivatives 
whereas  the  quantum  mechanical  commutator  does  not. 


Definition:  Let  A  =  A(qj,pj)  B  =  B(qj,pi)  be  two  differentiable  functions  of  the 

generalized  coordinates  and  momentum.  The  Poisson  brackets  are  defined  by 


dA  dB 

dq{  dpi 


dB  8A 
dq{  dpi  _ 


Sometimes  the  brackets  are  subscripted  with  p,q  to  distinguish  which  phase  space 
variables  are  used 


[a.b]=[a,b1,,p 

Using  the  basic  definition  of  Poisson  brackets,  some  basic  properties  can  be 

proved. 


(1)  Let  A,  B  be  functions  of  the  phase  space  coordinates  q,p  and  let  c  be  a  number  then 

[A,A]=0  [A,B]=-[B,A]  [A,c]=0 

(2)  Let  A,  B,  C  be  differentiable  functions  of  the  phase  space  coordinates  q,p  then 

[A+B,C]=[A,C]+[B,C]  [A,BC]=[A,B]C+B[A,C] 

(3)  The  time  evolution  of  the  dynamical  variable  A  (for  example)  can  be  calculated  by 

^^=[a,h]+— 

dt  1  J  dt 

Proof: 

dA  _  y  dA  dqj  5A  dpj  dA 

dt  j  Sqj  dt  dp,.  dt  dt 

Where  the  partial  with  respect  to  time  handles  the  case  that  A  is  an  explicit  function  of 
time.  Substitute  the  two  relations  for  the  rate  of  change  of  position  and  momentum 
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dq^  _  5H  dp;  _  3H 

dt  5pj  dt  6qj 

so  that  the  Poisson  brackets  become 

dA  _  y  3A  dH  dA  3H  dA  _  r  -i  dA 
dt  j  Sqj  5pj  Sp;  5qj  dt  ’  dt 

Although  the  order  of  the  quantities  A,H  does  not  matter  in  classical  theory,  the  order 
must  be  maintained  in  quantum  theory.  In  quantum  theory,  the  order  of  two  operators 
can  only  be  switched  by  using  the  commutation  relations. 


(4)  qm=[qm.H]  Pm  =&>„>«] 


Proof:  Consider  the  first  one  for  example 
i  L&li  dpi  api  Sqj 


-S  8im 

i  ^Pi  &li 


(5)  [qi,qj]=0  [pi,Pj]=0  [qi,Pj]=8ij 

These  properties  are  all  very  similar  to  those  that  arise  in  the  quantum  theory. 


53 


Section  2.10  Introductory  Quantum  Mechanics  Review 

Quantum  mechanics  forms  a  cornerstone  for  physics,  engineering  and  chemistry. 
Quantum  Theory  has  been  developing  since  the  turn  of  the  century.  It  has  found 
significant  applications  in  engineering  due  to  the  development  of  semiconductor  devices, 
the  laser  and  nanometer  scale  devices.  During  the  1980s,  the  fabrication  and  materials 
growth  technology  developed  far  enough  to  provide  the  ability  to  (1)  produce  quantum- 
well  devices  (such  as  quantum  well  lasers)  and  (2)  engineer  the  optical  and  electrical 
properties  of  materials  (band-gap  engineering).  The  following  few  sections  review  a  few 
of  the  basic  concepts  in  quantum  mechanics. 

Section  2.1 1  discusses  the  connection  between  quantum  mechanics  and  the  linear 
algebra.  It  also  discusses  the  origin  of  the  Heisenberg  uncertainty  relation.  Section  2.1 1 
reiterates  some  basic  theory  and  applies  it  to  some  basic  examples  including  a  particle  in 
a  well  and  quantum  tunneling.  Section  2.13  continues  with  an  important  example  for  the 
harmonic  oscillator  and  discusses  raising  and  lowering  operators.  Section  2.12  discusses 
the  Schrodinger,  Heisenberg,  and  interaction  representations.  Section  2.14  presents  the 
time  independent  perturbation  theory. 


Topic  2.10.1:  The  Relation  Between  Quantum  Mechanics  and  Linear  Algebra 

Hermitian  operators  represent  physically  observable  quantities  such  as  energy, 
momentum,  and  electric  field.  The  act  of  observing  these  quantities  is  equivalent  to 
applying  the  operators  to  vectors  in  Hilbert  space.  There  is  however,  one  proviso 
concerning  the  collapse  of  the  wavefunction  as  discussed  in  topic  2.10.5.  The  vectors 
represent  the  state  of  the  particle  (or  particles).  Every  physically  possible  state  of  the 
system  must  be  represented  by  one  of  the  vectors  in  the  Hilbert  space.  Function  space 
contains  wavefunctions,  which  describe  the  particles,  as  the  resident  vectors.  The 
physical  meaning  of  the  word  “state”  needs  to  be  defined. 

Another  important  issue  concerns  the  origin  of  particle  dynamics.  In  the  classical 
sciences  and  engineering,  variables  such  as  energy  and  momentum  depend  on  time.  The 
most  natural  extension  to  quantum  theory  is  to  have  the  corresponding  Hermitian 
operators  depend  on  time,  which  is  called  the  Heisenberg  representation.  In  the 
Heisenberg  representation,  the  wavefunctions  are  independent  of  time  and  serve  as  a  type 
of  stage  for  observation.  The  result  of  an  observation  depends  on  the  time  that  the 
observation  is  made.  In  the  Schrodinger  representation,  the  wavefunctions  depend  on 
time  very  similar  to  the  wavefunctions  in  classical  optics;  however,  the  operators  are  time 
independent.  There  is  also  an  intermediate  case  where  the  operators  carry  a  trivial  time- 
dependence  and  the  wavefunctions  contain  the  time  response  to  a  “forcing  function”;  this 
is  the  so-called  interaction  representation. 

The  discussion  addresses  issues  on  (1)  how  basis  vectors  differ  from  other 
vectors,  (2)  the  meaning  of  superposition,  (3)  the  physical  meaning  of  the  expansion 
coefficients  of  a  general  vector  in  a  Hilbert  space,  (4)  a  picture  of  the  time  dependent 
wavefunction  (5)  observables  that  cannot  be  simultaneously  observed,  and  (6)  the 
collapse  of  the  wavefunction. 
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Topic  2.10.2:  The  Eigenstates 


The  eigenstates  of  a  Hermitian  operator, 
which  correspond  to  an  observable,  are  the  most 
fundamental  states  for  the  particle  or  system. 

Every  possible  fundamental  motion  of  a  particle 
must  be  observable.  This  requires  that  each 
fundamental  mode  must  be  represented  as  a 
basis  vector.  The  basis  set  must  be  complete  to 
allow  detection  of  the  fundamental  physical 
modes. 

For  a  classical  system,  the  fundamental  modes  might  be  the  sine  and  cosines  for  a  wave 
on  a  string;  the  sines  and  cosines  correspond  to  the  basis  vectors.  Fourier  analysis  then 
provides  that  a  general  classical  wave  on  the  string  is  a  sum  over  all  the  fundamental 
modes. 

The  general  wavefunction  is  a  linear  combination  of  the  basis  set  according  to  the 
method  of  Fourier  series. 

k(t)}=IMt)|«0 

n 

or,  equivalently 

V(x,  0  =  Yj  W  (x  |  )  =  Z  P„  (0  <t>n  (x) 

n  n 

The  basic  modes  are  independent  of  time.  The  time-dependence  of  the  vibrational 
motion  is  contained  in  the  expansion  coefficients  pn(t).  The  basis  set  originates  as  the  set 
of  eigenvectors  for  the  time-independent  wave  equation  using  separation  of  variables. 
The  total  wave  function  is  made  up  of  the  basis  set. 

A  difference  between  the  Fourier  analysis  for  the  motion  of  the  classical  string 
and  that  for  quantum  mechanics  is  the  idea  of  the  collapse  of  the  wave  function.  Using  a 

string  analogy,  the  collapse  of  the  wave  function  [  14/  (t ))  means  that  a  measurement  of 
some  observable  such  as  total  energy  or  speed  causes  the  wave  function  |v|/(t)}  to 

suddenly  collapse  to  one  of  the  basis  vectors  |<t>n ) .  In  other  words,  a  measurement  of  the 
wave  on  the  string  (in  the  quantum  sense)  would  cause  the  wave  to  suddenly  become  a 
perfectly  defined  sine  wave! 

In  the  classical  mechanics  of  point  particles,  the  state  of  the  particle  at  a  particular 
time  is  specified  by  its  position  and  speed  (i.e.,  technically,  the  position  and  momentum). 
For  an  extended  body  (not  point  particles),  the  state  might  be  specified  by  position  and 
momentum  of  the  center  of  mass  and  the  angular  momentum.  In  optics,  the  basic  states 
(i.e.,  modes)  are  specified  by  the  polarization,  wavelength  and  propagation  vector. 
Notice  that  the  amplitude  was  not  included  in  the  list  even  though  it  needs  to  be  specified. 
The  list  contains  the  parameters  that  describe  the  basic  opitcal  mode.  The  number  of 
quanta  occupying  the  mode  gives  information  on  the  amplitude.  The  optical  modes  are 
the  primary  quantity  of  interest;  they  are  eigenvectors  for  the  time-independent  wave 


Figure  2.10.1:  A  classical  wave  on  a 
string  is  decomposed  into  the  basic  modes 
(i.e.,  the  basis  vectors). 
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equation.  These  basic  modes  are  usually  sines  and  cosines  for  a  cavity  or  they  might  be 
travelling  waves  (without  the  e'“‘  factor)  for  free  space. 

In  quantum  theory,  the  basic  state  (i.e.,  basis  state)  of  a  particle  or  system  is 
specified  by  listing  the  observable  properties.  The  particle  might  have  a  certain  energy, 
momentum,  angular  momentum,  polarization  etc.  Knowing  the  value  of  all  observable 
properties  is  equivalent  to  knowing  the  basis  state  of  the  particle  or  system.  Each 

A 

physical  “observable”  corresponds  to  a  Hermitian  operator  O,  which  induces  a  preferred 
basis  set  for  the  respective  Hilbert  space  Vj  (i.e.,  the  set  of  eigenvectors  is  the  “preferred” 
basis  set).  The  multiplicity  of  possible  observables  means  that  a  single  particle  can 
“reside”  in  many  Hilbert  spaces  at  the  same  time  since  there  can  be  a  Hilbert  space  Vj  for 

A 

each  operator  0;  (some  operators  might  operate  within  the  same  space).  The  particle 
can  therefore  resides  in  the  direct  product  space  given  by 


V  =  V,0V2®... 

where  V)  might  describe  the  energy,  V2  might  describe  the  momentum  and  so  on.  The 
basis  set  for  the  direct  product  space  consists  of  the  combination  of  the  basis  vectors  for 
the  individual  spaces  such  as 

|'F)  =  |<|>,r|,...)  =  |<t»)|n).- 

where  assume,  for  example,  that  the  space  spanned  by  (|(J>) }  refers  to  the  energy  content 

and  {| r|) }  refers  to  polarization.  Then  the  polarization  associated  with  a  particle  might 
be  found  as 


P|4')  =  |*)Flt,>  =  ^)p|r1>  =  p|4'> 
where  “p”  is  the  result  of  the  measurment. 

The  basis  states  are  labeled  by  the  eigenvalues  of  the  commuting  Hermitian 

operators.  For  example,  |Ej  ,Pj)  is  the  state  of  the  particle  with  energy  Ej  and  momentum 
pj  assuming  of  course  that  the  Hamiltonian  and  momentum  commute. 


Topic  2.10.3:  Superposition  of  Basis  States  and  Probability 


A  particle  can  “occupy”  a  state 

|v>  =  EPn(t)N>„> 


(2.10.1) 


where  {|<j)n) }  are  the  basis  states  for  the  Hilbert  space,  q  Z'  j  /  ^ 

Often,  the  basis  set  consists  of  the  energy  eigenvectors.  . ** 

Recall  that  the  basis  vectors  are  normalized  to  one  and  that  ' 

(<b  I*  )  =  5  MV> 

\  m|  n/  mn  Figure  2.10.2:  The  decomposition 

Wavefunctions  are  always  normalized  including  the  .  i  \  . 

superposed  wavefunction  in  Equation  2.10.1  of  1316  fimction  lv/  int0  basis 

/  i  \  functions. 

(v|v>  =  1 

The  normalization  of  the  total  wavefunction  allows  for  the  interpretation  of  the  expansion 
coefficients  Pn  =  (n|v)  probability  amplitudes.  The  probability  of  finding  the  system  in 

state  “n”  (i.e.,  the  particle  in  state  |n)  =  |<{>n )  )  is  given  by 


functions. 
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P(n)  =  |Pn|2  =  |(n|v)|2 

A  probability  function  must  satisfy  certain  conditions,  two  of  which  are  that 

P(n)  >  0  and  ^P(n)  =  1 

n 

The  modulus  of  a  complex  number  is  always  greater  than  or  equal  to  zero.  It’s  useful  to 
heck  the  summation  property. 

1  =  (v|v>  =  £2X0.  (♦.  If,)  =  IlP.r  =  £P(n) 

m  n  n  n 

The  expansion  condition  for  all  wavefunctions  provides  that  the  summation  of  all 
probabilities  equals  one.  Even  though  the  coefficients  pn  depend  on  time,  their  sum  still 
gives  the  value  of  one. 

Topic  2.10.4:  Motion  of  the  Wavefunction 

The  Schrodinger  Equation  provides  the  dynamics  of 
the  wavefunction.  Consider  the  time  dependence  of  the 
wavefunctions.  The  wavefunctions  move  in  Hilbert  space 
since  the  coefficients  p„  depend  on  time.  Notice  that  the 
wavefunction  does  not  move  out  of  the  given  Hilbert  space, 
which  is  a  result  of  the  fact  that  the  eigenvectors  form  a 
complete  set.  Also,  because  all  wavefunctions  are 
normalized  to  one,  the  operator  “u”  that  moves  the 

wavefunction  |  vj/)  =  |  vj/(t))  in  time  according  to 
|v|/(t))  =  u(t-t0)|v|/(t0)> 

must  be  a  unitary  operator.  The  coefficients  depend  on 
time  and  so  do  the  probabilities  P(n)  =  |(n  |  v(t))| 2  =  |pn  (t)|2 

Rather  than  adding  probabilities,  it  is  quantum  mechanically  correct  to  add 
amplitudes  (i.e.,  wavefunctions).  The  procedure  is  very  similar  to  adding  electric  fields 
rather  than  power  (i.e.,  the  square  of  the  electric  fields). 


Figure  2.10.3:  Motion  of  the 
wavefunction  under  the  action 
of  the  evolution  operator. 


Topic  2.10.5:  Observables  that  Cannot  be  Simultaneously  Observed. 

This  section  stipulates  that  a  state  of  a  particle  Or  system  is  specified  by  the  values 
of  possible  observations.  Position  and  momentum  are  both  observables  but  they  cannot 
be  observed  at  the  same  time  with  infinite  precision.  These  observables  correspond  to 
Hermitian  operators  that  do  not  commute.  As  discussed  in  the  sections  on  linear  algebra, 
there  is  no  common  basis  set  for  the  two  operators. 
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Topic  2.10.6:  Collapse  of  the  Wavefunction 


When  an  observation  of  a  particular  property  is 
made,  the  particle  wavefunction  collapses  from  a  sum  over 
all  basis  vectors  to  just  one  of  the  basis  vectors.  For 
example,  consider  the  energy  operator  and  suppose  that  the 
system  consists  of  an  electron  in  an  infinitely  deep  well. 
The  energy  state  of  the  system  must  be  a  vector  in  the 
Hilbert  space  spanned  by  the  states. 


so  that 

lV)  =  EM0|<l>„) 

n 

might  represent  the  wavefunction  of  the  electron.  The 
coefficients  are  time  dependent  in  general,  but  this 
discussion  considers  t=0  and  set  pn(t)=pn.  Previous  sections 
have  said  that  the  act  of  observing  the  energy  is  equivalent 
to  applying  the  Hamiltonian  operator  to  certain  states. 

Applying  the  Hamiltonian  H  to  the  vector  |  v)  gives 


II) 


Figure  2.10.4:  Wavefunctions 
for  the  infinitely  deep  well. 


H !  v)  =  £  p„  (I)  I hi  I  ♦. )  =  (t) : e„  I K )  (2.1 0.2) 

n  n 

So  what  is  the  result  of  the  observation?  While  the  last  equation  is  mathematically 
correct,  it  does  not  accurately  model  the  “act  of  observing!”  The  observation  of  the 
superposition  must  disturb  the  total  wavefunction  and  cause  a  collapse  to  one  of  the 
eigenstates  of  the  Hamiltonian!  The  process  of  observing  a  particle  must  therefore 
involve  a  projection  operator.  Suppose  that  the  observation  causes  the  wave  function  to 
collapse  to  state  2  (of  course  it  could  also  collapse  to  states  1  or  3  with  non-zero 
probably).  The  act  of  observing  the  energy  state  should  include  a  projection  operator 


P2  =  ~(<l,2 1  (not  to  be  confused  with  the  momentum  operator).  The  act  of  observing  the 
P2 


energy  can  be  represented  by  P2H  where  P2  includes  a  normalization  constant  of  I/P2. 
The  results  of  the  observation  is  then 


W jffr)  -  Sp.w  flO = e, 


It  is  not  possible  to  know  a-priori  into  which  state  the  wavefunction  |v)  will  collapse. 
Only  the  probability  of  collapsing  into  a  particular  state  can  be  given.  The  probability  of 

it  collapsing  into  state  |n)  is  |Pn|2  =P*Pn  =  |(4>n  | v)|2 ,  which  is  obviously  related  to  the 


expansion  coefficients  pn(t).  People  generally  make  a  distinction  between  an  undisturbed 
and  a  disturbed  wavefunction.  The  undisturbed  wavefunction  can  be  used  as  in  Equation 
2.10.2  and  follows  the  dynamics  embedded  in  Schrodinger’s  equation.  The  disturbed 
wavefunction  has  collapsed  (or  made  a  transition)  to  one  of  the  basis  states  at  some  point 
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in  time.  Without  a  randomizing  process,  the  wavefunction  stays  in  the  eigenstate  once  it 
has  collapsed  to  that  state.  For  the  eigenstates,  the  process  of  observation  gives 

h!+„>  =  e,|*,) 

The  principal  of  quantum  mechanics,  as  distinct  from  the  mathematics,  is  that  the  act  of 
observing  a  particular  observable  causes  the  wave  function  to  collapse  to  one  of  the 
operators  eigenstates.  The  result  of  the  observation  is  the  eigenvalue  En.  The  expansion 
coefficients  for  a  general  state  give  the  probability  of  observing  the  corresponding 
energies  (i.e.,  the  probability  that  the  state  vector  will  collapse  to  the  corresponding 
eigenstate). 
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Section  2.11 :  Some  Basic  Elements  of  Quantum  Mechanics 


Recall  that  elementary  particles  such  as  electrons,  holes,  photons,  or  phonons  can 
be  pictured  as  waves  but  retain  particle  characteristics  through  momentum  and  energy 
relations.  This  section  sometimes  refers  to  massive  particles  as  electrons  even  though, 
obviously,  not  all  massive  particles  are  electrons  (this  is  just  a  bad  habit).  And  equally  as 
bad,  it  sometimes  refer  to  massless  particles  as  photons.  The  momentum  and  energy 
relations  are  given  by 

p  =  hk  E  =  ha> 

where 

271 

and  "h"  is  Planck's  constant.  For  both  massive  and  massless  particles,  the  wave  vector 
and  angular  frequency  are 


X 


CO  =  271V 


where  X  and  v  are  the  wavelength  and  frequency.  For  massive  particles,  the  momentum 
is  related  to  the  mass  "m"  and  speed  "v"  by  p=mv;  consequently,  the  wavelength  of  the 
massive  particle  is  related  to  the  speed  and  mass  by 

h 


More  generally  however  plots  of  energy  E  vs.  wave  vector  k  give  the  dispersion  curves 
for  the  particles;  as  a  result,  it  is  necessary  know  to(k)  to  find  the  speed  of  the  wave 
packet. 

The  electron  wave  function  is  similar  to  that  for  the  photon  and  is  usually  denoted 
by  lF(f,t)  where  r  is  the  position  vector  and  "t"  is  the  time;  notice  that  r  is  independent 
of  time.  Light,  for  example,  can  be  represented  by  the  wave  function  usually  called  the 
electric  field  (or,  more  generally,  the  vector  potential).  We  also  note  that  the  square  of 
the  electric  field  is  related  to  the  power  carried  by  the  light  beam;  power  is  really  a 
measure  of  the  number  of  photons  in  the  beam  as  we  discussed  in  connection  with  the 
photon  density.  Similarly,  the  square  of  the  massive 

particle  wave  function  vF*(r,t)'F(f,t) ,  is  related  to  the  Vj 

number  of  particles  in  a  given  region  of  space.  In  fact,  this  /  \ 

amplitude  is  the  probability  density  (probability  per  t  /  S>max 

volume)  for  finding  a  particle  in  the  volume.  ~  ^ 

As  an  illustration  for  picturing  an  electron  (note:  a  *  y  / 

single  electron),  consider  an  electron  interference  '  2 

experiment.  Assume  that  a  single  electron  is  incident  from 

the  left  on  to  closely  spaced  slits.  The  wave  function  for  the  electron  divides  into  two 
coherent  pieces  denoted  by  \j/i  and  vj/2  which  traveled  toward  the  screen.  The  figure 


shows  (at  the  screen)  of  a  square  of  the  superposition  wave  function  |VF,  +  x¥2  |  which  is 

the  probability  of  finding  an  electron  at  a  particular  point.  The  superposition  is 
equivalent  to  adding  electric  fields  in  the  classical  to  slit  experiment  for  light.  The 
interpretation  is  similar  for  both  the  massive  and  the  zero-mass  cases. 
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Previous  sections  discuss  these  wave  functions  as  part  of  a  linear  vector  space.  A 
given  wave  function  can  be  decomposed  into  a  set  of  basis  functions.  Similar  to  light 
modes  in  the  cavity,  the  basis  functions  are  the  simplest  solutions  for  a  given  problem 
and,  upon  which,  more  complicated  functions  can  be  constructed.  The  basis  functions  are 
viewed  as  the  time  independent  solutions  to  a  partial  differential  equation.  Any  linear 
combination  of  either  wave  functions  or  basis  functions  produces  another  wave  function; 
however,  only  the  "direction"  of  that  wave  function  has  physical  significance.  The  length 
of  the  wave  function  representing  the  particle  is  usually  normalized  to  one.  The 
normalization  places  restrictions  on  the  expansion  coefficients  so  that,  strictly  speaking, 
the  collection  of  wave  functions  form  a  manifold  in  the  vector  space  (and  not  actually  the 
full  vector  space).  For  light,  the  partial  differential  equation  is  the  wave  equation 
obtained  from  Maxwells  equations  and,  for  massive  particles,  the  partial  differential 
equation  is  Schrodinger’s  equation.  All  of  the  basic  properties  of  massive  and  zero-mass 
particles  are  assumed  to  be  contained  in  the  wave  functions.  The  act  of  observing  certain 
properties  of  a  particle  is  equivalent  to  operating  on  the  wave  function  with  the 
corresponding  operator. 

All  observables  are  represented  by  "Hermitian"  operators.  Any  physically 
measurable  quantity  is  termed  an  observable.  For  example,  the  momentum  of  a  particle 
is  an  observable  just  as  it  is  temperature,  electric  field,  position  and  everything  else  that 
we  can  measure  in  a  laboratory.  As  has  been  discussed,  quantum  mechanics  does  not 
allow  the  simultaneous  observation  of  all  quantities  that  can  be  separately  observed.  For 
example,  position  and  momentum  of  a  particle  cannot  simultaneously  be  measured  with 
infinite  accuracy  for  both  quantities.  This  is  related  to  the  Heisenberg  uncertainty 
relations. 

Hermitian  operators  6  correspond  to  an  observable  and  if  "  4> "  is  the  wave 
function,  then  the  result  of  the  observation  is  given  by  the  eigenvector  equation 

6<}>  =  o<j> 

where  "o"  is  a  real  constant  (it  is  not  an  operator)  and  "o"  is  the  result  of  the  observation. 
If  for  example,  "O"  is  the  momentum  operator,  then  "o"  is  the  momentum  of  the  particle 
when  the  particle  is  in  state  "<(>".  The  function  "  <j> "  is  one  of  the  basis  vectors  which  are 
eigenfunctions  of  the  operator  "0".  The  value  "o"  is  the  eigenvalue.  For  every 
observable,  it  is  always  possible  to  write  an  eigenfunction  equation.  The  result  of  every 
physical  observation  must  always  be  an  eigenvalue. 


Topic  2.11.1:  The  Schrodinger  Wave  Equation 


It  is  possible  to  observe  the  total  energy  of  a  particle  or  a  system  of  particles.  The 
Hamiltonian  H  is  the  Hermitian  operator  that  represents  the  total  energy.  The 
Schrodinger  wave  equation  is 


H'F  =  ift 


8W 

at 


The  wave  function  may  be  an  arbitrary  function  which  can  be  Fourier  expanded  in  terms 
of  the  basis  set.  The  energy  operator  must  be  specified  in  terms  of  other  quantities 
related  to  the  energy  of  the  system.  For  a  single  particle,  the  total  energy  can  be  related 
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to  the  momentum  and  potential.  The  Hamiltonian  H  is  an  operator  and  must  therefore 
contain  operators. 

The  usual  procedure  for  finding  the  quantum  mechanical  Hamiltonian  is  to  write 
the  classical  Hamiltonian  (i.e.,  energy)  and  then  substitute  operators  for  the  dynamical 
variables  (i.e.,  observables).  The  operators  are  then  required  to  satisfy  commutation 
relations  which  accounts  for  the  fact  that  the  corresponding  observables  might  or  might 
not  be  simultaneously  observable  (i.e.,  the  Heisenberg  uncertainty  relations  must  be 
satisfied). 

The  mathematical  theory  of  quantum  mechanics  admits  many  different  forms  for 
the  operators.  In  the  spatial-coordinate  representation,  the  momentum  is  related  to  the 
spatial  gradient.  In  the  momentum  representation  (i.e.,  Fourier  transform  space),  the 
momentum  operator  is  written  as  p  =  ttk .  A  single  particle  has  a  classical  Hamiltonian 
of  the  form 


H  =  -*—  +  V(r) 

2m 

where  p2/2m  is  the  kinetic  energy  of  the  particle,  V  is  its  potential  energy,  and  the 
momentum  squared  is  p.p .  The  quantum  mechanical  Hamiltonian  for  a  problem  with 
only  one  degree  of  freedom  (for  example,  the  x  -direction)  is  found  by  substituting 

P 

i  dx 

For  three  dimensions,  the  momentum  operator  is  related  to  the 


for  the  classical  “p”. 
gradient 


The  Hamiltonian  can  be  written  as 


P  =  — V 
i 


p2  i  fn 

H  =  - —  +  V(r)  =  - — |  - 


h 2 


-V  •  -V  +V(r)  =  -— Vz+V(?) 


2m  2m\i 

For  a  single  degree  of  freedom,  the  commutation  relations  is 

[x,Px]=i/z 

For  three  degrees  of  freedom,  define  the  notation 


2m 


x„  =  < 


X 

m  =  l 

Px 

A 

m  =  1 

y 

m  =  2 

P  =  « 

m 

Py 

m  =  2 

z 

m  =  3 

Pz 

m  =  3 

so  that  the  commutation  relations  can  be  written  as 

[xm,Pn]=i^8mn 

Only  conjugate  variables  (i.e.,  m=n)  do  not  commute.  Conjugate  variables  refer  to  the 
same  degree  of  freedom. 
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Topic  2.11.2:  Quick  Review  of  Probability  Density  and  Operator  Moments 

The  probability  density  function  p  measures  the  probability  per  unit  length  or  per 
unit  volume.  If  p(x)  dx  is  the  probability  of  finding  a  particle  in  the  infinitesimal  interval 
dx  centered  at  the  position  x,  then  the  probability  of  finding  the  particle  in  the  interval 
[a,b]  is  given  by 

b 

P(a<x<b)=  Jdxp(x) 

a 

and  averages  are  calculated  as  usual 

oo 

(f(x))=  jdxf(x)p(x) 

-00 

As  is  typical  for  classical  probability  theory,  the  density  function  p  must  be  in  [0,1]  and 

oo 

jdxp(x)  =  l 

— oo 

The  fact  that  the  integral  over  all  space  equals  unity  is  a  reflection  of  the  fact  that  the 
particle  must  be  found  somewhere  in  space  (i.e.,  the  total  probability  is  one  for  finding 
the  particle  somewhere).  For  volume  rather  than  length,  the  probability  density  is 
p(x,y,z) 

b  d  f 

P(a <  x  <  b,c  <  y  <  d,e  <  z  <  f)  =  JJJdxdydz  p(x,y,z)=  JdVp 

ace  V 

with  similar  formulas  for  averages  etc. 

In  quantum  theory,  the  probability  density  is  given  by 

p  =  'P‘vp  =  |'P|2 

and  the  wave  functions  are  normalized  such  that 

JdV|'P|2  =1 

V 

where  the  volume  can  neither  be  finite  or  infinite  depending  on  the  physical  situation. 
This  chapter  will  show  that  integrals  similar  to  the  last  one  are  related  to  inner  products 
and  the  "length"  of  a  function  when  viewed  as  a  vector. 

Average  of  an  Operator 

The  correct  form  of  a  quantum  mechanical  average  of  an  observable  O  is 

(o)  =  (lP|6|vP)=  jdx'P’O'P 

—oo 

Sometimes  the  expectation  value  is  written  as 

e(o)=(o) 

The  wave  function  must  be  known  to  calculate  the  expectation  values  since  the  notation 
does  not  necessarily  make  it  clear. 
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The  Variance  and  Standard  Deviation 

The  variance  of  an  operator  is  defined  by 

ct2  =e(o-(o))2  =E^62  -  26(6}  +  (6)2j  =  E(o2)-(6}2  =(62)-(o)2 
The  standard  deviation  is 


Once  again  notice  that  the  wavefunction  must  be  known  to  make  the  calculations. 

Topic  2.11.3:  Commutators  and  the  Heisenberg  Uncertainty  Relations 

Elementary  theory  says  that  certain  observables  cannot  be  measured 
simultaneously  with  infinite  precision.  For  example,  position  and  momentum  as 
conjugate  variables  must  satisfy  the  Heisenberg  uncertainty  relations 

cr_an  > h/2 

A  p 

or,  in  other  notation,  Ax  Ap  >/z/2 .  The  symbols  ax,crp  represent  the  standard  deviation 
in  the  position  and  momentum  (corresponding  to  the  x-direction).  The  standard 
deviations  (yx,ap  are  not  operators  since  the  expectation  values  have  been  calculated. 
The  Heisenberg  uncertainty  relation  says  that  repeated  measurements  of  position  and 
momentum  yields  a  range  of  values  x  and  p.  Using  linear  algebra,  it  is  possible  to  show 
that  the  Heisenberg  uncertainty  relation  obtains  from  properties  of  the  operators. 

To  say  that  momentum  and  position  cannot  be  measured  precisely  at  the  same 
time  is  equivalent  to  writing 

*  xP.T 

or  introducing  the  commutator  notation 

A  A  A  A  A  A 

[A,B]  =  AB-BA 

we  can  write 

Notice  that  the  commutator  is  itself  an  operator  and  must  always  operate  on  a  function. 


Example:  The  commutation  relation  for  position  and  momentum  can  be  evaluated  using 
spatial  coordinates. 

x  =  x 

and  the  commutator  is  evaluated  as 


[x,Px]'P  =  x-— 'P--— (x'P)  =  i^vP 
i  dx  i  dx 

The  previous  equation  is  required  to  hold  for  every  function  in  the  vector  space  and  the 
commutator  must  be 


[x,PJ  =  ifc 

Also,  [x,x]  =  0  [y,PJ  =  0 
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The  previous  example  shows  that  the  y-position  coordinate  commutes  with  the 
momentum  for  the  x-coordinate.  Commuting  operators  corresponding  to  dynamical 
variables  that  can  be  simultaneously  and  precisely  measured.  As  previously  discussed,  if 

two  operators  A,B  commute  then  there  exists  a  simultaneous  set  of  basis  functions 

|  a, b)  =  |  a)| b)  such  that 

A|a,b)  =  a|a,b)  and  Bja,b)  =  b|a,b) 

and  vice  versa.  This  topic  shows  that  if  two  operators  do  not  commute  then  there  exists  a 
Heisenberg's  uncertainty  relation  connecting  them.  As  a  note,  the  quantum  mechanical 
Hamiltonian  obtains  from  the  classical  Hamiltonian  by  substituting  operators  for 
dynamical  variables.  If  we  cannot  simultaneously  and  precisely  measure  both  momentum 
and  position,  it  would  seem  that  the  energy  of  the  particle  is  not  well  defined!?!  The 
resolution  to  this  apparent  contradiction  is  that  the  Hamiltonian  is  well  defined  for  an 
energy  eigenfunctions  basis  set:  the  Hamiltonian  will  be  well  defined  even  though 
momentum  and  position  cannot  be  simultaneously  measured  exactly. 

The  discussion  now  demonstrates  that  two  noncommuting  Hermitian  operators 
must  always  produce  an  uncertainty  relation. 


Theorem:  If  two  operators  A,B  are  Hermitian  and  satisfy  the  commutation  relation 
[A,B]=iC  then  the  observed  values  “a,b”  of  the  operators  must  satisfy  a  Heisenberg 

uncertainty  relation  of  the  form  caab  >  (c^j  | . 

Proof:  Consider  the  real,  positive  number  defined  by 

£  =  ((A  +  tt,B)i}/  |  (A+tfdB^) 

which  is  real  and  positive  since  the  inner  product  provides  the  length  of  the  vector 
defined  by 

|  (A  +  i^B)v)/  )  =  (A  +  i?iB)|v);) 

Assume  that  A.  is  a  real  parameter.  Now  working  with  the  number  £,  and  using  the 
definition  of  adjoint,  namely 

(6f|g)  =  (f|o*g}, 

we  find 

4  \|/  |  (A  +  iA-B^  (A  +  iA,B)vj/  ^  =  (\{/ J (A  +  iA-B^  (A  +  iAJj)jv|/) 

=  (vj/ 1  (A+  -  iA,B+  )(A  +  iAJB)|  vj/) 

=  (v|/|(A  -iAJB  )(A  +  iA.B|  v|/) 

A  A 

where  the  last  step  uses  the  Hermiticity  of  the  operators  A,B .  Multiply  the  operator 
terms  in  the  bracket  expression  and  suppress  the  reference  to  the  wave  function  (for 
convenience)  to  obtain 
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^=(a2)-x(c)+x2(b2)>o 

which  must  hold  for  all  values  of  the  parameter  X.  The  minimum  value  of  the  positive 
real  number  £,  is  found  by  differentiating  with  respect  to  the  parameter  X. 


dX  2(b2) 

So  that  the  minimum  value  of  the  positive  real  number  \  is  given  by 

4(b2)" 


Multiplying  through  by  ^B2  j  to  get 

The  commutator  [a,b]=  iC  holds  for  the  two  Hermitian  operators  defined  by 

a->a-(a)  b-»b-(b) 

As  a  result,  Equation  2.11.1  becomes 


(2.11.1) 


However,  the  terms  in  the  angular  brackets  are  related  to  the  standard  deviations  aa,ab 
respectively.  The  proof  of  the  theorem  is  finished  by  taking  the  square  root  of  the 


previous  expression 

<V>b*“|(c)| 

Notice  that  this  Heisenberg  uncertainty  relation  involves  the  absolute  value  of  the 
expectation  value  of  the  operator  C.  By  its  definition,  the  operator  C  is  Hermitian  and  its 
expectation  value  is  real. 
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Section  2.12:  Quantum  Mechanical  Representations 

A  representation  (or  picture)  in  quantum 
theory  refers  to  the  objects  of  the  theory  that 
contain  the  dynamics;  that  is,  the  mathematical 
objects  (wave  vectors  or  operators)  that  contain  the 
time-parameter.  The  Schrodinger  representation 
uses  wave  functions  that  depend  on  time.  The 
evolution  of  the  particle  or  system  is  described  by 
the  wave  function.  The  act  of  observing  a 
particular  quantity  does  not  depend  on  when  the 
observation  is  made.  Intuitively,  this  point  of  view 
seems  natural  since  the  universe  changes  and  not 
our  eyes.  The  Schrodinger  representation  is  very 
similar  to  classical  electromagnetic  theory  for  the 
wave  motion  of  the  photon  field.  The  wave 
function  resides  in  Hilbert  space  defined  by  a  time- 
independent  set  of  basis  vectors.  The  wave 
function  moves  around  in  the  vector  space  so  that 
its  components  along  the  basis  vector  axes  changes 
with  time. 

The  Heisenberg  representation  assigns  all 
of  the  time  dependence  to  the  operators.  This  representation  is  somewhat  similar  to  a 
classical  particle  theory.  In  classical  mechanics,  the  dynamical  variables  such  as 
momentum  depend  on  time.  For  quantum  theory,  the  Heisenberg  wave  functions  do  not 
depend  on  time.  Intuitively,  the  wave  vectors  form  the  latticework  of  a  stage  that  defines 
the  allowed  universe.  The  act  of  observing  the  “lattice  work”  depends  on  time.  The 
wave  function  defines  the  extent  of  the  physical  system  (i.e.,  it  carries  all  the  information 
on  the  properties  of  the  particle).  The  Schrodinger  representation  allows  the  wave 
function  to  evolve  in  time  which  corresponds  to  the  evolution  (or  motion)  of  the  particle. 
The  Heisenberg  representation  on  the  other  hand  places  the  dynamics  in  the  operators. 

The  interaction  representation  assigns  some  time  dependence  to  the  operators  and 
some  to  the  wave  functions.  This  representation  is  especially  suited  for  an  "open" 
system.  A  closed  system  can  be  defined  as  one  for  which  the  total  energy  (and  the 
number  of  particles)  contained  within  the  system  remains  constant.  For  this  case, 
imagine  a  system  of  atoms  (maybe  a  chunk  of  semiconductor)  with  an  external  influence 
such  as  sun  light.  The  motion  of  electrons  in  the  system  derives  from  the  influence  of 
internal  forces  and  from  the  influence  of  the  external  source.  The  motion  due  to  the 
internal  sources  is  assumed  trivial  and  the  time  dependence  is  assigned  to  the  operators. 
The  motion  due  to  the  external  influence  is  assigned  to  the  wavefunction.  Without 
external  sources,  the  wavefimctions  are  stationary  similar  to  the  Heisenberg 
representation.  The  demarcation  between  external  and  internal,  in  this  example,  is  setup 
primarily  for  perturbation  theory.  The  same  concepts  can  be  applied  to  a  closed  system 
so  long  as  the  Hamiltonian  is  divided  into  two  parts. 


Schrodinger  Picture 
|2> 


observers  stationary  universe  moves 

Heisenberg  Picture 
|2> 


iy> 


-u> 


observers  move 


universe  stationary 


Figure  2.12.0:  Intuitive  picture  for  the 
Schrodinger  and  Heisenberg  representations 
in  quantum  mechanics 
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Topic  2. 12. 1 :  The  Schrodinger  Representation 

As  previously  discussed,  the  time-dependent 
wave  function  satisfies  Schrodinger's  equation. 

H|\j/(t))  =  i^^|\|/(t)> 

or  in  a  coordinate  representation 

*  d 

Hv|/(x,t)=ifc— v(x,t) 

dt 

The  wavefimction  |vj/(t)}  is  expressed  as  an  expansion  in 


the  basis  of  energy  eigenfunctions.  The  basis  functions  Figure  2.12.1:  The  wavefunction 
are  stationary  (i.e.,  no  time  dependence);  they  are  the  moves  with  respect  to  the  energy 
stationary  solutions  of  the  time  independent  eigenfunction  basis  set  under  the 
Schrodinger  equation.  Figure  2.12.1  shows  the  motion  influence  ofthe  evolution  operator, 
of  the  total  wave  function  through  Hilbert  space.  The 

wavefunction  remains  normalized  and  therefore  the  motion  must  be  attributed  to  a  unitary 
operator  u .  The  unitary  operator,  called  the  evolution  operator,  moves  the  initial  wave 
function  forward  in  time  according  to 

u(t,t0)|v|/(t0))  =  |v|/(t)) 

The  evolution  operator  actually  depends  on  the  difference  in  time  and  is  written  as 

u(t,t0)=u(t-t0) 

Often  the  initial  time  is  taken  as  zero  t0  =  0 

A  formal  expression  for  the  evolution  operator  can  be  found  by  working  with 
Schrodinger's  equation.  Assume  that  the  Hamiltonian  is  independent  of  time  (i.e.,  we 
have  a  close  system).  Schrodinger  equation 

%(t)H*|:k(t)> 

can  be  formally  integrated  by  writing  it  as 

|k(t))=^|v(t)) 

Consider  the  Hamiltonian  operator  to  be  similar  to  a  constant  and  solve  the  simple 
differential  equation  to  obtain 

/  A  \ 

k(t))  =  exp  ^-t  |n;(0))  =  u(t)|v|/(0))  (2.12.1) 

Vth 


The  operator 


is  unitary  (i.e.,  u"1  =  u+ )  since  the  Hamiltonian  H  is  Hermitian.  We  know  from  the 
previous  chapter  that  the  exponential  of  an  operator  really  stands  for  a  Taylor  expansion 
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using  the  operator  as  a  variable.  Equation  2.12.1  can  also  be  written  in  the  coordinate 
space  as 


v(x.0= 


exp! 


H_ 

in 


i|/(x,0)  =  u(t)\|/(x,0) 


The  evolution  operator  plays  a  pivotal  role  for  the  Heisenberg  representation. 


Topic  2.12.2:  Ehrenfest’s  Theorem  for  the  Schrodinger  Representation 


In  this  topic,  we  discuss  how  an  observed  value  (not  the  operator!)  evolves  in  time 
for  the  Schrodinger  representation.  Ehrenfest’s  Theorem  then  shows  how  Schrodinger's 
quantum  mechanics  gives  the  usual  results  for  classical  mechanics.  Basically  the  time 
dependence  of  a  wave  function  must  be  related  to  the  time  dependence  of  observed 
values.  The  classical  analog  of  a  quantum  mechanical  dynamical  variables  involves  an 
average  over  the  quantum  mechanical  microscopic  components.  For  example,  the 
momentum  of  a  classical  point  particle  is  the  expectation  value  of  the  momentum 
operator.  Newton's  second  law  relates  the  time  rate  of  change  of  the  classical  momentum 
to  the  applied  force.  Ehrenfest’s  theorem  provides  a  method  to  recover  Newton's  second 
law  by  calculating  the  rate  of  change  of  the  expectation  value  of  the  quantum  mechanical 
momentum  operator.  The  discussion  by  considering  the  rate  of  change  of  the  expectation 
value  of  an  operator  using  the  Schrodinger  picture.  The  derivation  is  carried  all  the  way 
through;  instead,  the  result  is  just  stated. 

Let  A  =  A(r,t)  be  an  operator  in  the  Schrodinger  picture.  Usually  Shrodinger 
operators  do  not  depend  on  time.  One  notable  exception  is  the  density  operator.  Suppose 
further  that  the  wave  vector  |v|/(t))  is  a  solution  to  Schrodinger’s  equation  (it  can  be  a 
linear  combination  of  the  basis  vectors  as  usual).  The  time  rate  of  change  of  the 
expectation  value  of  the  operator  is  given  by 

where  recall  that  inner  products  involve  spatial  integrals. 


(2.12.2) 


Usually  the  expectation  value  of 
the  time  derivatives  of  the 
operator  (last  term)  is  zero  for 
the  Schrodinger  picture. 

Ehrenfest’s  theorem  in 
Equation  2.12.2  can  be 
intuitively  understood.  First 
consider  Figure  2.12.2  For 
classical  object,  and  applied 
force  acts  on  the  center  of  mass. 
An  extended  body  such  as  a 
baseball  consists  of  small 
individual  masses  denoted  by 


Classical  Classical 

Point  Paricle  Extended  Body 


Quantum 

Mechanics 


Figure  2.12.2:  Left:  force  acting  on  a  classical  point  mass. 
Middle:  distributed  force  acting  on  a  classical  extended  mass. 
Right:  Force  acting  on  a  quantum  mechanical  object. 
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Anij .  The  total  force  F  is  made  up  of  the  individual  forces  acting  on  each  mass.  Define 

the  quantity  F  to  be  the  force  per  unit  mass.  The  total  force  acting  on  the  extended  body 
is  therefore  given  by 

F  =  2  ff Ami 

so  that  if  a  given  region  of  the  body  has  greater  mass  density  then  it  might  experience 
greater  force.  The  figure  shows  a  quantum  mechanical  object;  the  boundaries  of  the 
object  are  not  very  well-defined  since  the  object  is  defined  by  a  wave  function.  The 
object  might  be  a  single  electron  but  it  is  pictured  as  spread  out  over  a  region  of  space. 
Once  again  define  the  total  classical  force  as 

F  =  ^  ffAnij 

i 

but  now  the  mass  is  not  necessarily  uniformly  distributed  across  the  region  of  space.  The 
figure  shows  more  mass  near  the  center  and  less  at  the  "boundaries."  The  amount  of 
mass  in  a  given  region  is  proportional  to  the  probability  density  of  finding  the  electron  in 
a  small  region.  For  the  one  dimensional  case,  write 

Anij  ~  pr  dx  ~  vj/*vj/  Ax 

therefore  the  total  force  is 

F  ~  ^Am,  ~  2v*(x,)f(xiMxi)Ax  ~  J  v|/*(x)F(x>l/(x)dx  ~  (F) 

i  i 

Therefore,  because  the  quantum  mechanical  object  is  necessarily  spread  across  space, 
classical  quantities  like  force  and  interaction  energy  do  not  occur  at  one  specific  point; 
instead  they  occur  over  the  region  of  space.  For  this  reason,  the  quantum  mechanical 
operator  is  averaged  over  a  region  of  space  to  produce 
the  corresponding  classical  quantity.  Furthermore, 
this  shows  that  the  time-dependence  of  the  wave 
function  translates  to  a  time  dependence  of  the 
corresponding  classical  quantity. 

The  figure  at  the  right  shows  a  wave  packet 
traveling  to  the  right  with  speed  “v”.  The 

wavefunction  clearly  depends  on  time  because  it 
moves.  The  expectation  value  of  the  position 
operator  x  gives  the  position  of  the  center  of  the 
wavepacket.  Now  because  the  wavepacket  moves, 
the  expectation  value  of  the  position  operator  must 
depend  on  time 


Y  v 


Figure  2.12.3:  Example  of  an 
average  that  changes  with  time 
because  the  wavefunction  depends 
on  time. 


Topic  2.12.3:  The  Heisenberg  Representation 


The  Heisenberg  representation  assigns  the  dynamics  to  the  operators.  All  of  the 
wave  functions,  not  just  those  in  the  basis  set,  are  independent  of  time;  none  of  the 
dynamics  appears  in  the  wave  functions.  The  time-dependent  operators  are  easy  to  find 
from  those  in  the  Schrodinger  picture.  We  can  proceed  in  two  different  ways.  Perhaps 
the  easiest  method  is  to  require  all  expectation  values  to  remain  unaffected  by  the 

particular  picture.  Suppose  that  the  state  of  the  system  is  represented  by  the  ket  |vys(t)} 
in  the  Schrodinger  picture  (where  “s”  denotes  Schrodinger).  The  expectation  value  of  an 
operator  Os  is  given  by 

(Vs(t)|6s|vs(t))  =  {Vh|u+6su|\i/h> 

where  the  unitary  operator  u  is  the  very  same  one  used  as  the  evolution  operator  for  the 
Schrodinger  picture.  The  origin  of  time  is  assumed  to  be  t=0.  The  Heisenberg  wave 
function  is 


KHvs(°)) 

Recall  that  the  unitary  operator  is  given  by 


u(t)  =  exp 


'B,' 

yin  , 


The  time-dependent  Heisenberg  operator  is  defined  as 

6,(t)=r6.u 


Example:  What  is  the  Heisenberg  representation  of  the  Schrodinger  Hamiltonian? 

Solution:  This  is  easy  to  find  since  the  Schrodinger  Hamiltonian  commutes  with 

itself 


R,  =  u+Ru  =  exp 


lit 

i  h 


H  exp 


ih 


=  K 


So  the  Schrodinger  and  Heisenberg  representations  of  the  Hamiltonian  are  identical. 


Next,  the  principal  method  of  calculating  the  time  evolution  of  the  Heisenberg 
operators  is  discussed.  The  dynamics  of  the  Heisenberg  operators  obtain  through  a 
commutation  relation.  It  is  this  commutation  relation  that  takes  the  place  of  the 
Schrodinger  equation  The  commutation  relation  is  reminiscent  of  the  commutation 
relation  found  for  the  rate  of  change  of  the  expectation  value  of  an  operator  in  the 
Schrodinger  representation.  The  difference  here  is  that  it  is  not  necessary  to  calculate  the 
expectation  value.  In  a  sense,  the  operators  in  the  Heisenberg  representation  are  very 
similar  to  the  dynamical  variables  in  classical  mechanics. 

The  rate  of  change  of  a  Heisenberg  operator  is 
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Topic  2.12.4 :  The  Interaction  Representation 


As  previously  mentioned,  the  interaction  representation  is  a  hybrid  between  the 
Schrodinger  and  Heisenberg  representations.  Both  the  operators  and  wave  functions 
depend  on  time.  This  representation  is  especially  used  when  a  system  interacts  with  an 
external  force.  The  dynamics  embedded  in  the  wave  function  are  due  to  the  interaction. 
Therefore,  the  wave  functions  move  in  Hilbert  space  in  response  to  the  "extra"  potentials 
imposed  on  the  system.  The  operators  carry  the  dynamics  of  the  system  that  results  when 
the  interaction  is  tumed-off. 

Suppose  the  Hamiltonian  for  the  system  has  the  form 

H  =  H0  +  V 

A 

where,  for  now,  the  Hamiltonian  H0  is  independent  of  time.  Schrodinger's  equation  in 
operator  form  is 

ri|'r,(t))=a||'p,(t)> 

or 

(R,+v)|'F,(t))=i»||>F,(t)) 
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Define  the  interaction  wave  vector 
or  equivalently 

|¥,(t))=r|'r,(0) 

using  the  unitary  operator  previously  defined  for  the  Heisenberg  representation 

(Ci  } 

u(t)=  exp  ^-t 

The  subscripts  "s"  and  "I"  stand  for  Schrodinger  and  Interaction,  respectively.  The 
Hamiltonian  H0  defines  the  unitary  evolution  operator.  Recall  that  the  unitary  operator 
u+  essentially  removes  the  time  dependence  from  the  wave  function  [^(t))  attributable 
to  the  Hamiltonian  H0 .  However,  there  is  still  some  time  dependence  left  in  the  wave 
function  due  V . 

The  Schrodinger  equation  can  be  written  in  the  interaction  representation. 
Starting  with 

K+v)|T.(t))  =  i»|.|4',(t)) 


substitute 


to  get 


+v)u(t)|>rI(t)>=i#|fi(t)  I'p.W) 

Now,  differentiate  both  terms  on  the  right-hand  side  of  Equation  2.12.3 

(a + v)u(t)  wo) =i  i>p,(t)) 


(2.12.3) 


=  ih\ ^-expf^-t]  |TI(t))  +  expfS-t 


i%  in 


=afiWt)>+u|i'i'1(t)) 

A 

We  can  cancel  the  terms  involving  H0  from  both  sides 

Vu(t)|4',(t))=Wu||'f,(t)) 

Operating  on  both  sides  with  the  adjoint  of  the  evolution  operator 

rv  a  |4'l(t)H*||y,(t)) 


or  defining  the  interaction  potential  as 


we  can  write 


V,  =  u+Vu 
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V,  WO)  =i*|Mt)) 

As  a  result,  the  interaction  wave  function  satisfies  a  Schrodinger-like  equation  with  the 
interaction  potential  V,  taking  the  place  of  the  Hamiltonian. 
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Section  2.13:  The  Harmonic  Oscillator 


The  harmonic  oscillator  is  familiar  from  classical  mechanics.  The  oscillator 
consists  of  a  particle  capable  of  being  displaced  from  an  equilibrium  position  but  the 
displacement  initiates  a  linear  restoring  force.  A  linear  restoring  force  is  related  to  a 
quadratic  potential  V.  The  chapter  focuses  on  the  1-D  oscillator  since  the  3-D  oscillator 
can  be  decomposed  into  three  1-D  oscillators.  Typically  quantum  theory  focuses  on  the 
electron  in  a  parabolic  electrical  potential.  An  anharmonic  potential  is  not  quadratic  in  the 
displacement  and  the  harmonic  oscillator  is  used  as  the  starting  point  for  the  perturbation 
theory  for  approximation.  For  lasers,  the  main  application  for  harmonic  oscillators  is  not 
to  the  electron  dynamics  but  instead,  it  is  to  light!  The  Hamiltonian  for  electromagnetic 
waves  has  a  structure  identical  to  that  for  the  harmonic  oscillator!  The  theory  can  be 
applied  to  a  great  many  physical  systems  that  have  a  second  order  differential  equation. 
The  solution  to  the  Schrodinger  equation  proceeds  using  an  algebraic  approach  inolving 
raising  and  lowering  operators. 

Topic  2.13.1:  Introduction  to  the  Classical  and  Quantum  Harmonic  Oscillators 


Recall  that  the  linear  restoring  force  for  a  harmonic 
oscillator  is 

'  dV.  i  n 
F=  dx 

-W(r)  3-D 

(x=0  is  the  equilibrium  position  of  the  particle)  which  is 
obtained  from  the  quadratic  potential 

1  2 

-kx2  1-D 
V  =  i  ? 


V(x) 


-kf2 

2 


3-D 


Figure  2.13.1:  The 
quadratic  potential  for 
a  harmonic  oscillator 


where  the  “spring  constant”  k>0.  The  classical  Hamiltonian  has  the  form 

Hc  =-£— +  -kx2 
c  2m  2 

where  the  dynamic  variables  x,  p  are  considered  to  be  independent  of  one  another.  Notice 
that  Newton’s  second  law  can  be  recovered  in  the  usual  way  though  Hamilton’s 
canonical  equation 

SHC  ,  _ 

p  = - -  =  -kx  =  F 

dx 

where  F  is  the  force  applied  by  the  potential.  The  Lagrangian  shows  that  the  momentum 
p  is  related  to  the  velocity  by  p  =  mv  =  mx  and  the  classical  Hamiltonian  is  tranformed  to 


”f4rHk(x<t))2=E 

where  E  is  the  total  energy  of  the  oscillator  and  x(t)  is  the  position  of  the  electron 
parameterized  by  the  time  t.  The  solution  x(t)  is  well  known  from  classical  mechanics 
(assuming  x(0)=0) 
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x(t)  =  Asin(co0t) 

2  k 

Wlth  ®°  The  Aguiar  frequency  of  oscillation  is  <o0.  Substituting  into  the  second 
order  equation  provides 


m  2  i  o  loo 

—A  to  cos  (03ot)  +  -kA2sin2(©ot)  =  E 
or,  after  substituting  for  ©02, 

kA2=2E 


or 


The  amplitude  “A”  represents  the  point  on  the  V(x)  plot  in 
Figure  2.13.2  where  the  kinetic  energy  is  zero;  i.e.,  where  V(x) 
crosses  the  line  of  total  energy  E 

E  =  —  kx2 
2 

Classically,  the  particle  can  only  be  found  in  the  range 
x  e[-A,A]  and  never  outside  that  region.  The  probability 
(density)  p  of  finding  the  particle  at  a  point  x  is  also  shown. 
Notice  how  the  probability  density  is  similar  to  a  delta  function 
near  the  endpoints  of  the  motion;  this  behavior  occurs  because  the 
particle  slows  down  near  the  endpoints  and  spends  more  time 
there.  Also  notice  that  the  angular  frequency  of  oscillation  to  is 
fixed  by  the  parameters  of  the  oscillator  “k  and  m”.  Adjusting  the 
amplitude  A  of  oscillation  changes  the  energy  of  the  oscillator. 

Several  differences  are  expected  for  the  quantum 
mechanical  harmonic  oscillator  of  mass  m.  First,  the  particle  can 
be  found  in  the  classically  forbidden  region.  The  wavefimctions 
(shown  in  Figure  2.13.3)  exponentially  decay  in  these  regions. 
Second,  the  probability  density  function  decays  to  zero  near  the 
endpoints  of  motion  and  reaches  its  peak  value  near  the  center  of 
the  classical  region  [-A,A].  Third,  for  a  particle  in  a  quadratic 
potential,  it  is  usually  only  possible  to  change  the  amplitude  of 
oscillation  unless  an  applied  electric  field  (etc)  can  be  used  to 
change  the  quadratic  potential.  For  EM  waves,  the  energy  of  an 
oscillator  can  be  changed  by  changing  the  angular  frequency  (or 
wavelength)  or  by  changing  the  amplitude  (i.e.,  the  number  of 
quanta  in  the  mode).  For  the  EM  harmonic  oscillator  in  the  next 
chapter,  the  position  x”  and  “momentum  p”  become  the  “in- 
phase  and  out-of-phase”  electric  fields.  The  wavefimctions  in 
the  EM  case  describe  the  probability  of  finding  a  particular  value 
of  the  electric  field. 


Figure  2.13.2:  The 
sinusoidal  motion  of 
an  election  in  a 
harmonic  potential,  p 
is  the  probability 
density. 


Figure  2.13.3:  The 
quantum  mechanical 
harmonic  oscillator. 
The  horizontal  axis  of 
all  four  plots  is 
position  x. 
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Figure  2.13.3  shows  that  the  electron  has  a  finite  probability  of  being  found  in  the 
classically  forbidden  region;  classically,  the  electron  doesn’t  have  enough  energy  to  enter 
the  forbidden  region.  In  principal,  another  harmonic  oscillator  could  be  moved  close  (but 
still  in  the  forbidden  region)  to  the  first  oscillator  and  the  particle  could  escape  its  well 
and  enter  the  second  oscillator.  This  is  an  example  of  quantum  mechanical  tunneling. 
Semiconductor  lasers  have  square  wells  that  are  close  enough  together  to  permit  quantum 
tunneling  between  the  wells. 

Now  here’s  another  important  difference  between  the  classical  and  the  quantum 
mechanical  cases.  For  the  classical  case,  the  angular  frequency  is  set  by  the  parameters 
of  the  system 


However,  for  the  QM  oscillator,  the  angular  frequency  con  (corresponding  to  the  energy 
levels)  depends  on  the  number  of  energy  quanta  in  the  oscillator.  Figure  2.13.3  shows  the 
frequency  for  the  states  |Ej)  and  |E2)  by  looking  at  the  “wavelength”.  Later  discussion 
shows  that  the  energy  of  the  harmonic  oscillator  is  quantized  according  to 

En  =fcco0|n  +  |j  n  =  0,1,2,. .. 

so  that  the  angular  frequency  is 

on  =<o0|n  +  ij  n  =  0,1,2,... 

Larger  number  of  quanta  “n”  result  in  larger  “displacements”  from  equilibrium  (i.e., 
larger  amplitude  of  oscillation)  and  larger  regions  where  the  electron  can  be  found. 
Notice  that  <b0  appears  in  the  equation  for  con . 

Topic  2.13.2:  The  Hamiltonian  for  the  Quantum  Harmonic  Oscillator 

The  quantum  mechanical  Hamiltonian  obtains  from  the  classical  one  by  replacing 
the  dynamical  variables  x,p  with  the  corresponding  operators  x,p  (the  caret  “A”  indicates 
an  operator  and  not  a  unit  vector).  The  Schrodinger  equation 

H|'F(t)}=i*|.|'F(t)} 

ot 

is  found  by  substituting  the  classical  Hamiltonian 

Hc  =  ^-  +  -kx2 
c  2m  2 

with  the  operators  replacing  the  classical  dynamical  variables 

^  +  ildi2j|'P(t))  =  i»||T(t)> 

Working  in  the  x-coordinate  representation  (i.e.,  operate  on  the  last  equation  with  the 
“coordinate”  projection  operator  “(x|  ” ),  we  identify 
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-£^','(x',)+lkx2>p(x't)=ifil,!'(x',> 

The  boundary  conditions  for  the  harmonic  oscillator  Schrodinger  wave  equation 
consists  of  assuming  that  the  wave  function  approaches  zero  as  "x"  goes  to  infinity 

^(x  — »±oo,t)— >0 

There  are  two  methods  for  solving  the  harmonic  oscillator  Schrodinger  wave 
equation.  The  first  method  uses  a  power  series  solution  which  becomes  algebraically 
very  involved.  The  second  method  uses  raising  and  lowering  operators  and  highlights  the 
linear  algebra.  This  book  primarily  uses  the  method  of  raising  and  lowering  operators 

(commonly  referred  to  as  the  algebraic  approach).  ~  "  . 


Side  comment: 


As  a  side  note,  it  is  possible  to  mathematically  show  how  the  Shrodinger  equation 
obtains  from 

£4“2)i,p(,)>-*si'F<*)> 

First  operate  on  both  sides  using  the  x-coordinate  projection  operator  (x|  to  get 

where  the  x-coordinate  operator  was  moved  past  the  time  derivative.  On  the  left-hand 
side,  insert  the  unit  operator  defined  by 

1=  J]x')dx'(x'| 

between  the  Hamiltonian  operator  and  the  ket  |'F(t>)  to  obtain 

(x(to +5k2)  (Jlx')dx’<x'l)  l'l,w>=i*f  Mm)) 

The  x-terms  can  be  moved  under  the  integral  since  they  do  not  depend  on  x' . 

(.2  .  'N 

Jdx,<xl[>+2k*2J  Mx’l  l'P<*>)-»|(*|'f’(t))  (2.13.1) 

Now  assume  that  the  momentum  and  position  operators  are  diagonal  in  “x”  so  that 
(x|p2|x')  =  (x|x’)  Ijp(x’)]2  =8(x’-x)  ~  and  (x|x2|x’)  =  5(x'-x)[xf 
since  x|x')  =  x'|x') .  Therefore  Equation  2.13.1  becomes 
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f p.2  p\  2  i  ^  ps 

Jdx' 5(x'-x)  — +  -kx'2  (x'l^t))^— (xjT(t)) 

J  ^  2m  dx'2  2  J  dt 

Integrating  over  the  delta  function  yields 

(i£^fa2)(x|nt)>=wi<xM 

and,  using  (xj'FCt))  =  'P(x,t),  gives  the  desired  results 

' _  p.2  psl  i  a 

- -%  +  2-kx2  'P(x,t)  =  M  — ¥(x,t) 

2m  ax2  2  J  a 

Topic  2.13.3:  Introduction  to  the  Algebraic  Solution  to  the  Harmonic-Oscillator 
Schrodinger  Equation  for  the  Harmonic  Oscillator 

The  algebraic  approach  to  solving  Schrodinger’s  equation  for  the  harmonic 
oscillator  is  simpler  than  the  power  series  approach.  In  addition,  it  provides  a  great  deal 
of  insight  into  the  mathematical  structure  of  the  quantum  theory.  The  algebraic  approach 
uses  “raising  and  lowering  operators”  (i.e.,  ladder  operators,  or  sometimes  called 
promotion  and  demotion  operators).  Ladder  operators  and  creation/annihilation  operators 
are  very  similar  to  each  other  and  form  the  basis  for  most  advanced  studies  in  quantum 
theory. 

The  "raising  a+  and  lowering  operators  a "  map  a  Hilbert  space  into  itself 
according  to  a,a+:V-»V.  In  the  Schrodinger  picture,  these  ladder  operators  are 
independent  of  time.  Let  Bv  ={|0)  =  |Eo), |l)  =  |E, ),...}  the  basis  set  formed  by  the 
energy  eigenvectors  of  the  Hamiltonian.  The  notation  used  to  define  the  basis  set 
assumes  non-degenerate  eigenvalues  E„ 

HHO=E,|(h) 

For  every  En,  there  is  exactly  one  <(>n  and  one  integer  “n”  (which  typically  starts  at  0  for 
the  harmonic  oscillator).  Therefore,  there  are  three  equivalent  notations  for  the 
eigenstates 

l»)  =  |E.)  =  |*.> 

An  order  is  assumed  to  exist  for  the  energy  levels 

E0  <Ej  <EZ  <••• 

The  power  series  solution  to  the  harmonic  oscillator  Schrodinger  Equation  shows  that  the 
energy  eigenvalues  are  En  =ft©0|n  +  -ij  where  the  angular  frequency  parameter  is 

co0  =  J —  and  m,k  are  the  mass  of  the  particle  and  the  spring  constant,  respectively.  The 
V  m 

wavefunctions  incorporate  the  Hermite  polynomials  Hn.  The  first  wave  function,  as  an 
example,  is 
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where 


'  a  V/2 


(x|E0)  -<|>o(x)=  H0(ax)exp 


1  «TU2  I 

V7I  J 


2.,2  x 


a  x 


a 


sl/2 


l  _U2  I 

V"  y 


exp 


/  aV 


a2  = 


( 


mco^ 

h 


This  topic  assume  the  Hamiltonian  describes  a  harmonic  oscillator;  however,  it  is 
possible  to  define  operators  similar  to  the  ladder  operators  for  other  systems  of  interest 
(refer  to  Jayne-Cumming’s  model  in  Chapter  5). 


Topic  2.13. 4:  Raising  and  Lowering  Operators 


The  raising  operator  increases  the  basis  vector  by  one 
according  to  the  prescription 

a+|n)  =  Vn  +  ljn  +  l) 

while  the  lowering  operator  decreases  the  basis  vector  by  one  as 
given  by 

a  |  n)  =  Vn  |  n  - 1) 

The  coefficients  Vn  +  l,Vn  are  the  normalization  constants  (as 
will  be  seen  later).  When  the  lowering  operator  encounters  the 
vacuum  state  (i.e.,  the  lowest  eigenvector  which  is  |0)  )  it  gives 
0  according  to 

a|0)  =  0 


*'5> 


Figure  2.13.4:  Raising 
and  lowering  operators 
move  the  harmonic 
oscillator  from  one  state 
to  another. 


The  vacuum  state  |0)  corresponds  to  an  electron  state  with  no  quanta  of  energy  n=0. 
Interestingly,  there  is  still  energy  in  the  vacuum  state  E0  =fmo/2  which  follows  from 

the  Hamiltonian  eigenvalues  given  by  E„  =/to0jn  +  £).  The  vacuum  energy 

corresponds  to  zero  point  motion  of  an  oscillator  and  is  the  reason  that  absolute  zero  can 
never  be  achieved.  It  is  also  this  vacuum  energy  that  is  responsible  for  the  vacuum 
fluctuations  of  electric  field,  which  produces  spontaneous  emission  from  an  ensemble  of 
excited  atoms. 


To  be  of  importance,  the  raising  and  lowering  operators  must  be  related  to  the 
Hamiltonian  for  the  harmonic  oscillator.  Typically  these  ladder  operators  are  related  to 
the  position  and  momentum  operators;  all  of  the  nice  properties  for  the  ladder  operators 
follows  from  these  definitions.  The  immediate  goals  are  to  (1)  determine  the 
Hamiltonian  in  terms  of  the  ladder  operators  and  (2)  determine  the  basis  functions  using 
the  ladder  operators.  Define  the  lowering  and  raising  operators  as 

a  mc°o  -  ,  ip 

■y]2rtih(S)0  yj2mh(o0 


m«>o  ip 

^2mh(o0  yj2vnfmo 
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The  raising  operator  is  found  by  taking  the  adjoint  of  the  lowering  operator  and  using  the 
fact  that  both  x,p  are  Hermitian  since  they  correspond  to  observables.  Notice  that  the 
raising  and  lowering  operators  are  not  Hermitian  a  *  a+ .  As  a  note  sometimes  people  use 
q  in  place  of  x .  These  two  equations  for  the  lowering  and  raising  operators  can  be 
solved  for  the  position  and  momentum  operators  to  find 


:  I— ^-( a  +  a+) 
V  2mco0 


.  mco„/z. 


,-r) 


The  commutation  relations  for  the  raising  and  lowering  operators  are  necessary  to 
complete  the  quantum  prescription.  These  relations  are  easy  to  find  based  on  those 
between  the  momentum  and  position  operators 

[x,x]  =  0  =  [p,p]  [x,p]=ifi 

(1)  The  raising  operator  commutes  with  itself  as  does  the  lowering  operator. 

[a,a]  =  0  =  [a+,a+] 

(2)  The  raising  operator  does  not  commute  with  the  lowering  operator. 


0 


^j2mfi(0o 


,/2m/za)„ 


ip 

l2mh(on 


[x,x]+ 


2mAco0  2h 


+— [p,x] — — [x,p] 
2tT  J  2h 1 


=  0+0  +  J-(-ith±(i*) 


Notice  that  care  was  taken  not  to  accidentally  reversed  the  order  of  the  operators  x,  p  and 
in  the  commutators.  The  results  are  very  convenient  and  simple  to  remember 

M*l=i 

We  will  see  later  that  for  an  ensemble  of  independent  harmonic  oscillators  (assume  that 
there  are  N  of  them),  each  has  its  own  degrees  of  freedom  x^Pj  that  obey  their  own 
commutation  relations. 

[xi,xj]=0  =  [pi,pj]  [xi,pj]=i^5ij 

As  a  result,  there  will  be  raising  and  lowering  operators  for  each  oscillator 

[ai,aj]=0  =  [ai+,aj+]  [ai,a/]=Sij 

Topic  2.13.5:  The  Hamiltonian  Using  Ladder  Operators 

As  previously  mentioned,  the  raising  and  lowering  operators  map  a  basis  vector 
into  the  next  higher  or  lower  one,  respectively.  If  the  basis  vectors  are  eigenvectors  of 
the  Hamiltonian,  which  is  certainly  true  for  our  case,  then  the  raising  operator  adds  one 
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quantum  of  energy  while  the  lowering  operator  removes  one 
quantum  of  energy.  For  example,  Figure  2.13.5  shows  the  effect 
of  the  raising  operator  on  an  electron  in  a  square  well  and  in  an 
atom. 

Using  the  definitions  of  the  position  and  momentum 
operators,  the  Hamiltonian  for  the  single  harmonic  oscillator  can 
be  written  as 


-{aa++a+a}=^{2a+a  +  l} 


Figure  2.13.5:  Physical 
examples  showing  the 
effect  of  a  raising 


Notice  in  the  third  line  that  care  was  taken  not  to  accidentally 
reversed  the  order  of  a,a+  in  any  of  the  terms.  The  order  of 
operators  can  only  be  changed  by  using  the  commutation 
relations.  The  last  line  was  obtained  by  using 

a, a  J=1  -»  aa  =l  +  a  a 


operator  on  an  atom 
(top)  and  square  well 
(bottom) 


As  a  result,  the  Hamiltonian  for  the  single  harmonic  oscillator  is  written  as 


H  =  /fc»  a+a  +  - 

l  2 


(2.13.2) 


Topic  2.13.6:  The  Factors  Vn  and  Vn  +  1 

This  topic  shows  how  the  coefficients  arise  in 
a+|n}  =  Vn+Ijn  +  l) 
a  |  n)  =  Vn  |  n  - 1) 

First,  recall  that  the  basis  vectors  and  energy  eigenvalues  are 
defined  so  that 

H|n)  =  Ejn)  =  /z<B0|n  +  ^J|n) 

Compare  this  equation  with  the  results  of  Equation  2.13.2  to  see  that  when  the  quantity 
a+a  operates  on  the  state  |n)  we  get 

a  a|n) =  n|n) 

where  "n"  is  the  number  of  quanta  in  the  state  (it  is  a  real  number).  A  number  operator  is 
therefore  defined  by 

N  =  a+a 
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The  number  operator  N  gives  the  number  of  quanta  in  the  harmonic  oscillator  state.  The 
basis  vectors  |0},jl),...  have  zero,  one,...  quanta  of  energy  according  to  the  formula 

(  n 

En=/ko0  n  +  —  . 

V 

The  coefficients  C„  and  Dn  in 

a+|n)  =  C„|n  +  l) 
a|n)  =  Dn|n-l> 

can  be  found.  To  begin,  first  consider  the  string  of  equalities 

DX  (n  - 1 1  n  - 1)  =  [Dn  |  n  - l)f  [d„  |  n  - 1)]  =  [a|  n}\  [a|  n)] 

=  (n  |a+a|  n)  =  (n  |Nj  n)  =  (n  |n|  n)  =  n(n  |  n) 

Now  use  the  fact  that  all  eigenvectors  are  normalized  to  one  so  that 

(n-ljn-l)  =  l  =  (n|n) 

Therefore,  the  coefficient  Dn  is 

|D„f=n  ->D„=Vir 

where  a  phase  factor  has  been  ignored.  Similarly,  an  expression  for  C„  can  be  developed 

C.C;(n  +  l|n+l>=[c.|n+l)I,[cJn+l)]=[r|n>],[a»] 

=  (n|a  a+|n)  =  (n|  a+a+l|n)  =  (n|N  +  l|n)  =  (n|n+l|n)  =  (n  +  l)(n|n) 
where  a  commutator  has  been  used  in  the  fifth  term.  Once  again  using  the  eigenvector 
normalization  conditions  and  comparing  both  sides  of  the  last  equation 

|Cn|2  =n  +  l  ->  Cn  =Vn+T 

as  expected. 

Some  Commutation  Relations 

(1)  [h  ,a]=  fcco0  [a+a,a]=  ha0  a+ [a,  a]+  h(o0  [a+ ,  a]a  =  -/ko0a 

(2)  [h  ,a+  ]=  h(0oa+  [a,  a+  ]=  fe(»0a+ 

(3)  [N,a]=-a  [N,a+]=a+ 

Topic  2.13. 7:  Energy  Eigenvectors  in  Terms  of  the  Raising  Operator 

The  next  topic  shows  how  to  obtain  all  of  the  energy  eigenfunctions  using  the 
ladder  operators;  this  is  the  simplest  approach  to  solving  the  partial  differential  equation 
without  using  a  series  expansion.  The  procedure  requires  an  expression  for  the  energy 

eigenfunction  in  terms  of  the  ladder  operators  and  the  vacuum  state  1 0) .  The 
expression  is  obtained  by  repeated  use  of  the  relation  a+ 1  n)  =  \/n  +  l|  n  + 1) . 
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Topic  2.13.8:  The  Energy  Eigenfunctions 

There  is  a  simple  method  for  finding  the  energy  eigenfunctions  for  the  harmonic 
oscillator  using  the  ladder  operators.  Starting  with 

0  =  a|0) 

operate  on  both  sides  using  the  bra  operator  (x|  and  insert  the  definition  for  the  lowering 
operator 


0  =  (x  |a|°)  =  (x| 


m©„x 


IP 


*Jlhx n©0  A/2ftmcot 


r|o>=(j 


mco°x  ,|0)  +  (j 


ip 


\j2hnm0 


72/zmcao 


|0)  (2.13.3) 


Factor  out  the  constants  from  the  brackets  and  use  the  relations 

(x|x|0)  =  x(x|0)  =  x<(>0(x)  <x|p|0)  =  T"~~(x|0)  =  ^^(x) 

1  OX  1  ox 

where  (x|0)  =  <|>0(x)  is  the  first  energy  eigenfunction  in  the  set  of  eigenfunctions  given  by 

{♦oto+ito-} 

Equation  2.13.3  now  provides 


0  =  (x|a|0)  =  -^i(t,o(x)+^A 
'  11  '  j2hm(o0  oV  fth. 

which  is  a  simple  first-order  differential  equation 

d<t>0  ^  m© 


m©0  9x 


<l>o(x) 


The  solution  is  easily  seen  to  be 


dx  h 


x<|>0  =0 


<l*o(x)='l>o(o)exp 


m© 


o 


2h 


which  is  the  first  energy  eigenfunction.  The  normalization  constant  <j>0(o)  is  found  by 
requiring  the  wave  function  to  have  unit  length 

1  =  {<l>o(x)|<l>o(x)) 

which  gives 


<t>o(x)= 


/  \  1/4 

'  m©0  ' 


7 ih 


exp 


m© 


o  -.2 


2  h 
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Now  the  other  eigenfunctions  obtain  from  ^(x)  using  the  raising  operator. 

<j),(x)  =  (x|1)  =  (xl^lQ)  =  (x|  rc1--0- — 


mco0x 


where  the  constants  can  be  factored  out  and  the  coordinate  representation  can  be 
substituted  for  the  operators  to  get 

.  /  \  mco.x  y  i h  3  / 


toco0  3x 


(x|0) 


mco.x 


=  <t>o(x)- 


■sl2hm(a0  '  “ '  '  iy2^mco0  dx 
There  is  no  need  to  solve  a  differential  equation  to  find  this  eigenfunction  or  the 
subsequent  ones  in  the  basis  set.  Differentiating  <t>0(x)  provides 

si.  _  A .J- ™ 


4 


3  | 

mco0 

3x1 

.  nft 

[  mco0  2 
exp - -x  =- 

l  2  h  ) 


Consequently  the  n=l  energy  eigenfunction  becomes 


<t»i  (x)  = 


mwx 


(J)o(x)+- 


mco0x 


/27zmco„  h 


4>o(x)= 


2Vm(0o  ( mco0 
yf2h  {  nh 


x  exp  - 


mco0x 


The  n=2  energy  eigenfunctions  are  found  repeating  the  procedure  using 


Notice  that  the  above  procedure  only  requires  the  relation  between  the  ladder 
operators  and  the  momentum/position  operators.  At  this  point,  the  energy  eigenvalues 
can  be  found  using  Equation  2.13.2. 
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Section  2.14:  Time-Dependent  Perturbation  Theory 

Time-dependent  perturbation  theory  is  of  primary  importance  for  the  study  of  the 
semiconductor  laser.  Perturbation  theory  provides  calculation  tools  for  approximating 
complicated  Hamiltonians  and  solutions  in  terms  of  known  solutions.  Feynman  diagrams 
are  the  result  of  applying  perturbation  calculations  to  quantum  field  theory  especially  as 
applied  to  modem  elementary  particles.  This  section  presents  several  simple  intuitive 
pictures  for  the  transition  of  an  electron  (or  other  particle)  from  one  energy  level  to 
another  by  absorbing  or  emitting  a  quantum  of  energy. 

Topic  2.14.1:  Physical  Concept 

Imagine  a  particle  as 
occupying  a  specific  energy  level  at 
the  initial  time.  For  example,  Figure 
2.14.1  shows  an  electron  in  the  first 
energy  level  of  an  infinitely  deep 
well,  which  might  model  a  two-  or 
three-level  man-made  atom.  If  the 
atom  absorbs  a  quantum  of  energy 
from  the  incident  electromagnetic 

field,  which  is  the  perturbation  in  this 
case,  the  electron  makes  a  transition 
to  a  higher  energy  level  as  shown. 

The  electron  might  be  pictured  as  a 

small  circle  initially  sitting  on  the  unit  vector  |E,).  Notice  this  process  is  basically  an 
exchange  of  energy  and  so  the  energy  eigenstates  are  the  appropriate  basis  vectors. 
Absorbing  a  photon  from  the  incident  electromagnetic  field  causes  the  electron  to  move 
from  the  first  energy  basis  vector  to  the  second  one  as  shown.  A  vitally  important  point 
to  notice  is  that  the  energy  eigenstates  are  known  and  fixed!  This  means  that  the 
perturbation  does  not  changed  the  size  or  angle  of  the  eigenfunction  in  Hilbert  space. 
Such  a  situation  appears  completely  contrary  to  the  approach  taken  for  time  independent 
perturbation  theory!  For  time  independent  perturbation  theory,  an  applied  electric  field 

changes  the  unperturbed  energy  eigenfunctions  |un)  into  the  perturbed  eigenfunctions 

k>- 

Why  are  there  differences  between  the  two  approaches  to  perturbation  theory?  For 
example,  suppose  that  the  depth  of  a  quantum  well  is  changed  very  slowly  by  slowly 
changing  an  applied  electric  field.  In  such  a  situation,  time-independent  perturbation 
theory  should  be  applicable  (maybe  the  change  takes  years)  and  yet  time-dependent 
perturbation  is  explicitly  used  for  cases  like  this  one.  It  is  possible  to  show  the  similarity 
between  the  two  approaches  (refer  to  the  “Quantum  Laser”  by  the  present  author). 

The  time-dependent  perturbation  theory  can  be  presented  in  the  Schrodinger, 
interaction  or  Heisenberg  representation.  The  Hamiltonian  for  the  system,  which 

includes  the  perturbation  V(x,t),  is  given  by 


lE3> 


Figure  2.14.1:  Electromagnetic  waves  induce 

transitions.  The  interaction  energy  is  related  to  ladder¬ 
like  operators. 
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H  =H0  +  V(x,t) 

and  the  unperturbed  Hamiltonian  H0  has  the  energy  basis  set  {un  =  |n) }  so  that 

H0|n)  =  ED|n) 

The  Heisenberg  representation  is  interesting  because  ladder-like  operators  acquire  a  time 
dependence;  as  a  consequence,  the  transition  from  one  state  to  another  depends  on  time. 
However,  this  section  first  works  with  the  Schrodinger  representation  where  the 
wavefunction  caries  the  full  time-dependence.  Consider  a  solution  to  Schrodinger’ s 
equation 

k(0)  =  EPnW|n> 

n 

where  |n)  =  |un)  are  the  energy  eigenfunctions  of  the  unperturbed  Hamiltonian  H0. 
Assume  that  the  particle  starts  in  state  |i)  at  time  t=0.  Recall  that  the  components  P„(t) 

essentially  describe  the  probability  of  finding  the  particle  in  state  |n)  after  a  time  t; 
actually, 

Prob(n,t)  =  |P,(t)|! 

So,  if  the  particle  starts  in  state  |i)  then  Pn(t)  gives  the  probability  of  a  transition  from 

What  does  the  wavefunction  |v|/(t)) 

mean  given  the  initial  condition  |v|/(o))  =  |u;)  ? 
Consider  the  sequence  of  plots  in  Figure 
2.14.2.  At  time  t=0,  the  wavefunction  |i|/(t)) 
is  totally  along  the  |l)  axis  which  says  that  the 

particle  is  definitely  in  the  first  energy 
eigenstate  and  so  Prob(n=l,t=0)  =  1.  The 
second  figure  shows  that  at  t=2,  the  electron  is 
partly  in  both  the  first  and  second  eigenstates. 
There  is  a  probability  of  finding  it  in  both.  According  to  the  figure, 

Prob(n=l,t=2)  =  Prob(n=2,t=2)  =0.5 

The  third  figure  shows  that  at  time  t=3  that  the  electron  is  in  state  |2)  alone  since  the 
wavefunction  |vj/(3))is  parallel  to  the  |2)  axis  .  At  t=3,  the  probability  of  finding  the 
electron  in  state  1 2)  is 

Prob(n  =  2,t  =  3)  =  |P2|2  =  1 

Notice  that  as  the  probability  of  finding  the  particle  in  state  |l)  decreases  with  time,  that 

the  probability  of  finding  the  particle  in  state  1 2)  increases. 

In  the  next  topic,  there  are  several  key  point  to  keep  in  mind.  First,  the  basis 
vectors,  which  are  the  energy  eigenfunctions  of  the  unperturbed  Hamiltonian  H0,  are 
constant  and  do  not  change  when  the  perturbing  field  is  applied.  Second,  a  first  order 


state  |i)  to  state  |n)  after  a  timet. 


2> 


TO> 


ir(2)> 


W(3)> 


u> 

Figure  2.14.2:  Evolution  of  the  wavefunction 
under  the  action  of  the  electromagnetic 
perturbation. 
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differential  equation  can  be  solved  with  an  integrating  factor  (refer  to  Appendix  1  for  a 
brief  review).  Third,  the  procedure  solves  for  the  components  (3n  of  the  wavefunction 
|i|/(t))  which  are  exact  until  the  approximation  P(t)  =  p^(t)  +  (3^(t)  +  ...  is  made. 

Forth,  we  the  solution  assumes  that  the  particle  starts  in  state  |i)  so  that 

P.(0)  =  P™(0)  =  8„ 
and 

p<°=0  i  >1 

Fifth,  the  selection  rules  (i.e.,  the  rules  that  determine  the  allowed  transitions)  are 
determined  by  the  transition  matrix  elements 

V0  =  <f  |V|  i) 

where  i  is  the  initial  state  and  f  is  the  final  state. 

The  derivation  is  included  for  completeness  sake.  The  uninterested  reader  should 
read  through  Equation  2.14.3  and  then  skip  to  the  summary  after  Equation  2.14.10. 

Topic  2. 14.2:  The  Schrodinger  Representation 


In  an  effort  to  illustrate  the  concept  of  a  particle  making  a  transition  from  one 
fixed  basis  vector  to  another,  we  adopt  a  slightly  cumbersome  approach  to  the  time- 
dependent  perturbation  formalism.  However,  the  formulas  will  end  up  being  the  same  as 
those  in  Yariv’s  book. 


The  Hamiltonian  for  the  system,  which  includes  the  perturbation  V(x,t),  is  given 
by 


H‘=hi0  +  \?(x,t) 

where  Schrodinger’s  equation  is 

H‘|'P(t))  =  i*||'P(t))  -*  (ri0+v)|4'(t)>  =  i»|.|4'(t)>  (2.14.1) 

the  unperturbed  Hamiltonian  H0  has  the  energy  basis  set  {un  =  |n) }  so  that 

H“0|n)  =  En|n) 

We  assume  that  {un  =  |n) }  is  also  the  basis  set  for  the  Hamiltonian  H  .  The  reader 
familiar  with  boundary  value  problems  and  linear  algebra  will  recognize  this  assumption 

as  equivalent  to  treating  the  potential  \?(x,t)  as  a  driving  term  for  the  partial  differential 
equation.  The  Sturm-Liouville  problem  derives  from  the  partial  differential  equation 

without  the  potential  \?(x,t)  and  the  associated  boundary  conditions  determine  the  basis 
set  and  the  eigenvalues.  It  is  essentially  this  step  that  relegates  the  perturbation  to 
causing  transitions  between  the  basis  vectors. 

As  usual,  we  write  the  solution  to  the  full  wave  equation 


ri|4<(t))=is||T(t)>  (2.14.2) 


as 
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(2.14.3) 


l'r(t))=lP.(0|n> 

n 

Recall  that  the  wave  vector  ['■F(t))  moves  in  Hilbert  space 

in  response  to  the  Hamiltonian  H  and  that  the  components 
pn  (t)  are  related  to  the  probability  of  finding  the  electron  in 
the  state  |  n) .  As  an  important  point,  we  assume  that  the 

particle  is  in  state  |  i)  at  time  t=0  (“i”  in  |  i)  is  one  of  the 
integers  1,2,3...).  We  must  substitute  the  expression  2.14.3 
for  the  wave  vector  (^(t))  into  Equation  2.14.2  and  solve 
for  the  components  pn(t).  Starting  with 

(H'„+\?)|'r(t))=i»||T(t)) 

we  find 


|2> 


Figure  2.14.3:  The  motion  of 
the  wavefunction  in  Hilbert 
space. 


Kw)2P.(t)i«>=i4zp.(oi»> 

n  n 

Move  the  unperturbed  Hamiltonian  and  the  potential  inside  the  summation  to  find 

IX  (0(e„  +  V)|n>  =  ifc^Pn  (t)|n) 

n  n 

where  the  dot  over  the  symbol  p  indicates  the  time  derivative.  Operate  on  both  sides  of 
the  equation  with  (m|  to  find 

Z  Pn  (0(En  (m  |  n)  +  (m|  V|  n>)  =  ifc£  pn  (t)  (m  |  n) 

n  n 

The  orthonormality  of  the  basis  vectors 

(m|n)  =  8nm 

transforms  the  previous  equation  to 


EmPm(t)+2]pn(t)  (ra|\?(x,t)n>  =  i^pm(t) 

n 

which  can  be  rewritten  as 

P„  (0- If  P.(t)-  ^ZP.  (0  Vm  (t)  (2. 14.4) 

where  the  matrix  elements  are 

Vm„(t)=<m|V(x,tJn)=  J  dx  u^V(x,t)un 

for  basis  set  consisting  of  functions  of  "x". 

We  must  solve  Equation  2.14.4  for  the  components  Pn(t)  which  is  most  easily 
handled  by  using  an  integrating  factor  pm(t).  Rather  than  actually  solve  for  the 
integrating  factor,  we  will  just  state  the  results 


Multiplying  the  integrating  factor  on  both  sides  of  Equation  2.14.4,  we  can  write 

=  42>mPD(t)Vmn 
m  in  „ 

Noting  that 

d/  \  •  Em  (  Emt^ 

TTV^mPm  )=  M^mPm  +  MmPm  ^  l^m=~eXp--^- 

dt  in  vi n  j 

Equation  2.14.4  can  finally  be  written  as 

The  reason  for  this  maneuver  will  become  apparent  when  the  approximation  is  made. 
We  need  to  solve  the  following  equation  for  the  components  Pn  (t) 

fk(tk(t)]=^„(tEp„(t)vjt) 

which  obtains  from  the  first  and  last  terms  of  the  previous  equation.  Assume  that  the 
perturbation  starts  at  t=0  and  integrate  both  sides  with  respect  to  time. 

MmO)Pm(t)=Pm (0jpm (0)+  ^  f  ■ dt  pm (t)2P„ (x)  VL (x) 

Substituting  for  pm(t)  and  using  the  fact  that  the  particle  starts  in  state  |  i) 

P„(0)=6ni 

we  find 

P.(*)=rf(tk  (2.14.6) 


Now  we  make  the  approximation  by  writing  the  components  Pn(t)  as  a 
summation 

p.(0=Pio,(t)+P<.l)(t)+- 

where  the  superscripts  provide  the  order  of  the  approximation  in  exactly  the  same  manner 
as  done  for  Equation  6.49.1  on  page  49  in  this  chapter.  Substituting  the  approximation 
for  the  components  Pn(t)  into  Equation  2.14.6  provides 

Pi?c*)+pectK — 

Note  that  the  terms  P^V^,  are  order  "(1)"  in  the  approximation  since  the  interaction 
potential  V™  is  already  considered  small.  Equate  corresponding  orders  of  approximation 
to  find 

PS)(‘)  =  ^’(t)5rai  (2.14.7) 

and 

P(:'(t)=  H„WPl0)(x)Vm  W  (2.14.8) 
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and  so  on.  Notice  how  Equation  2.14.8  invokes  Equation  2.14.7  in  the  integral.  So  once 
we  solve  for  the  zeroth  order  approximation  for  the  component,  we  can  immediately  find 
the  first-order  approximation.  Higher  order  terms  of  work  the  same  way. 

Consider  first  the  case  for  m=i  which  essentially  suggest  that  the  particle  ends  in 
the  same  state  from  which  it  started.  Of  course  we  are  talking  about  the  components 
Pm(t)  which  are  related  to  probability.  The  lowest  order  approximation  gives  (using 
Equation  2.14.5) 

p!"'(t)=nr'(t)=expf^-t)  (2.14.9) 

V1" 

Substituting  Equation  2.14.9  into  Equation  2.14.8  with  m=i,  we  find 
Pi°(t)  =  Idt  MP(n0)(XK M 

In  n 

= |dx  w  M8™  exp(^x)  V“  W 

=  f  d'E  Mi  (T)exp[^T]  Vi(x) 

Substituting  Equation  2.14.5  for  the  remaining  integrating  factors  in  the  previous 
equation  we  find 

iMO- £“>(»*)  |d«xp(+|T)exp(|,)  V,W=^xp(|.)  (dx  X,(x) 

So  therefore  the  approximate  value  for  Pj  (t)  is 


Next  find  the  components  Pm(t)  for  a  final  state  |m)  that  is  not  the  same  as  the 
initial  state  |  i) ;  that  is,  m*i. 

PS’(t)-o 

and 

PS,(t)=^)Z|<ixt*„WpS»(T)v„(x) 

= I1 dT  (T)V-(T) 

In  n 

Substitute  Equation  2.14.5  for  the  integrating  factors  to  get 


91 


Many  times  differences  such  as  Em-Ei  are  written  as 
and  also 

-a.-®,  =  (2.14.10) 

n  n 

The  reader  must  keep  track  of  the  distinction  between  matrix  elements  and  this  new 
notation  for  differences  between  quantities.  Using  this  notation 

p"(t)=sexpSL,)idTexp(-lLT)v-(T) 

Therefore,  the  components  Pm(t)  for  m*i  are  approximately  given  by 

Pm(t)=PL°)(t)+PS,)(t)+...  =  0  +  ^expf^tl  fdxexpf-^xl  Vmi(x) 

in  \in  J  *  1  n  ) 

In  summary,  the  expansion  coefficients  in 


l'P(0)=ZP,(t)|n) 


are  given  by 


p„(t)= 


exp(l,)+sexp(lt)  MiW+- 


m  *  i 


Or,  using  shorthand  notation  of  the  type  shown  in  Equation  2.14.10  for  the  angular 
frequency  and  energy  of  the  states 

JdT  y.(T)+_  m=  i 

Pm(t)  = 

^e-i<0"‘  | dx ei0J”iT  Vmj(x)+...  m*i 
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Topic  2.14.3:  The  Interaction  Representation 


The  interaction  representation  for  quantum  mechanics  is  especially  suited  for 
situations  where  the  Hamiltonian  H  =  H0  +  V(x,t)  differs  from  the  Hamiltonian  H0 

(with  known  eigenfunctions)  by  a  small  amount  V(x,t).  In  a  previous  section,  the 
operators  and  the  wave  functions  are  shown  to  depend  on  time  in  the  interaction 

A 

representation.  The  time-dependence  induced  by  the  Hamiltonian  H0  is  removed  from 
the  wave  functions  and  placed  in  the  operators.  The  wave  functions  retain  the  time- 

dependence  induced  by  the  potential  V(x,t).  Therefore,  the  motion  of  the  wave  function 
in  Hilbert  space  reflects  the  dynamics  embedded  in  the  potential.  If  there  is  no  potential 

V(x,t),  then  the  wave  functions  are  stationary  in  Hilbert  space  and  the  interaction 
representation  reduces  to  the  Heisenberg  representation. 

The  Hamiltonian  is 

H  =  H0  +  V(x,t) 

and  the  evolution  operator  is 

/  A  \ 

u(t)=exp[  —  t  (2.14.11) 

1“  J 

The  interaction  potential  ^  in  the  interaction  representation  is 

M=r\?u 

The  interaction  wave  function  |  )  is 

where  |TS)  is  the  usual  Schrodinger  wave  function  with  the  dynamics  of  the  full 
Hamiltonian  H  .  The  equation  of  motion  for  the  interaction  wave  function  is  given  by 

M  WO)  =tt|W0)  (2-14.12) 

To  find  the  wave  function  in  the  interaction  representation,  first  formally  integrate 
Equation  2.14.12  in  the  form 

fwo>=^  WO) 

to  get 

W0)=W°))+^  |<M(0  WO)  (2.14.13) 

where  the  interaction  is  assumed  to  start  at  t=0.  The  approximation  consists  of 
recognizing  that  the  interaction  wave  function  moves  only  a  little  in  Hilbert  space  for  a 
small  interaction  potential.  The  (fh  order  approximation  is 

W0HW«)> 

Subsequent  approximations  are  obtained  by  substituting  the  wave  functions  into  the 
integral.  The  total  first-order  approximation  (including  the  0th  order  approximation)  is 
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W<))  =  W0)}+^  JMWMo))  (2-14.14) 

The  total  second-order  approximation  is  found  by  substituting  Equation  2.14.14  into 
Equation  2.14.13  to  obtain 

l'J',(«))  =  W<0}+^  |dT\?(T)||«P,(0))+i  fdx’\?(t')|1’I(0)>| 

which  can  be  rearranged  to  give 

l>p,(,))=-i+ij;dx\i(,)+[ij  |dx  £dv  q(T)\?(x-)  Ji'p.to)) 

Essentially,  the  unitary  operator  u+(t)  is  being  approximated  by 

'  2 

U+=-l  +  ^  |dT\?(t)  +  ^j  |dt  |dT’\?(T)\?(T') 

which  is  somewhat  reminiscent  of  writing  the  operator  as  an  exponential.  For  example,  if 
the  interaction  potential  were  independent  of  time  (but  it  is  not)  then  the  operator  would 
reduce  to 
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Section  2.15:  Translation  Operators 

Common  mathematical  operations  such  as  rotating  or  translating  coordinates  are 
handle  by  operators  in  the  quantum  theory.  Previous  sections  in  this  chapter  show  that 
states  are  transformed  by  the  application  of  a  single  unitary  operator  whereas  “operators” 
are  transformed  through  a  similarity  transformation.  The  translation  and  rotation 
operators  are  unitary  and  have  arguments  that  involve  a  Hermitian  operator  that  is 
conjugate  to  the  variable  being  translated  or  rotated  (refer  to  Goldstein’s  book). 


Topic  2.15.1:  Exponential  Form  of  the  Translation  Operator 

Let  x  and  p  be  the  position  operator  and  an  operator  defined  in  terms  of  a 
derivative 

,  1  d 

P=7~ 

1  ox 

which  is  the  “position”  representation  of  p.  The  position  representation  of  x  is  x.  The 
operator  p  is  Hermitian.  The  coordinate  kets  satisfy 

x|x)  =  x|x) 

The  operators  satisfy  commutation  relations 

[x,p]=[xp-px]=i 

as  is  easily  verified  by  performing  the  calculation  using  a  position  representation 

[x,  p]f(x)  =  [xp-pi]f(x)  =  X7^f-7^-(xf)=  X~T  -V^-Tf  =  i  f 

i3x  i5x  1 9x  i  8x  i 

comparing  both  sides,  we  see  that  the  operator  equation  [x,  p]  =  i  holds. 

This  topic  shows  that  the  exponential  e~iafl  translates  the  coordinate  system 
according  to 

T(n)fW  =  e‘**f(x)  «  f(x  -n)  ^ 

The  proof  starts  by  working  with  a  small  displacement  ^ 

and  calculating  the  Taylor  expansion  about  the  point 


f(x  +  £k)  =  f(x)  + 


5f(x) 


+•••=  l  +  £k-r-  +  "-  f(x) 


Substituting  the  operator  for  the  derivative 

.  1  d 


p=i& 


gives 


f(x+4k)=[l  +  ^^  +  ...Jf(x)  =  (l+i^kp+...)f(x) 
=  exp(+  i^k  p)f(x) 


Figure  2.15.1:  The  displacement  Tl 
is  made  of  small  infinitesimal 
displacements  £,k . 
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Now,  by  repeated  application  of  the  infinitesimal  translation  operator,  the  entire 
displacement  rj  can  be  built. 

f (x  +  r|)  =  n  exp(+  i£k  p)f (x)  =  expf  £i4k  p  f (x)  =  exp(ir|p)  f  (x) 
k  V  k 

So  the  exponential  with  the  momentum  operator  provides  a  translation.  Replacing  r\  with 
-t|  provides 

f(r))f(x)  =  e-it,pf(x)  =  f(x  -r]) 

Note  that  the  translation  operator  is  unitary  T+  =  T'1  for  p  real  since  p  is 
Hermitian.  Also  note  that  T+(-r|)  =  i(r|)  . 

Topic  2.15.2:  Translation  of  the  Position  Operator 

This  topic  show  that 

T+(n)xT(r|)=  x  -T) 

where  T (rj)=  e',np .  This  is  easy  to  show  using  the  operator  expansion  theorem  in  Section 
5.x.x  which  is 

enABe‘nA  =B  +  -jJ  [k  b]+  ^  [a,  [a,  b]  ]+ . . . 

Using  A  =  ip  and  the  commutation  relations  [x,  p]= i ,  we  find 

Topic  2. 15.3 :  Translation  of  the  Position-Coordinate  Ket 

The  position-coordinate  ket  |  x)  is  an  eigenvector  of  the  position  operator  x 

x|x)  =  x|x) 

What  position-coordinate  ket  |<|>)  is  an  eigenvector  of  the  translated  operator 

T+(ti)xT(ti)=x-ti 

that  is,  what  is  the  state  |<j>)  =  T+(p)|x)  ?  The  eigenvector  equation  for  the  translated 
operator  xT  =T+xT  is 

xT|<|.) = T*Cn)xT(n)|^) = 

However,  we  know  the  translated  operator  is  xT  =x-r|  and  therefore  the  previous 
equation  provides 

x|<|))  =XT|<|>)  =  (x  -Tl)|(j))  =  (<t>  -tl)|<J>) 

Comparing  both  sides,  we  see  <J>  =  x  +  rj  which  therefore  show  that  the  translated  position 
vector  is 

|4>)= T+(n)|x)=|x+ti) 


T +  (n)x  T(t])  ]  T+  (n)|  x)  =  T +  (ri)  x  |  x)  =  x  T +  (n)  |  x)  =  x  |  <|>) 
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Topic  2.15.4:  Example  Using  the  Dirac  Delta  Function 
Show  that 

|(t>)  =  f+(Tl)|x')  =  |x'  +  T1> 

using  the  results  of  Topic  2.16.3  and  the  fact  that  the  position-ket  represents  the  Dirac 
Delta  function  in  Hilbert  space 

1 x ')  =|  &(•  —x  ')> 

where  “•  ”  represents  the  missing  variable.  If  “x”  is  a  coordinate  on  the  x-axis  then 

co 

(x|x’)s  Jdq  8(<;-x)8(<;-x')  =  8(x-x') 

-co 

Applying  the  translation  operator  in  the  x-representation  using  the  results  of  Topic  2.15.3 
(x  |f(r|)|  x’)  =  e^  (x  |  x')  =  e"iT,k  8(x  -  x1)  =  6(x  - i]  -  x1)  =  (x  |  x’+t]) 

Evidently 

i(*l)|  X')  =  |  X'+T)) 
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Section  2.16:  The  Density  Operator 

The  density  operator  and  its  associated  equation  of  motion  provided  alternate 
formulation  for  a  quantum  mechanical  system.  The  density  operator  combines  both 
quantum  mechanics  and  statistical  mechanics  into  one  mathematical  object.  The 
quantum  mechanical  part  of  the  density  operator  is  related  to  the  usual  quantum 
mechanical  wave  function,  which  accounts  for  the  inherent  uncertainty  for  a  particle.  The 
statistical  mechanics  portion  describes  the  lack  of  knowledge  of  the  exact  wave  function 
for  the  particle  or  system  because  of  macroscopic  statistical  processes. 


Topic  2.16.1:  Introduction  to  the  Density  Operator 


Previous  topics  in  quantum  mechanics 
pretend  to  know  the  initial  wave  function  of  a 
particle  or  system.  For  example,  the  exact 
decomposition  of  an  initial  wave  function  is 

|  v[/(o))  =  0.9|uj )  -f-  0.43|  u2 ) 

(the  expansion  coefficients  are  known  exactly).  The 
quantum  mechanical  probability  of  finding  the 
electron  in  the  first  eigenstate  is  given  by 


I 

3  L 

Figure  2.16.1: 


!%> 


Spectral 


decomposition  of  the  wavefunction 


|(u,|V(0))f=(0.9)i=81% 

Similarly,  the  quantum  mechanical  probability  that  the  electron  is  in  the  second 
eigenstate  is  given  by 


|(»,k(0))|!=(0.43)!=19% 

The  these  probabilities  are  known  with  certainty  since  the 
decomposition  of  the  initial  wave  function  |v|/(o))  and  the 
coefficients  0.9  and  0.43  are  known  with  100%  certainty.  The 
wave  function  |\j/)  is  assumed  to  satisfy  the  time-dependent 
Schrodinger  wave  equation  while  the  basis  states  satisfy  the  time- 
independent  Schrodinger  wave  equation 

=  H|u1)  =  E1|u1)  H|u2)  =  E2|u2) 


IU2> 


0.9  !%> 


Figure  2.16.2:  The 
expansion  coefficients 
are  known  exactly. 


What  if  the  initial  preparation  of  the 
system  is  not  exactly  known?  Suppose  that  an 
attempt  is  made  to  prepare  a  number  of  identical 
systems.  Figure  2.16.3  shows  four  (out  of  an 
infinite  number)  of  the  systems,  each  of  which 


has  the  same  width  L.  The  fact  that  the  boundary 
conditions  are  the  same  for  each  implies  that  the 
basis  sets  are  the  same  for  each.  The  figure 


Figure  2.16.3:  An  ensemble  of  boxes 
containing  one  electron. 
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indicates  that  the  attempt  failed  to  produce  identical  wave  functions  jvj /) .  Let  the  wave 
function  for  system  S  be  denoted  by  |vj/s) .  Then  the  wave  function  |iys)  for  each  system 
has  different  coefficients,  as  for  example, 

|vj/,)  =  0.98|u,)  +  0.19|u2) 

jM/2)  =  0.90|u1)  +  0.43ju2) 
j  v|/3)  =  0.95J  Uj )  +  0.3 1|  u2 ) 

|v|/4)  =  0.90|ui)  +  0.43|u1) 

Notice  that  system  S=2  and  system  S=4  both  have  the  same 
wave  function  which  is  also  shown  in  Figures  2.16.3  and 


2  254  Figure  2.16.4:  The  wave 

functions  for  four  of  the 

What  is  the  actual  wave  function  )  that  describes  the  systems  in  the  ensemble 
system?  The  answer  is  that  there  is  no  actual  |\|/)~  only  an  plotted  m  Hilbert  space, 
average  wavefunction.  In  fact,  if  many  such  systems  had  been 

prepared,  then  it  is  only  appropriate  to  discuss  the  probability  that  the  system  has  a 
certain  wave  function.  For  example,  for  the  four  systems  described  above,  the  probability 
of  each  type  is  given  by 


P(S  =  2»=i  P(S  =  l)=i  P(S  =  3)=i 

which  is  an  assignment  made  to  account  for  some  type  of  unknown  macroscopic 
influence.  For  example,  maybe  the  electrons  were  injected  into  each  system  with  varying 
degrees  of  energy  which  results  in  the  wavefunction  having  slightly  different  spectra. 
Notice  that  for  convenience,  the  systems  S=2  and  S-4  are  now  called  S-2  since  the  wave 
functions  are  identical.  Three  vectors  in  Hilbert  space  now  represent  the  four  systems 
since  the  probability  of  each  vector  is  also  given. 

It  would  be  nice  to  have  a  single  mathematical  object  that  describes  both  the 
microscopic  and  macroscopic  processes  for  the  system.  To  start,  define  an  average 
vector  to  represent  the  system 


|  \|/)  =  average  |v|/)  =  £Ps|v|/s)  (2.16.1) 

s 

There  is  a  similar  definition  for  an  average  wavefunction  with  a  continuously  varying 
parameter.  The  definition  makes  use  of  the  average  for  the  quantity  “x”  or  “x”  written  as 

<x,)  =  ZxiPi  (x)=  JdxxP(x) 

i 

for  the  discrete  and  continuous  cases  respectively.  Equation  2.16.1  is  a  wave  function  for 
a  system  that  represents  the  average  system  in  the  ensemble.  The  wave  functions  jus) 
represent  the  quantum  mechanical  stochastic  processes  while  the  probabilities  Ps 
represent  the  macroscopic  (i.e.,  statistical  mechanical)  stochastic  processes. 

Now  here  comes  the  unusual  part.  If  the  wave  function  is  known  exactly,  then 
the  probabilities  can  be  calculated  exactly  using  the  quantum  mechanical  probability 
density 

v’Mv  M 


99 


which  is  obviously  projected  into  coordinate  space  (it  could  have  been  projected  into 
Fourier  space  or  any  other  applicable  space).  The  key  here  is  that  these  probabilities  can 
be  calculated  exactly  (it's  a  little  odd  to  be  combining  the  words  "exact"  and 
"probability").  Now  extend  this  idea  of  probability  using  the  ensemble  of  systems.  For 
convenience,  change  notation  and  let  Pv  be  the  probability  of  finding  one  of  the  systems 

to  have  a  wave  function  of  |v|/).  In  the  old  notation,  Ps  is  the  probability  of  |i|/s); 

however,  the  "S"  can  be  dropped  so  long  as  it  is  understood  that  the  wave  function  | vp) 
represents  the  wave  function  of  one  of  the  systems  and  not  be  average  wave  function  as 
used  previously.  Define  an  average  probability  density  function  according  to 

average^ V)  =  (v|/* (x)v|/(x)  )  (2.16.2) 

v 

This  formula  contains  both  the  quantum  mechanical  probability  density  \\i  and  the 
macroscopic  probability  Py .  Equation  2.16.2  also  assumes  that  there  is  a  discrete 

number  of  possible  wave  functions  |  vps ) .  It  might  be  that  there  are  so  many  different 

wave  functions  that  the  wave  functions  essentially  form  a  continuum  (i.e.,  “S”  is  a 
continuously  varying  parameter).  In  such  a  case,  it  is  possible  to  use  the  classical 
probability  density  pv,  which  describes  probability  per  unit  interval  of  finding  a 
particular  wave  function. 

average  (\|/*\}/)  =  J  dS  ps  (i|/*s(x)vj/s(x)  ) 

The  discussion  continues  with  Equation  2.16.2  since  it  contains  all  of  the  essential 
ingredients. 

Rearranging  Equation  2.16.2  provides  a  "way  to  think  of  the  average" 
average (i|/*Vj/)  =  ^TPv\j/*(x)\|/(x)  =£PV  i|/(x)\|/*(x) 

V  V 

=  <x|m/><vi/|x> 

=  (xl|ZpJv)(¥|||x> 

We  define  the  density  operator  to  be 

p=Spvk)(y| 

v 

The  density  operator  represents 

(1)  the  quantum  mechanical  probability  through  the  wave  functions 

k(t))  =  |¥s(0) 

where  |v|/}  is  related  to  the  quantum  mechanical  probability  which  describes  our  lack  of 
knowledge  of  microscopic  quantities  such  as  location  of  the  electron. 
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(2)  the  statistical  probability  through  Pv  =  Ps  where  Pv  represents  an  ensemble 
probability  and  describes  our  incomplete  knowledge  about  macroscopic  quantities  and 
the  system  preparation. 

As  will  be  seen  later,  the  matrix  element 

Paa  =(a|p|a)  =  (Ua  |p|Ua) 

where  {|a)  =  |u,) }  are  the  basis  vectors  (i.e.,  the  energy  eigenvectors),  give  the 
probability  that  electron  can  be  found  in  the  state  |  a) .  The  off-diagonal  elements  are 
related  to  the  polarization.  The  operator 

P-2XMM  <2-16-3> 

functions  as  a  joint  probability  density. 

As  a  note,  it  is  possible  that  the  initial  wavefunction  is  exactly  known  (a  pure 
state).  Macroscopic  stochastic  processes  can  influence  the  initally  pure  wavefunction  and 

end  up  with  a  state  with  a  number  of  different  Pv . 

By  the  way,  it  is  the  definition  of  the  density  operator  in  Equation  2.16.3  that  most 
closely  resembles  the  P-distribution  for  quantum  optics. 


Topic  2. 1 6. 2:  Basis  Expansion  of  the  Density  Operator 


The  density  operator  can  be  written  as  sum  over  basis  vectors  and  projectors.  The 
density  operator  p  has  a  range  and  domain  within  a  single  vector  space.  Suppose  the 
vector  space  is  spanned  by  the  set  of  basis  vectors  (|m)  =  um} .  It  is  common  to  use  the 
energy  eigenfunctions  as  the  basis  set.  Section  2.4  shows  that  the  density  operator  can  be 
written  as 


p=2>Jm)(n 

mn 


(2.16.4) 


where  {(n[ }  are  the  basis  vectors  for  the  dual  space  of 

projection  operators  (i.e.  (n|  =  |n)+ ).  Recall  that  pm  are 
the  matrix  elements  (that  is,  p^,  form  the  density 
matrix)  since 

(a|p|b>  =  XP-(almXnlb)  =  ZP™6™5bn  =  Pab 

mn  nin 

where  |a),|b)  are  basis  vectors.  This  topic  shows  how 
the  density  operator  is  expanded  in  a  basis  set  using  two 
different  approaches.  The  next  topic  shows  several 
examples. 

As  previously  mentioned,  the  density  operator 
provides  two  types  of  average.  The  first  is  the  quantum 


l»2> 

S=4 

|T4(0> 

lui> 

lu2> 

S=3 

|Y3(D> 

iui> 

Figure  2.16.5:  The  example 
from  the  previous  topic. 


101 


mechanical  average  and  the  second  is  the  ensemble  average.  For  the  ensemble  average, 
imagine  a  large  number  of  systems  prepared  as  nearly  the  same  as  possible.  Imagine  a 

collection  of  wavefiinctions  (j\}/s(t))}  with  one  for  each  different  system  S.  Again, 
imagine  that  Ps  is  the  probability  of  finding  a  particular  wavefunction  ks(t))  •  Assume 
that  all  of  the  systems  can  be  described  by  vector  spaces  spanned  by  the  set  (|m)  =  um} . 
Each  wavefunction  |\j/s(t))  can  be  expanded  in  the  complete  orthonormal  basis  set  for 
each  system 

K(t))  =  2XS,(t)|m>  (2.16.5) 

m 

The  superscript  (S)  on  each  expansion  coefficient  refers  to  | 
a  different  system.  However,  there  is  one  set  of  basis 
vectors  that  is  applied  to  all  of  the  systems  S  in  the  cj 
ensemble  of  systems.  Therefore,  the  coefficients  are  not  *2  %  2 

all  the  same  p(ma)  * in  order  that  the  wavefunction  of  1^) 

system  “a”  is  different  from  the  wavefunction  of  system  2  ! 

“b”.  ^ - U)  o(D .  1%) 

The  definition  of  the  density  operator  provides  “  p\ 

p(t)  =  ^Ps|\J/s(t)^lJ/s(t)|  (2.16.6)  Figure  2.16.6:  Two  different 

s  wavefiinctions  in  the  ensemble. 

Notice  that  the  density  operator  in  the  Schrodinger  Each  wavefunction  has  a 

representation  can  depend  on  time  since  the  wave  different  set  of  expansion 

functions  depend  on  time.  The  definition  of  adjoint  gives  coefficients. 

<v.(«)l-k.(t))*-[li»?l«i>T-Zi«,'(»l  <2-,67> 

n  J  n 

Substituting  Equation  2.17.5  and  2.17.7  into  Equation  2.17.6,  we  obtain 

pw=I£psP»Pis,’lm}(nl 

mn  S 

Now,  compare  this  last  expression  with  Equation  2.16.4  to  see  that  the  matrix  of  the 
density  operator  (i.e.,  the  density  matrix)  is 

P-=('»|p|n)  =  2;PsPS>PiS,'=(pW} 


Whereas  the  density  operator  p  gives  the  ensemble  average  of  the  wavefuntion 
projection  operator 

MM  =  (  MM  )e 

the  density  matrix  element  p^,  provides  the  ensemble  average  of  the  wavefunction 
coefficients 

pSf  =(?»'), 

As  a  check  on  the  previous  calculation,  let’s  find  the  density  matrix  directly  from 
the  definition  of  the  density  operator. 

p(t)  =  ZPs|Vs(t)Xvs(t)| 
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Operate  with  the  unit  projector  (a|  and  the  unit  ket  |b)  on  both  sides  of  the  previous 
equation.  The  density  matrix  is 

(a|p(t)|b)  =  £Ps(a|vs(t))(ys(t)|b)  (2.16.8) 

S 

A  wavefuntion  projected  onto  one  of  the  basis  vectors  provides  the  corresponding  Fourier 
expansion  coefficient.  Equation  2.17.5  provides 

(a  j  h-s  (0>  =  S  P‘®  (*)  <a  |  m)  =  pis>  (t) 

by  orthonormality  of  the  wavefunctions  (etc.).  Therefore  the  density  matrix  in  Equation 
2.17.8  can  be  rewritten  as 

<«|KO|b>-IrJ>.(0R(t) 

s 

Topic  2.16.3:  Ensemble  and  Quantum  Mechanical  Averages 

The  whole  point  of  the  density  operator  is  to  simultaneously  provide  two 
averages.  The  quantum  mechanical  average  is  used  to  find  quantities  such  as  average 
energy,  electric  field  or  position  using  only  the  quantum  mechanical  state  of  a  given 
system.  The  ensemble  average  takes  into  account  non-quantum  mechanical  influences 
such  as  variation  in  container  size,  slight  differences  in  environment  which  are 
represented  through  a  probability  Ps.  Notice  in  the  definition  of  density  operator 

P(t)  =  2Psl  Vs(t))<M/s(t)|  (216.9) 

S 

that  if  one  of  the  systems  occurs  at  the  exclusion  of  all  others  (say  S=l) 

p(t)  =  |v,(t)XVi(t)|  =  |v(t)Xv(t)|  (2.16.10) 

then  the  density  operator  only  provides  quantum  mechanical  averages;  there  is  no 
macroscopic  variation  between  systems  to  cause  the  wavefimction  to  vary  from  one 
system  to  the  next.  Density  operators  of  the  form  2.16.10  are  called  “pure”  states  of  the 
system.  Notice  also  that  a  “density  operator”  is  also  called  a  “state”  which  might  be 

confused  sometimes  with  calling  the  wave  function  |v|/(t))  a  state.  In  the  case  of 
Equation  2.16.10,  the  density  operator  and  the  wave  function  are  equivalent  descriptions 
of  the  single  quantum  mechanical  system  and  both  obey  a  Schrodinger  equation. 

Define  the  quantum  mechanical  “q”  and  ensemble  “e”  averages  for  an  operator 

6  as  follows 


Quantum  Mechanical 

Ensemble 

(6)q=M6M 

(6),=Sps6s 

where  |v) /}  is  a  typical  quantum  mechanical  wave  function.  In  what  follows,  the  operator 
that  appears  in  the  ensemble  average  in  the  table  above  is  just  a  number  that  depends  on 
the  particular  system  S  (for  example,  it  might  be  the  system  temperature  that  varies  from 
one  system  to  the  next). 
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The  discussion  now  demonstrates  that  the  ensemble  and  quantum  mechanical 
average  of  an  operator  O  can  be  calculated  as 

((6))  =  Tr(p6) 

where  for  now,  the  double  average  symbol  is  meant  as  a  reminder  of  the  two  types  of 
averages.  Recall  the  definition  of  trace, 

Tr(p6)=2>|p6|n) 

n 

where  the  summation  is  over  the  basis  set  (jn)  =  |un) }  which  is  usually  the  set  of  energy 
eigenstates.  Recall  that  the  trace  is  independent  of  the  particular  basis  set  chosen;  that  is, 
any  basis  set  for  the  vector  space  can  be  chosen  to  evaluate  the  trace  and  the  result  is  the 
same.  Evaluating  the  last  expression  in  terms  of  matrices  by  inserting  the  closure  relation 
between  the  two  operators  provides 

Tr(p6)=2>|p  ]T|m)(m|  0|n)  =  E(n|p|m)(m|6|n)  =  ^pranOmn  (2.16.11) 

n  |_  m  J  m,n  m,n 

The  following  work  looks  for  an  equation  very  similar  to  the  previous  one. 

First,  find  the  quantum  mechanical  average  of  an  operator  for  the  specific  system 
S  starting  with 

where 


|Vs(t)>=lPiS)(«)|-.> 

n 

is  the  wave  function  for  the  system  S.  Substituting  the  wave  function  into  the  operator 
expression  provides 


There  is  one  such  average  for  each  system  S  since  there  is  a  different  wave  function  for 
each  system.  For  a  given  system  S,  this  last  expression  gives  the  quantum  mechanical 
average  of  the  operator  for  that  one  system. 

Now  find  the  ensemble  average  of  the  quantum  mechanical  expectation  value  of 


the  operator  6  .  Define  the  double-average  notation  and  write 

((6)^  ={{6))  =  (spLsWs)°m)  =I(p£W)}  o„  =l(lPsPMs,)om  =  £p_o_ 

Comparing  this  last  result  with  Equation  2.16.11,  we  find 

((6)}  =  Tr(p6)  (2.16.12) 

Most  books  leave  off  the  double  brackets  and  just  write 

(6)  =  Tr(p6)  (2.16.13) 

One  can  see  for  a  pure  state  with  p  =  |  v)/(t))  (\j/(t)|  that 
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(6)  =  Tr(po)=  Tr{|\|/(t))(\|/(t)|0  }=  X(u„  Mt))Mt)|6|un) 

= 2>(t)|6|u,,)(u.  |v(t))  =(v/(t)|o|v(0) 

n 

where  the  first  summation  uses  the  definition  of  trace  and  the  last  step  uses  the  closure 
relation  for  the  states  |n)  =  |un) .  For  the  pure  state,  the  trace  formula  reduces  to  the 

ordinary  quantum  mechanical  average  of  (o'j  =(\|/(t)!6|\|/(t)) . 

Topic  2. 1 6. 4:  Some  Properties 

(1)  If  p  =  jvj/)(i(/|  that  is,  there  is  no  statistical  mixture  Pv  =1  so  that  p  is  in  a  pure 
state,  then 

ppHv)  (v|v>  (v|=|v)(v|  =  p 

so  that  p  is  idempotent.  The  only  possible  eigenvalues  for  this  particular  density 
operator  are  0  and  1. 

p|v)  =  v|v)  -»  pp|v)  =  v|v)  v2|v)  =  v|v)  ->  v2=v  ->  V  =  0,1 

(2)  All  density  operators  are  Hermitian 

P* =feMv)(vir =Zp.(lv)W}‘  -SMvXvl  =p 

l  V  J  V  V 

since  the  probability  is  a  real  number. 

(3)  Diagonal  elements  are  the  probability  that  a  system  will  be  found  in  a  specific 
eigenstate.  The  diagonal  elements  take  into  account  both  ensemble  and  quantum 

mechanical  probabilities.  Let  {|a> }  be  a  complete  set  of  states  (basis  states)  and  let  the 
wavefunction  for  each  system  have  the  form 

|V(t)>  =  SP“(t)|a) 

a 

The  diagnonal  elements  of  the  density  matrix  are  then 

p„.(a|p|a)Ha|{2Pjv)(y!l|a>  =  lP»(ak>(w|a>  =  lP,P:,’>P'’)Hp7  =  ^ 

(4)  The  sum  of  the  diagonal  elements  must  be  unity. 

Tr(p)=2Pm=1 

n 

since  the  diagonal  elements  are  probabilities  and  all  possible  states  correspond  to  diagnol 
elements. 
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Topic  2. 16.5:  Intuitive  Examples 


(1)  What  is  the  initial  density  operator  p(0)  for  the  two-level  atoms  given  in  the 
table? 


Initial  Wave  Function  |  vp  s  (0)) 

Probability  Ps 

0\ 
»— 1 

o 

+ 

oo 

On 

O 

II 

1/4 

|vj/,)  =  0.90|u,)  +  0.43|u2) 

1/2 

|v|/,)  =  0.95|u1)  +  0.31|u2) 

1/4 

The  initial  density  operator  is  given  by 

p<0)  =  2>s|Vs(0))<Vs(0)| 

S=1 

Substituting  the  probabilities  and  intial  wave  functions  provides 

ps(0)  =P1|v|/1(0))(xi/1(0)|  +  P2|^2(0))(v|/2(0)|  +  P3|vi/3(0))(m/3CO)| 

=  i  [o.98]  u, )  +  0. 1 9|  u2 )]  [o.98(u,  |  +  0. 1 9(u2 1  ]+ 

+  -  [o.90|  u, )  +  0.43]  u2 )]  [o.90(u,  |  +  0.43(u2 1  ]+ 

+  i  [0.95| u, )  +  0.3 1| u2 >]  [o.95(u,  |  +  0.3 l(u2 1  ] 

Collecting  terms 

p  =  (0.24  +  0.4  +  0.22)|  Uj)(uj  |  +  (0.046  +  0. 1 9  +  0.07 1)  |  u, )  (u  2 1 + 

+  (0.046  +  0.19  + 0.07l)|  u2)(u,  |  +  (0.009  +  0.092  +  0.022)|u2)(u2 1 

or  finally, 

p(0)  =  0.86|u,)(u1  |  +  0.307|u1)(u2|  +  0.307|u2)(u1  |  +  0.14|u2)(u2| 

Notice  how  the  coefficients  of  the  first  and  last  term  add  to  one...  this  is  no  accident.  For 
future  reference,  the  density  matrix  is 

ro.86  0.307' 

-  [0.307  0.14  _ 

in  the  basis  set  (ju,),]u2)} .  As  discussed  later,  the  diagonal  elements  of  the  density 
matrix  correspond  to  the  probability  that  a  particle  will  be  found  in  the  level  |u!),|u2)  . 


(2)  Let  H  be  the  Hamiltonian  for  a  two-level  system  with  energy  eigenvectors 
{|uj),|u2)  }  sothat  H|u1)  =  E1|ul)  and  H|u2)  =  E2|u2)  .  What  is  the  matrix  of  H  with 
respect  to  the  basis  vectors  { |  u, ),  |  u  2 ) }  ? 

The  matrix  elements  of  H  are  found  as 
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which  can  be  written  as 


Hu,=(u,|h|u1,)  =  E1S, 


E,  0 
0  E, 


(3)  What  is  the  ensemble-averaged  energy  /h|)  =  (Jfy)  ?  Assume  all  of  the 

information  is  the  same  as  for  examples  one  and  two. 

It  is  appropriate  to  evaluate  the  average  given  by 

<H)  =  Tr(pH) 

Insert  the  basis  vectors  as  required  by  the  trace  and  then  insert  the  closure  relation 
between  the  two  operators.  The  resulting  formula  is  identical  to  taking  the  trace  of  the 
product  of  two  matrices. 


Tr(pH)=Tr(gH)=Tr 


0.86  0.3071  fE,  0 


0.307  0.14  lO  E2J  1 0.307E2  0.14E2 


0.86E,  0.307E, 


Of  course,  in  switching  from  operators  to  matrices,  the  isomorphism  between  operators 
and  matrices  is  invoked.  Operations  using  the  operators  must  be  equivalent  to  operations 
using  the  corresponding  matrices.  The  trace  of  a  matrix  is  just  the  sum  of  the  diagonal 
elements 

(h)  =  Tr  (pH)=  0.86E,  +0.14E2 

So  the  average  is  no  longer  equal  to  the  eigenvalue  Ei  or  E2.  The  average  energy 
represents  a  combination  of  the  energies  dictated  by  both  the  quantum  mechanical  and 
ensemble  probabilities. 

(4)  What  is  the  probability  that  an  electron  will  be  found  in  the  state  |u,)  ?  Assume 
that  the  information  from  Examples  1-3  is  valid.  We  have  not  discussed  this  use  of  the 
density  matrix  yet. 

We  are  assuming  that  the  density  matrix  is  given  by 

f  0.86  0.307] 


-  0.307  0.14 


The  answer  is  prob(#l)  =  (u,  |p|u,)  =  pn  =  0.86 .  In  fact,  the  probability  of  the  first  state 
being  occupied  can  be  found  directly  from  the  definition  of  the  density  operator 


(l|p|l)-(l|  XPs|¥s)(m/s|  N)-2^s(^|vl/s)(vl,s|l)_SPsPi  }  PiPi 
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(5)  Example  of  Diagonal  Elements  for  Two-Level  Atoms 


Suppose  a  system  contains  N  independent  two-level  atoms  (per  unit  volume).  A 
physical  interpretation  can  be  given  to  the  diagonal  and  off-diagonal  elements  of  the 
density  matrix. 


Let  is  the  density  matrix  for  an  ensemble  of  two- 
level  atoms.  The  number  of  atoms  (per  unit  volume)  in  state 


Atom  1 


Atom  2  Atom  3  Atom  4 


Atom  5 


|  a)  is  given  by 

Na  =  (total  number)  (Pr  ob  of  state  a)  =  Npaa  (2. 16.14) 

The  diagonal  elements  of  the  density  matrix  can  be 
calculated  by  assuming  that  the  wavefunctions  |\j/s)  can 

only  be  either  |u,)  or  |u2).  The  density  operator  has  the 
form 


Figure  2.16.7:  Five  independent 
two-level  atoms.  Each  one  has 
the  characteristics  of  the 

ensemble.  pu=2/5  and 
P22  =  3/5 


P  =  ZPsks)(vs|  =  P,|u,)(u,|  +  P2|u2>(u2|+ 

■p.  - 


S=1 


or,  equivalently,  the  matrix  is  pM  =  (ua  |p|ua) p  = 


The  figure  clearly 


shows  that  Prob(l)  =  P,  =3/5  and  Prob(2)  =  P2  =  2/5 .  An  infinite  number  of  possible 
systems  has  been  reduced  to  just  two  since  owing  to  the  assignment  of  probabilities. 


(6)  What  if  we  had  defined  the  occupation  number  operator  n  to  be 

n|l)  =  l|l)  n|2)  =  2|2) 


Calculate  the  expectation  value  of  n  using  the  trace  formula  for  the  density  operator.  For 
this  exercise,  assume  the  off-diagonal  elements  of  the  density  matrix  are  zero. 


(n)  =  Tr(pn)  =  Tr 

'2/5  0  ' 

'1  O' 

H 

II 

1 

N> 

O 

_ 1 

_  2  6  _  8 

0  3/5 

0  2 

[  0  6/51 

~5  5  ~5 

This  just  says  thal 

:  the  average  state  is  somewhere  between  “1”  and  “2”.  Looking  at  the 

figure,  the  average  state  should  be 

l-Prob(l)+2Prob(2)  =  l|  +  2|  =  | 

as  found  with  the  density  matrix.  Notice  that  making  the  off-diagonal  elements  of  the 
density  matrix  has  no  effect  on  this  calculation. 
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Topic  2. 1 6. 6:  Off-Diagonal  Elements 

The  off-diagonal  elements  of  the  density  matrix  are  similar  to  the  probability 
amplitude  that  a  particle  is  simultaneously  in  states  “n”  and  “m”  for  example. 

Pmn  =  (m|p|n)  ~  (mk)(v|n)  ~  Vm(X)  V.(X) 

where  i(/m  is  the  mth  eigenfunction  of  the  Hamiltonian  (for  example).  The  probability 

(density)  is  then  the  modulus  squared  of  the  matrix  element. 

As  a  more  physical  illustration,  the  off-diagonal  elements  are  related  to  the 
polarization  and  the  expected  dipole  matrix  elements.  The  dipole  moment  is  related  to 
the  allowed  transitions  for  an  atomic  system. 

The  dipole  operator  is  defined  by 

p.  =  er 

where  e>0  is  the  basic  electronic  charge.  Assume  the  coordinate  representation.  The  are 
permanent  and  induced  dipole  moments.  The  permanent  dipole 
moment  refers  to  the  dipole  moment  of  an  atom  without  an 
applied  perturbing  electromagnetic  field. 

Pnn  =(nMn) 

where  the  states  |n)  are  the  energy  eigenstates  of  the  atom. 

Usually,  for  simplicity,  it  is  assumed  that  the  permanent  dipole  /  \ 

moment  is  zero.  This  is  easy  to  see  for  spherically  symmetrical  a'  ’ 

wavefunctions  by  calculating  the  expected  dipole  moment  as 

(a|Aja)^e(ua[x|ua)  =  e£dx  u‘a(x)xua(x)  =  0  - - — — x 

4-  odd  -» 

At  any  rate,  even  if  the  permanent  dipole  moment  is  not  zero,  it 

does  not  affect  the  transition  rates  that  depend  on  the  off-  Figure  2.16.8:  Spherically 

,  ,  .  symmetric  wavefunction 

diagonal  elements. 

The  “induced  dipole  moment”  occurs  when  a  perturbing 
electromagnetic  field  is  present.  The  induced  dipole  moments  are  given  by 

(a|£jb)  =  pabwith  a*b 

and  are  related  to  the  transition  selection  rules. 

The  following  discussion  leads  to  the  relation  between  the  off-diagonal  density 
matrix  elements  and  the  polarization.  First  consider  the  definition  of  polarization.  Let  N 
be  the  number  of  atoms  per  unit  volume. 

Polarization  =  P  =  Total  Dipole  Moment  =  =  N  Tr(pfi) 

Vol 

Assume  a  perturbing  EM  field  that  provides  the  interaction  energy  V  so  that 

H  =  H0+V  and  H|n)  =  Enjn) 

and  assume  a  two-level  atom  so  that  n=l,2.  Only  the  energy  eigenstates  of  the 
unperturbed  Hamiltonian  are  required  for  this  calculation.  Using  the  isomorphism 
between  operators  and  matrices  provides 

P  =  N  Tr(p£)  =  N  Trpp  =  N  ^(pbL 

a 

However,  the  parenthesis  contains  a  product  of  matrices  so 


Figure  2.16.8:  Spherically 
symmetric  wavefunction 
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P  =  NZfe)„  =NZpab^ba  =  N{pi2P12+P21P21} 

a  a,b=! 

Assuming  the  lack  of  a  permanent  dipole  (i.e.,  pn  =  p22  =  0 ).  If  we  assume  (as  is  usually 
the  case)  that 

P  =  Pn  =P2i  =real 

then  the  equation  for  the  polarization  becomes 

p  =  N{p12p12  +  p21p21 }  =  Np  (p12  +  p21 ) 

So  the  off-diagonal  elements  of  the  density  matrix  are  related  to  the  polarization.  We 
can  go  a  step  further  by  using  the  fact  that  the  density  operator  is  Hermitian. 

P  =  P+-^(p)i2=(p+)2->Pi2=P*2i 
Now  the  polarization  formula  becomes 

P  =  Np  (p12  +  p21 )  =  Np(p12  +  pj2 )  =  2Np  Re  p12 
In  classical  electromagnetics,  it  is  the  induced  polarization  that  interacts  with  the  EM 
field  to  generate  or  absorb  EM  energy.  As  discussed  in  a  number  of  books  (Y ariv  for 
example),  this  is  the  point  of  connection  between  classical  EM  and  quantum  theory. 
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Chapter  3:  Quantized  Fields 

The  study  of  light  and  EM  fields  through  the  centuries  includes  Newton’s 
corpuscular  theory,  Young’s  interference  experiments,  Maxwell’s  Equations,  Einstein 
and  Planck’s  quanta,  20th  century’s  field  quantization,  and  Glauber  and  Yuen’s  coherent 
and  squeezed  optical  states.  This  chapter  explores  the  nature  of  the  light  and 
electromagnetic  waves  issuing  from  lasers,  masers  and  RF  transmitters  in  terms  of 
quantum  optics.  Besides  non-coherent  EM  waves,  there  are  at  least  three  especially 
important  states  including  Fock,  coherent  and  squeezed  states.  These  states  determine  the 
noise  levels.  For  example,  shot  noise  is  related  to  the  coherent  state  while  sub-shot  noise 
signals  (sub-poisson  statistics)  are  related  to  the  squeezed  State.  These  states  have  equal 
application  to  massive  particles  (such  as  electrons)  as  to  the  massless  photons.  The  three 
states  of  light  are  associated  with  the  quantized  Hamiltonian  and  electromagnetic  fields 
which  obtain  through  the  quantization  rules  for  their  classical  counterparts.  This  chapter 
begins  the  quest  with  a  discussion  of  the  classical  vector  potential  and  Gauge 
transformations.  Next,  the  solutions  to  the  optical  schrodinger  equation  are  discussed 
with  special  emphasis  on  the  Fock,  coherent  and  squeezed  states.  The  quantization  of  the 
electromagnetic  field  is  similar  to  the  second  quantization  of  the  massive  particle  field. 
The  formalism  is  applied  to  find  the  rate  of  stimulated  and  spontaneous  emission.  The 
chapter  introduces  the  Wigner  function. 

*  The  generic  term  “light”  is  used  for  the  photon  field  regardless  of  frequency.* 

Section  3.1 :  A  Brief  Overview  of  Quantum  Light 

As  is  well  known,  atoms  can  emit  light  that  is  coherent  with  a  driving  optical  field 
(stimulated  emission)  and  they  can  also  emit  light  on  their  own  without  a  driving  field 
(spontaneous  emission).  The  spontaneous  emission  arises  as  a  result  of  quantum  vacuum 
fluctuations.  To  discuss  vacuum  fluctuations,  an  introduction  to  quantum 
electrodynamics  is  in  order. 

One  of  the  most  fundamental  notions  of  Quantum  ElectroDynamics  (QED)  is  that 
of  a  Fock  state.  For  a  given  spatial  volume,  Maxwell’s  ElectroMagnetic  (EM)  equations 
can  be  solved  so  as  to  define  a  set  of  allowed  EM  modes  (for  a  cubic  volume,  the  modes 
are  sines  and  cosines).  For  Fock  states,  QED  keeps  track  of  the  number  of  photons  in  a 
mode,  which  is  characterized  by  the  allowed  wavelengths  and  polarization.  In  some 
sense,  the  modes  appear  as  a  framework  or  stage  that  the  photons  occupy.  A  Fock  state  is 
a  mode  with  a  definite  number  of  photons  (this  means  that  each  mode  has  a  definite 
average  power).  In  classical  electrodynamics,  a  state  without  any  photons  corresponds  to 
a  mode  without  any  amplitude.  In  QED,  a  state  without  any  photons  (the  vacuum  state) 
has  an  average  electric  field  of  zero,  but  the  variance  (which  is  proportional  to  the  square 
of  the  field)  is  non-zero.  This  means  that  the  value  of  the  electric  field  can  fluctuate  away 
from  the  average  of  zero.  As  is  well  known,  the  non-zero  variance  refers  to  quantum 
vacuum  fluctuations  or  noise;  the  vacuum  state  has  the  minimum  quantum  noise.  There 
is  a  slight  complication  for  engineering  purposes  however:  the  average  electric  field  is 
zero  for  all  Fock  states  and  in  general,  the  noise  is  greater  than  the  minimum  value  set  by 
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the  vacuum.  In  addition,  although  the  exact  number  of  photons  is  known,  the  phase  of 
the  collection  is  not  known. 

A  coherent  state  is  a  state  with  a  nonzero  average  electric  field  and  a  fairly  well 
defined  phase.  These  are  the  states  for  which  the  electric  fields  can  be  pictured  as  sine 
and  cosine  waves.  Coherent  states  can  be  produced  by  lasers,  masers  and  some  classical 
sources.  The  coherent  state  is  actually  a  linear  combination  of  all  Fock  states  (the  two 
types  of  states  are  seen  to  be  quite  different).  One  of  the  most  important  distinctions  is 
that,  for  a  coherent  state  with  a  given  amplitude,  the  number  of  photons  in  the  mode  is 
described  by  a  Poisson  probability  distribution  (shot  noise).  The  average  number  of 
particles  is  <n>  while  the  standard  deviation  ct=V< n>.  For  example,  a  beam  with  an 
average  of  <n>=100  photons,  will  have  a  standard  deviation  of  V<n>=10  photons.  One 
might  reasonably  expect  the  number  of  photons  to  range  from  80  to  120  (almost  50% 
variation).  This  means  that  the  number  of  photons  in  a  beam  can  fluctuate  such  that  the 
variance  of  the  number  is  approximately  equal  to  the  average  number  of  photons  in  the 
beam  (shot  noise).  Now  returning  to  the  amplitude  and  phase,  it  just  so  happens  that  the 
noise  in  the  amplitude  and  phase  of  the  coherent  state  is  no  worse  than  that  of  the  vacuum 
state  (regardless  of  the  amplitude  of  the  coherent  state).  A  time  dependent  electric  field 
can  be  decomposed  into  a  time  dependent  sine  and  cosine  term  so  that  the  uncertainty  in 
the  amplitudes  of  these  quadrature  terms  can  be  specified  as  an  alternative  to  specifying 
the  uncertainty  in  the  amplitude  and  phase. 

A  squeezed  vacuum  state  is  obtained  from  the  quantum  vacuum  state  by  reducing 
the  noise  in  one  set  of  parameters  while  adding  it  to  another  (i.e.,  “squeezing  the  noise 
out”).  Squeezing  the  vacuum  is  equivalent  to  squeezing  the  coherent  state  since  the 
vacuum  and  coherent  states  have  the  same  type 
and  amount  of  noise.  For  example,  noise  can  be 
removed  from  one  quadrature  term  of  the  electric 
field  (quadrature  squeezing)  but  that  removed 
noise  reappears  in  the  other  quadrature  term. 

Similarly,  a  “quiet”  photon  stream  (i.e.  a  number 
squeezed  state)  obtains  when  noise  is  removed 

from  the  photon-number  but  reappears  in  the 
phase;  a  quiet  photon  stream  is  describe  by  “sub- 
Poisson”  statistics.  Similarly,  there  are  phase 
squeezed  states.  Squeezed  coherent  states  can  be  produced,  detected  and  used  for  low 
noise  applications.  Figure  3.1.1  shows  examples  of  laser  light  moving  past  an  observer. 
The  top  portion  shows  “coherent  light”  (i.e.,  light  in  a  coherent  state)  where  the  number 
of  photons  in  equal  beam-lengths  can  vary  from  one  length-interval  to  the  next.  The 
number  of  photons  follows  the  Poisson  probability  distribution.  The  bottom  figure  shows 
a  “number  squeezed  state”  where  the  equal  lengths  have  equal  numbers  of  photons. 
Apparently,  a  number-squeezed  state  is  equivalent  to  a  Fock  state. 

Spontaneous  emission  (RIN)  is  another  form  of  noise  in  the  laser  although  it  is 
certainly  not  termed  “noise”  for  a  Light  Emitting  Diode  (LED).  As  is  well  known, 
spontaneous  emission  in  a  laser  is  necessary  to  start  the  laser  oscillation  but,  in  addition 
to  larger  than  necessary  threshold  current,  it  also  wastes  energy.  Further,  it  partly 
determines  the  ability  of  the  laser  to  produce  squeezed  light  as  well  as  the  power  levels  to 
produce  large  S/N  and  dynamic  range.  An  interesting  fact  about  spontaneous  emission  is 
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Figure  3.1.1:  Pictorial  representation  of 
the  coherent  and  number-squeezed  states. 
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that  it  is  a  result  of  quantum  vacuum  fluctuations  and  that  it  is  not  a  property  of  the 
emitting  collection  of  atoms.  The  spontaneous  emission  is  initiated  by  the  fluctuating 
electric  field  of  the  vacuum  state.  The  rate  of  spontaneous  emission  can  be  modified  by 
changing  the  number  of  accessible  vacuum  modes  (there  is  one  vacuum  mode  for  each 
wavelength  and  polarization  allowed  by  the  boundary  conditions  on  the  enclosed  volume) 
coupled  to  the  atomic  ensemble.  The  relatively  new  field  of  Cavity  QED  describes  the 
theory  and  measurement  of  both  spontaneous  and  stimulated  emission  for  which  these 
unusual  cavity  effects  become  important.  To  characterize  the  effect  of  spontaneous 
emission  on  another  laser  or  device,  it  is  necessary  to  understand  the  effects  of  vacuum 
entropy. 

There  is  a  nice  conceptual  aspect  of  the  theory  of  quantized  fields.  The  theory  of 
quantized  fields  mathematically  unifies  the  picture  of  the  EM  field  as  both  a  particle  and 
a  wave.  The  quantized  electric  field  consists  of  a  wave  portion  (described  by  the 
complex  traveling  wave)  and  a  particle  portion  described  by  creation  and  annihilation 
operators.  Both  the  wave  and  operators  appear  in  the  expression  for  the  quantized  field. 
Quantum  field  theory  mathematically  unifies  the  wave  and  particle  pictures  for  matter  not 
just  photons  or  electrons. 

The  previous  few  paragraphs  point  out  the  importance  of  quantum  optics  and 
some  very  interesting  sources  of  noise  in  electromagnetic  systems.  All  forms  of  noise 
such  as  RIN  and  thermal  noise  need  to  be  addressed. 
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Section  3.2:  Coulomb  Gauge,  Classical  Vector  Potential  and  the  EM  Fields 


In  classical  electrodynamics,  the  magnetic  and  electric  fields  are  physical 
quantities.  The  Hamiltonian  for  a  system  of  photons  is  written  in  terms  of  the  vector  (and 
scalar)  potential.  Substituting  operators  for  the  classical  dynamical  variables  quantizes 
the  Hamiltonian  for  the  electromagnetic  fields.  The  electric  and  magnetic  fields  are 
commonly  derived  from  a  vector  potential.  The  relation  between  the  fields  and  the 
potentials  assumes  a  particular  gauge  transformation.  A  gauge  transformation  is  a  change 
made  to  the  potentials  that  leaves  the  fields  unchanged.  As  a  result,  Maxwell’s  equations 
are  also  invariant  with  respect  to  Gauge  transformations.  Sometimes  the  Coulomb  gauge 
is  also  called  the  transverse  gauge  because  the  direction  of  the  vector  potential  is 
perpendicular  to  the  propagation  wavevector.  The  Lorentz  gauge  manifests  the  relativistic 
invariance  of  the  electromagnetic  theory.  Although  sometimes  the  fields  are  thought  of 
as  the  ‘real  objects  of  interest  and  the  vector  potential  is  just  a  mathematical 
construction,  the  potentials  have  real  affects  for  device  engineering.  The  Aharanov-Bohm 
devices  provide  an  example  where  the  vector  potential  (and  not  the  fields)  is  used  for 
modulating  currents.  The  vector  potential  is  particularly  simple  to  quantize  in  the 
Coulomb  gauge  but  the  resulting  equations  are  not  relativistically  invariant.  This  section 
focuses  on  the  Coulomb  gauge. 


Topic  3.2.1:  Magnetic  and  Electric  Fields  in  the  Coulomb  Gauge 


This  topic  shows  (1)  the  relations  between  the  fields  and  potentials  for  the 
Coulomb  gauge  and  (2)  the  fields  satisfy  Maxwell’s  equations.  The  next  topic  specializes 
to  a  source-free  region  of  space  and  a  subsequent  topic  indicates  how  the  Coulomb  gauge 
arises. 

In  the  Coulomb  guage,  the  magnetic  and  electric  fields  are  related  to  the  vector 
potential  A(r,t)  and  the  scalar  potential  “V”  by 

B  =  VxA(r,t)  and  E  =  — ■ -VV  (3.1.1) 

dt 

The  Coulomb  gauge  consists  of  those  vector  potentials  A(r,t)  that  satisfy  the  Coulomb 

condition  V  •  A  =  0 .  This  section  shows  that  the  scalar  potential  is  the  “electrostatic 
voltage  due  to  charges  and  that  the  vector  potential  can  pictured  as  a  traveling  wave 
when  the  electric  and  magnetic  fields  are  traveling  waves. 

The  magnetic  and  electric  fields  derived  from  the  potentials  in  the  Coulomb  gauge 
satisfy  Maxwell’s  equations. 


V-B  =  0 


V-D  =  p 


where 


VxE  =  -— 

dt 

VxH  =  J  +  — 

(3.1.2) 

dt 

0(l  +  x)E,  B  =  pH  =  p0H 

and  where 

80,P,x,p0  are  the  permittivity  of  free-space,  polarization,  susceptibility,  and 
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permeability  of  free-space.  We  assume  an  isotropic,  homogeneous,  non-magnetic 
medium. 

(1)  First  show  that  the  magnetic  field  derived  from  the  vector  potential  satisfies 
V  •  B  =  0 .  The  curl  of  the  vector  potential  is  defined  by  the  determinant 

AAA 

x  y  z 
B  =  WxA=  8X  dy  8Z 
Ax  Ay  A2 

and  the  divergence  of  the  magnetic  field  gives  the  triple  product 
3,  3,  Sz 
V-2?  =  V-Vxi=  d,  dy  Sz 
Ax  Ay  A2 


=  dx(d,A,-dzA,)-d(d,A1-e,Ax)+d,(d,A,-d,Ax)=0 


(2)  Next  demonstrate  that  E,B  derived  from  the  vector  potential  satisfy 


VxE  =  - 


SB 

St 


Starting  with  VxE  and  substituting  for  the  electric  field  using  E  = 


3A(r,t) 


-VV 


gives 

VxE  =  Vx  -  — -VV  VxA-Vx VV  =  -— B 

(  st  J  dt  st 

which  is  the  desired  Maxwell  equation.  The  final  step  requires  the  definition 
B  =  VxA(r,  t)  (in  the  Coulomb  gauge)  and  the  fact  that  curl  of  a  gradient  is  always  zero 
VxVV=0. 


(3)  The  third  of  Maxwell’s  equations 

V-D  =  p 

is  satisfied  by  the  fields  derived  from  the  potentials.  The  scalar  potential  “V”  is  the 
important  quantitiy  and  yields  Poisson’s  equation.  Substituting  for  the  electric  field  gives 

-P-  =  V-E  =  V-f-~ -w]  =  -— V-A-V2V  =  -V2V 
80  l  3t  J  St 

where  the  last  step  follows  from  the  Coulomb  gauge  condition.  The  last  equation  is 
Poisson’s  equation  for  the  voltage  V 

V2V  =  — 

e0 

(4)  The  final  Maxwell  equation  provides  a  wave  equation  for  the  vector  potential. 
Starting  with 


„  -  SE  t 

VxB  =  EJi - h  J 

St 


Substituting  for  E,B  from  potentials 
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B  =  Vx  A(r,t) 


E  =  -— -VV 

a 


gives 


VxVxA  =  £u—  -  —  -VV  +  J 

a  a  J 

d2A  8  - 

=  -eu - —  -8U  —  VV  +  J 

^  a2  a 


(3.1.3) 


The  double  cross  product  is  evaluated  using  the  differential  form  of  the  “BAC-CAB”  rule 
which  gives 

V  x  V  x  A  =  v(v  •  a)-  V2  A 

The  first  term  on  the  right  hand  side  is  zero  because  of  the  Coulomb  gauge  condition 
V  •  A  =  0 .  Therefore,  Equation  3.1.3  becomes  a  wave  equation 


V2A-sp^  =  +8p^VV-J 


(3.1.4) 


where  the  speed  of  light  in  the  medium  is 


Interestingly,  the  scalar  potential  “V”  is  related  to  the  “instantaneously” 
propagating  longitudinal  component  of  the  vector  potential  (i.e.,  component  of  A  parallel 
tok). 


Topic  3.2.2:  The  Fields  in  a  Source-Free  Region  of  Space 

In  a  source-free  region  of  space,  the  charge  and  current  density  are  zero 

p  =  0  J  =  0 

The  magnetic  and  electric  fields  in  the  Coulomb  gauge  become 

B  =  VxA(r,  t)  and  E  =  -5A(r,t) 

dt 

assuming  that  the  source- free  voltage  is  zero  so  that  V  V  =  0 .  The  wave  equation  for  the 
vector  potential  given  by  Equation  3.1.4,  with  the  source  term  set  to  zero 


and  E  =  — 


becomes 


sp— W-J  =  0 
dt 


V2A-sp— r-  =  0 


(3.1.5) 


where,  again,  the  speed  of  light  in  the  medium  is 
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Example:  Most  readers  are  familiar  with  the  vector 

potential,  but  this  is  an  example  just  to  provide  a  picture. 

Find  E ,  B ,  and  an  alternate  expression  for  V  •  A  =  0  using 
the  vector  potential  given  by 


A 


where  k  =  kz . 

Solution:  The  electric  field  is 


iA„ei(kz'm,) 


Figure  3.2.1:  Vector  potential  in 
the  Coulomb  Gauge. 

(3.1.6) 


The  magnetic  field  is 

B  =  V  x  A  =  --X-^  e*M  =  i  -  z  x  A0ei^  =  i 

00  ©  c 

Finally,  an  alternate  form  for  the  gauge  condition  follows  by  substituting  the  vector 
potential  into  V  •  A  =  0 

Q- y  .  A  -  y  c'fc'7"10*)  = 


© 


© 


to  give 


k-A  =  0  (3.1.7) 

which  is  the  reason  the  Coulomb  gauge  is  sometimes  called  the  transverse  gauge.  The 
vector  part  of  A  is  perpendicular  to  the  direction  of  propagation  of  the  wave  according  to 
Equation  3.1.7  and  it  is  parallel  to  the  electric  field  according  to  Equation  3.1.6. 


Topic  3.2.3:  The  Origin  of  the  Coulomb  Gauge  Transformation 


The  gauge  transformations  all  follow  from  an  arbitrariness  in  the  definition  of  the 
potentials  (for  example,  everyone  is  familiar  with  the  fact  that  the  zero  of  the  electric 
potential  V  can  be  shifted  without  affecting  the  fields).  The  Coulomb  condition 
originates  by  requiring  the  potential  V  to  satisfy  Gauss’  Law 

V-E  =  — 

e0 


by  substituting  E  =  - 


3A(f,t) 

at 


-VV  from  Equation  3.1.1. 


V- 


aA(f,t)_vv 

at 


_p 

E0 


The  first  term  contains  V  •  A  which  must  be  zero  for  V  to  be  the  voltage  that  satisfies 
Poissons’  equation 

-P  =-V-VV  =  -V2V 

e0 
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Section  3.3:  The  Basis  Vector  Expansion  of  the  Vector  Potential 

The  vector  potential  is  of  primary  interest  because  the  other  fields  can  be  derived 
from  it  and  the  energy  can  be  written  in  terms  of  it.  For  the  quantum  optical  field  theory, 
Maxwell’s  equations  with  appropriate  boundary  conditions  are  solved  for  the  physical 
system  of  interest  using  separation  of  variables  and  generalized  Fourier  expansions.  The 
field  is  quantized  by  replacing  the  Fourier  amplitudes  with  operators.  The  plane  wave 
decomposition  of  the  vector  potential  is  most  commonly  employed  for  the  quantization 
procedure  (Topic  3.3.1).  Other  basis  vector  decompositions  are  useful  for  the  wide 
variety  of  optical  devices  (Topic  3.3.2).  Subsequent  sections  sections  demonstrate  the 
quantization  of  the  Electromagnetic  (EM)  Hamiltonian  and  the  vector  potential. 

Topic  3.3.1:  Plane  Wave  Expansion 

The  electromagnetic  (EM)  field  can  be  derived  from  a  vector  potential  in  the 
Coulomb  gauge 

V-A  =  0  (3.3.1) 

according  to 

E  =  _— ^  and  B  =  VxA(r,t)  (3.3.2) 

dt 

in  a  source-free  region  of  space  where  the  scalar 
potential  is  zero.  As  a  note,  recall  that  the  Coulomb 
gauge  is  also  called  the  transverse  gauge  because  the 
vector  A  is  perpendicular  to  the  wave-vector  k  and  the 

vector  A(r,t)  can  be  pictured  as  a  traveling  wave. 

These  fields  derived  from  the  vector  potential  are 
combined  with  the  classical  Hamiltonian  in  the  next 
section.  Either  the  vector  potential  is  assumed  to  satisfy 
periodic  boundary  conditions  or  the  wave  is  assumed  to 
be  confined  to  a  finite  region  of  space.  Either  way,  the 
procedure  uses  the  Fourier  series  as  opposed  to  the 
Fourier  integral.  The  characteristic  volume  can  be  made 
arbitrarily  large  at  the  end  of  the  calculation  if  desired. 

The  vector  potential  is  a  function  that  can  be  expanded  in  a  basis  set.  The  basis 
set  for  finite  volumes  V  and  discrete  values  of  the  wave  vectors  induced  by  the  boundary 
conditions  is 

{i(f)  =  ^}  (3.3.3) 

where  the  wave  vector  k  serves  as  the  index.  For  a 

one-dimensional  problem,  the  basis  is  e3"  /Vl 
where  the  length  “L”  is  also  the  longest  allowed 
wavelength  for  periodic  boundary  conditions.  If 
“L”  is  allowed  to  approach  infinity,  the  1-D  basis  set 

would  be  eikx  /V2tc  for  the  Fourier  transform. 


Figure  3.3.2:  Waves  confined  to  a 
finite  length. 


v/YY 


Figure  3.3.1:  Two  waves 

satisfying  a  periodic  boundary 
condition  over  the  length  L. 
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Periodic  boundary  conditions  produce  periodic  basis  functions  that  span  a  Hilbert  space 
of  periodic  wave  functions 

y(x  +  L)  =  i|/(x) 

as  shown  in  Figure  3.3.2.  Notice  that  the  wavefunctions  do  not  need  to  be  zero  at  the 
boundaries.  For  the  3-D  case,  the  volume  V  is  related  to  L  by  V  =  L3 .  The  periodic 
boundary  condition  on  the  wave  functions  requires  that  the  wave  vectors  k  take  on 
specific  values.  For  the  one-dimensional  case,  the  allowed  wavelengths  for  periodic 
boundary  conditions  are 

K=-  n  =  1,2,3... 


and  therefore  the  allowed  wave  vectors  are 


,  2 n  2m  _  - 

k  =  —  = -  n  =  1,2,3... 

X.  L 


(3.3.4) 


For  the  three-dimensional  case,  each  component  of  the  wave  vector  k  must  satisfy  an 

equation  similar  to  Equations  3.3.4. 

-  J 2miNl  J 2m^  J 27rp^  ,  »  ,, 

k  =  x  -  +  y -  +  z  - — —  m,n,p  =  1,2,3... 

\  L  J  l  L  j  v  L  j 

For  light,  the  basic  modes  (i.e.,  the  vectors  in  the  basis  set)  are  described  by  the  allowed 
wavelengths  (i.e.,  the  allowed  wave  vectors  or  frequencies)  and  the  polarization.  For  the 
most  part,  the  polarization  is  ignored  except  possibly  in  final  formulas. 

Periodic  vector  potentials  can  be  written  as  the  Fourier  sum 


AfcO-r-Z 

VEo  k 


(3.3.5) 


for  free  space  (the  free  space  permittivity  e0  is  replaced  with  e  for  dielectric  medium). 
The  parameters 


V  10)k£o 

are  included  for  the  MKS  units.  Assume  that  the  angular  frequency  of  the 
electromagnetic  wave  is  always  positive 

=  <°-k  >  0 

As  an  important  point,  the  Fourier  expansion  coefficients  must  have  the  property 

that 

P-3.6) 

This  is  easy  to  demonstrate  by  noting  that  the  vector  potential  must  be  real  since  it  is 
related  to  observables  E  and  B.  Use  Equation  3.3.5  and  the  relation 

A*  =  A 

to  obtain 


-Jv  V*.  * 
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Replacing  k  -*-k  on  the  left-hand  side  of  the  previous  relation  and  using  cok  =  co_k 
provides 

1  ^  nr-,  i  \e*iirr  i 

Ajl)  A‘{,)  vf 

Comparing  both  sides  (i.e.,  using  the  orthonormality  of  the  basis  functions)  gives  the 
desired  results 

The  previous  section  shows  that,  in  the  Coulomb  gauge,  the  vector  potential  must 
satisfy  the  wave  equation 


72  t  1  32A 


V2A'^^  =  °  (33,7) 
Substituting  Equations  3.3.5  into  Equation  3.3.7  requires  two  differential  operators  be 
calculated 


^A(r  t)-  J_y  CE 

5t2  1  j_V^rV2cok  at2  Vv 


So  therefore.  Equation  3.3.7  becomes 


_k=A 

k  c2  at2 


Using  c2  =  co2  /k2  gives 


a2A,(t)  /x 

-^+B!A£(t)=0  (3.3.8) 

The  Fourier  transformed  wave  equation  (Equation  3.3.8)  has  two  solutions 
Ak  =bke-i“k,+ake+i“k‘  cok>0 

where  the  vector  potential  is  considered  first  as  a  scalar  quantity  Ak.  Using  the  “reality” 
of  the  vector  potential,  or  equivalently 

A_k(t)  =  A*k(t),  gives 

bke+i“k‘  +  ake_i“k‘  =  b_ke-i<0kt  +  a_ke+i“k‘ 

so  that 

K  =  a_k  ->  ak  =  b*k 

Therefore,  the  general  solution  to  Equation  3.3.8  is 
Ak  =  bke"'“kt  +  blke+i<“kt  ©k  >  0  (3.3.9) 

Next  include  the  vector  part  of  A . 

Returning  to  Equation  3.3.8,  let  e^  be  unit  vectors 
denoting  the  two  possible  directions  of  polarization  Figure  3.3.3:  The  two  polarization 

(i.e.,  S=l,2)  as  shown  in  Figure  3.3.3.  Recall  the  modes. 
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polarization  of  the  vector  potential  is  parallel  to  the  polarization  of  the  electric  field. 
There  are  two  allowed  polarizations  of  the  electromagnetic  fields  that  are  consistent  with 
the  requirements  of  the  Coulomb  gauge  (i.e.,  transverse  gauge).  The  unit  vectors  e^ 
represent  the  x  and  y  directions  for  a  wave  propagating  along  the  z  direction.  The  sum 
in  Equation  3.3.5  is  actually  over  all  allowed  modes  and  must  include  “s”.  For  now, 
combine  the  k,s  subscripts  into  the  k  subscript  for  simplicity.  Writing  Equation  3.3.9  in 
vector  notation 

Ak  =bke"io>kt  +blke+i“k*  cok>0 
or,  setting  bk  =  ekbk ,  the  solution  of  Equations  3.3.8  is 

A.  =  e,b,e-ifflkt  +  e*  b*  e+i“kt  cok  >  0 


Now  the  vector  potential  can  be  written  as 


This  last  equation  can  be  rewritten  by  using  the  following  observations 

(1)  The  summation  is  over  all  allowed  wave  vectors  (i.e.,  all  positive  and  negative  wave 

vector  components)  so  that,  for  the  second  term,  we  can  replace  -k  — »  k  and 

-k  k 

(2)  For  this  chapter,  assume  that  the  polarization  vector  is  real  ek  =  ek 

(3)  The  angular  frequency  is  positive  <o_f  =  ©k 
The  vector  potential  becomes 

a(?  ,  t) = tW  I  ,fr-  ^  + ('>;«*'•■'  k*  ]  (3.3.10) 

■\I£0V  k  V^®k 

or,  including  the  summation  over  the  polarization, 

o’'  k,s  V  ^®k 

The  equations  can  be  simplified  by  defining  the  functions 

bks(t)  =  bkse-i“kt  and  b*ks(t)  =  b*kse+i“k' 

so  that 

bks=bks(0)  and  b*ta=bl.(0) 

The  coefficients  bks  and  b^  later  become  the  annihilation  and  creation  operators  in  the 
quantum  theory  of  light.  The  annihilation  operator  removes  a  photon  from  a  mode 

characterized  by  the  wave  vector  k  and  the  polarization  e^ . 

The  electric  and  magnetic  fields  obtain  from  the  relations  between  the  fields  and 
the  potentials  in  a  source- free  region 

E  =  -  dA(r,t)  md  B  =  VxA(?,t) 

at 

Therefore, 


E  =  — 


and  B  =  VxA(r,t) 
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(3.3.11) 


E  =  A(f,t)  =  -^Ly  — L  eSf-i“kt  +b’k  e-iEf+i“k,]l 
a  V^tV2cok  a1  J 

=  i  Y  L  ei^-i“kt  -  bk  e-iE  j+i“1'  k 

4-n  \r  K  K  J  K 


k  v2^ 


Similarly,  we  can  calculate  the  quantized  magnetic  field  operator  (in  the  Coulomb  gauge) 


B  =  Vx  A(r,t)  = 


1 


h 


Vx  [bk  eiEf"i<0lt  +  bk  e_iEf+i“k‘]  e, 


t  V  2cok 

=  ~Y  I—  vLelE'-”>'+b‘le-|iw"''lxel  (3.3.12) 

V^VTII^  1  J 


Topic  3.3.2:  Spatial-Temporal  Modes 


The  previous  topic  shows  the  vector  potential  solution  to  a  wave  equation 
(Equation  3.3.10) 


1  d2Af 

V’A, - ~  =  0 

1  C2  a2 

using  spatial-temporal  modes  which  are  traveling  plane  waves 


„ik  f-io)kt 

U(x,t)  =  - 

The  wave  equation  can  have  solutions,  which  are  not  traveling  waves,  depending  on  the 
boundary  conditions.  For  example,  a  perfect  no-loss  Fabry-Perot  cavity  has  standing 
sinusoidal  solutions;  the  boundary  conditions,  in  this  case,  require  the  fields  to  be  zero  at 
the  boundaries.  It  is  important  to  be  able  to  identify  creation  and  annihilation  operators 
and  quantize  arbitrary  light  fields.  This  topic  shows  how  to  write  the  vector  potential  in 
terms  of  other  spatial-temporal  modes  U(x,t). 

AM=Z  JY-  k  u„(x.t)+b;  u;(x,t>] 

k  V  2eo(Bk 


or  as 

A(x>  t)  =  Z  fr>k  e_i“kt  +  b*k  e+i<°k‘  ]  <(»k(x) 

k  V2e0®k 

where  <j>k(x)  is  a  basis  set  and 

bks  =bks(0)  and  b^  =  b*ta(0) 

* 

As  shown  in  the  next  sections,  the  creation  operator  b+  creates  a  photon  in  the  mode  Uk 
while  the  annihilation  operator  removes  a  photon  from  the  mode  Uk . 

The  general  solution  to  the  wave  equation  can  be  found  by  separating  variables 
and  applying  the  boundary  conditions.  To  solve  the  wave  equation 
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(3.3.13) 


d2A(x,t)  1  d2A(x,t) 
ax2  c2  at2 

(where  the  vector  nature  of  A  is  ignored  for  simplicity),  separate  variables  according  to 

Ak  (x,  t)  =  <J)k  (x)Tk  (t)  (3.3.14) 

Substituting  Equation  3.3.14  into  the  wave  equation  (3.3.13),  separating  variables,  and 
taking  -Xk  as  the  separation  constant  (where  Xk>0),  gives 


1  a2<()k(x)  „  1  1  a2Tk(t) 


4>k 


■  =  -Xk  = 


c2  t2  at2 


The  Sturm-Liouville  problem  for  <}>k  which  includes  specific  boundary  conditions 
provides  the  set  of  basis  functions  {<|>k(x)}.  The  solution  of  the  Sturm-Liouville 
problem  provides  the  eigenvalues  Xk  =  k2 .  The  solution  of  the  separated  time  equation 


a2Tk(t)_  2  2 

2  _  ^kC 


at3 


is  therefore  found  to  be 


T1(t)=,P^[b1e-'"»+b-ke*1-] 
V  2£offlk 


where  tok  =  ck .  A  normalization  factor  is  included  for  MKS  units  and  b^  =  bks(0)  and 
bL  =  bL  (0)  •  Therefore  the  general  solution  of  the  wave  equation  is 


aM=£ 


h 


1 2s0cok 


[bke-ta“+b,ke^t]*k(x) 


where  c  =  ©k  /k .  For  the  vector  potential  to  be  real  (A=A*),  the  eigenvectors  <|)k  must  be 
real.  Therefore,  the  general  spatial-temporal  mode  is 

U  k  (x,  t)  =  <f>k  (x)e_i“kt 

so  that 


A(X’')=E,P-  [bfcUk(x,t)+bkU,(x,t)] 


1 2e0cok 


It  is  perhaps  more  convenient  to  write  this  in  the  usual  notation 

i 

[bk(0)e-i“kt  +bk(0)e+i“kt]  <|>k (x) 


A(x,t)=2i 


2e0©k 


A  A 

The  next  topic  shows  that  bk  and  bk  become  the  annihilation  bk  and  the  creation  bk 
operators,  respectively,  in  the  quantum  theory  of  light.  The  annihilation  operator 
removes  one  photon  from  the  mode  Uk  while  the  creation  operator  adds  one  photon. 
Because  photons  are  bosons,  any  number  of  them  can  occupy  a  single  state;  electrons  are 
Fermions  and  only  one  can  occupy  a  given  state  at  a  given  time. 

Including  the  polarization  vector  with  the  basis  set,  the  vector  potential 


aM=E,  -r5-  k(®)e-“  +bL(0)e*l*‘,l  ♦*(*) 


ks 


1 2e0©k 


provides  the  free-space  electric  and  magnetic  fields  (in  the  Coulomb  gauge) 
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E(x,t)  =  -|A(x,t)  =  i£  |lAlt0l[bks(0)e-i--b-ll(0)e*“‘']i1,(x) 
B(x,t)  =  Vx  A(x,t)=  [Mon-"1’  +bL(0)e'1-']  Vx <,(*) 

ks  V  "offlk 


Section  3.4:  The  Quantized  Free-Field  Hamiltonian 

The  typical  method  for  transforming  the  classical  Hamiltonian  into  the 
corresponding  quantum  mechanical  one  consists  of  replacing  the  classical  dynamical 
variables  and  operators  and  then  requiring  these  operators  to  satisfy  commutation  rules. 
The  next  chapter  begins  to  explore  the  Hilbert  space  upon  which  the  operators  act  (the 
simplest  being  Fock  space). 

Topic  3. 4. 1:  The  Classical  Free-Field  Hamiltonian 


The  divergence  of  the  Poynting  vector  leads  to  an  expression  for  the 
electromagnetic  power  flowing  into/out  of  a  volume  (same  result  obtains  using  the 
Lagrangian  for  the  electromagnetic  fields  given  in  the  appendices).  The  energy  density  in 
free-space  (MKS  units)  is  identified  as 


H  =— E-E  +  — B-B 

2  2p0 


so  that  the  total  energy  in  a  volume  V  is 


H  =  f  dV  f — E-E  +  — B-B 

c  *  1 2  2p0 


(3.4.1) 


(3.4.3) 


where  the  subscript  "c"  refers  to  the  classical  case.  Section  7.2  shows  that  the  vector 
potential 

AM=  e^b  „(,)  e*  +b'h(t)  •■*] 

oV  k*  V  2®k 

for  a  free-space  traveling  wave  leads  to  the  classical  electric  field 

E  =  -|A(f.t)  =  -iL k(t)e“'-b;,(t)e*]ek,  (3.4.2) 

ot  yeQV  ks  v  2 

and  to  the  classical  magnetic  field 

B=V,A(f,t)  =  -^L2,|X(kxib)[bl;i(,)e«-bL(t)e*']  (3.4.3) 

•y  E0 V  £s  V2(Bk 

where  the  index  "s"  refers  to  the  polarization  of  the  mode  and 

btI(t)= bjoy-  - bL(t)-bs(o)s^  = 

Keep  in  mind,  that 

|Us(f)=$} 

consists  of  discrete  basis  vectors  with  the  orthonormality  relation  of 

8Si!  =(us(f)|“i!(f))=  idV  ui(f)«K(f)=  fdV  P-4'4) 

The  classical  Hamiltonian  can  be  written  in  terms  of  the  Fourier  amplitudes  by 
substituting  for  the  electric  and  magnetic  fields  in  Equation  3.4.1 .  The  term  involving  the 
magnetic  field  is  slightly  more  involved  to  calculate  and  that's  the  one  we  do  here;  the 


(3.4.4) 
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term  with  the  electric  field  is  handled  similarly.  Drop  the  time-dependence  of  the  Fourier 
coefficients  b  and  b  to  make  the  notation  more  compact  until  Equation  3.4.7. 

J-dV-i-B  B  =  fdV  ke" -bLe-’l^e*'  -b^e*] 

*“ Ho  V  V  KS  ks  V^k^K 

=  T~~T7  Jdv  Z Z ~7 — - —  (k  x  )  (k  x  )  \ajaa  e1^  +  b*b  b*KSe-,(k+K)f  + 

4F0e0v  v  its  is  V^k^K 

-b  b’  e'(k"^f -h*  b  e"'(k~^f  1 

UksuKS  C  Dks  °KSC  J 

Using  the  orthonormality  relation  in  Equation  3.4.4,  this  equation  simplifies  to 


fdV 


1  BB  = 


2F„ 


7~7~  Z [  (k  *  ^  ) (-  k  x  )  bjijk  +  (k  x  e,, )  (-  k  x  )b^  bIB  + 

^FoEo  ksS  “k 


-  (k  X  )(k  X  ^b*^  -(k  x  )(k  x  )>*  b^  ] 

where  we  have  used  the  fact  that  cok  =  co_k .  Next  using  the  general  vector  relation 

(axb)-(cxd)=(a-c)(b-d)-(a-d)(b-c)  (3.4.5) 

and  the  fact  that  the  polarization  vectors  satisfy  and  orthonormality  relation 

®ks  ’  ®KS  =  ^sS  (3.4.6) 

since  different  polarizations  are  orthogonal  regardless  of  the  direction  of  motion.  We 
find 

(kxeks)(kxekS)=k26sS  and  (kx  ^)(-kx  e,^  -k26s 
The  integral  over  the  magnetic  field  becomes 


sS 


j: dV  _I_ g •  B  =  -jJL- ?±[-k2  - k2 b* bl*  - k^tabb - k2b*ta b* ] 


2p0 

Making  the  substitution 


1 


=  c2  = 


the  result  for  the  energy  residing  in  the  magnetic  field  is 
1  -  -  -h 

4  * 

In  a  similar  manner,  but  with  a  lot  less  trouble,  the  expression  for  the  integral  over 
the  electric  field  is 


J- dv  _l_g-B = [-  b^bj,  -bL  b-^  -b„bL  -b"h  b  J 


fdV  E  =  -^2>t[+  +K,  b\, -btab-b' -bL  K] 

1  4  ics 

Therefore,  the  classical  Hamiltonian  in  the  Equation  3.4.1  becomes 

H.  =  fdv(yE'E  +  ^-B-Bj  =  i|;to1[b-£,(t)bJ,(t)+bb(t)b^(t)]  (3.4.7) 

where  we  have  been  careful  not  to  commute  the  conjugate  variables  since  they  will 
become  creation  and  annihilation  operators  which  do  not  commute. 
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Topic  3.4.2:  The  Quantum  Mechanical  Free-Field  Hamiltonian 


density 


Replacing  the  classical  fields  with  operators  quantizes  the  classical  Hamiltonian 


Hc  =— E2  +  — B2 

2  2p0 


Replacing  the  Fourier  amplitudes  with  the  corresponding  creation  and  annihilation 
operators  quantizes  the  classical  Hamiltonian  in  Equation  3.4.7 

H=in»“,>[6L(,)6s.(,>+6£.w6Lw]=^E*‘»«k6t,+ts.6L 

2  ks  Z  ks 

The  creation  and  annihilation  operators  depend  on  time  according  to 

b1.(t)=bto(0)e''*''=b1.e-1-''  and  bi(t)=bi(o)e<1*-'  =  b;  e*”>' 

(the  units  of  Hc  is  energy  are  “per  unit  volume”  and  the  units  of  H  are  energy).  Notice 
that  the  time-dependence  in  the  free-field  Hamiltonian  cancels.  The  time-dependent 
annihilation  and  creation  operators  are  Heisenberg  operators  (refer  to  the  next  example) 
with  required  equal-time  commutation  relations 

[bs.(t),bL(t)]=8tt8,s 

tbi.(t).bes(t)]=0  =  [b*El(t),bts(t)] 

hold  for  all  times  including  t=0.  Many  expression  in  quantum  optics  require  “normally 
ordered”  creation  and  annihilation  operators  where  the  creation  operators  are  left  of  the 
annihilation  operators.  Therefore  the  first  commutation  relation 

A  A  A  A 

bcb  i  =bj  bf  +1 

ks  ks  ks  ks 

a 

is  used  to  change  the  second  term  in  Hamiltonian  H  so  that 

H  =  2>okf  b£bfc  Nfe  +f)  (3Ag) 

Notice  that  the  Hamiltonian  for  light  is  similar  to  the  Hamiltonian  for  the 
harmonic  oscillator.  The  summation  occurs  because  light  has  many  modes  as  opposed  to 
the  single  mode  for  the  massive-particle  harmonic  oscillator  discussed  in  Chapter  2. 
Therefore  the  electromagnetic  field  appears  as  an  ensemble  of  independent  harmonic 
oscillators.  The  oscillators  are  "independent  "  because  there  are  no  cross-terms  between 

modes  in  Equation  3.4.8.  The  number  operator  N^  provides  the  number  of  photons  in  a 

particular  mode  specified  by  the  wave  vector  k  and  polarization  "s 
Equation  3.4.8 

contains  a  summation  over  the  frequency  for  all  of  the  possible  modes,  namely, 

(3.4.9) 

2  ks 

The  allowed  frequencies  can  be  infinitely  large.  This  energy  is  stored  as  a  fluctuating 
electric  field  in  the  vacuum  state  as  discussed  in  Section  7.2.  The  summation  in  Equation 
3.4.9  becomes  infinite  even  for  the  finite  volume  V  of  integration  initially  used  to 


(3.4.9) 
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calculate  the  energy!  Physically,  this  implies  a  very  large  energy  stored  in  the  vacuum! 
In  some  cases,  it  is  possible  to  ignore  the  divergent  term.  For  example,  the  rate  of  change 
of  an  operator  which  involves  the  commutator  with  Hamiltonian  is  insensitive  to  the 
infinity. 


Example:  Calculate  the  time-dependence  of  the  creation  operator  b£(t)  in  the 

Heisenberg  picture  for  the  ffee-fields. 

Solution:  The  simplest  method  is  to  calculate  the  commutator  of  the  creation 

operator  with  the  Hamiltonian.  Chapter  6  Section  4  Topic  3  shows  that  the  rate  of  change 
of  the  Heisenberg  operator  is  given  by 

dt  nl  K  1 

Substituting  the  Hamiltonian 

/.  .  O 


fi  =  £fia>k^b;(t)bi(t)  +  - 


gives 

dbt  (t)  j 
dt  fi 


2>„f  bj(t)bt(t)  +  i\bj(t) 
k  V  *■) 


=  l2>kj  [bt(t)b£(t),bt(t)]n 


fit 


The  infinite  vacuum-energy  term  gives  the  last  commutator  which  is  zero;  consequently, 
the  infinite  term  does  not  affect  the  calculated  value  of  b+ .  Using  commutation  rules,  we 
can  evaluate 

[«  A  *  |  [a  A  1a  a  I  A  a  I  A 

bibE'bg J=  [b j ,bj Jb£  +bj[bs,bjj=0+b:  SK 
Substituting  this  into  the  previous  expression  gives 


This  is  a  simple  differential  equation  with  a  solution  that  agrees  with  our  previous  results 

bt(t)=bt(0>"". 

The  time  dependence  of  the  creation  and  annihilation  operators  depend  on  the 

Hamiltonian.  The  results  for  b+  have  been  calculated  using  the  ffee-field  Hamiltonian. 
The  creation  and  annihilation  operators  have  a  different  time-dependence  if  the 
interaction  between  the  fields  and  matter  is  included.  The  reason  for  this  is  that  the 
matter  can  itself  produce  electromagnetic  fields,  which  necessarily  change  the  field 
operators.  See  for  example  the  section  on  the  Jayne-Cumming’s  model. 
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Topic  3.4.3:  The  EM  Hamiltonian  with  Quadrature  Operators 


This  section  introduces  the  notion  of  “position  and  momentum  operators  for  the 
electromagnetic  field.  These  operators  do  not  refer  to  photon  position  and  momentum. 
Instead,  they  refer  to  the  “ out-of-phase  ”  and  “ in-phase  ”  quadrature  components  of  the 
electric  field;  this  is  discussed  in  greater  detail  in  subsequent  chapters.  These  operators 
are  important  since,  besides  squeezing  noise  from  the  amplitude  or  phase,  noise  can  be 
squeezed  from  the  quadrature  components.  In  addition,  a  Schrodinger  equation  can  be 
set  up  based  on  the  “coordinate  representation”  of  the  Hamiltionian. 

As  previously  mentioned,  Equation  3.4.8 


has  the  same  form  as  that  for  a  collection  of  independent  harmonic  oscillators.  Similar  to 
the  harmonic  oscillator,  the  creation  and  annihilation  operators  can  be  related  to 


‘position”  qk  and  “momentum”  pk  operators  according  to 

f (•)  -  3»(t)  .  ‘  Mil  (3.4.10) 

yjlhCOy.  yl2h(0 , 


and,  by  taking  the  adjoint, 

—  (3.4.11) 

^JlhtOy  yl2h(X)k 

where  q^t)  and  pfc  (t)  are  taken  to  be  Hermitian  operators.  Equations  3.4.10  and  3.4.11 
hold  for  t=0  with  the  definitions 

qks=qks(0)  ^  Pks=Pks(0) 

The  subscripts  "k"  and  "s"  label  the  wavelength  and  polarization  modes,  respectively. 
The  subscript  “s”  is  usually  suppressed  for  simplicity.  The  position  qk  and  momentum 
pk  are  not  related  to  the  spatial  position  r  or  the  photon  momentum  fik .  Solving 
Equations  3.4.10  and  3.4.11  for  the  position  qk  and  momentum  pk  provides 

V2cok 


which  is  similar  to  those  for  the  harmonic  oscillator  except  here,  there  is  no  mass. 

The  commutation  relations  for  the  creation  and  annihilation  operators  provide  the 
commutation  relations  between  the  position  and  momentum  operators  as  follows 
[qi(t),qj(t)]=  0  =  (jPj  (t),Pj(t)]  for  all  modes  ij 
[qi(t),pj(t)]=ift5ij 

which  hold  for  all  times  t  including  t=0. 
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Example: 

Solution: 


Prove  the  last  commutation  relation 


=  i^5ij 


The  Hamiltonian  and  the  fields  can  be  written  in  terms  of  the  position  and 
momentum  operators.  Starting  with  Hamiltonian 


h = KK + V)= ^ +\ 

ks  V  ^ )  its  V 


Neglecting  the  polarization  index  and  substituting  the  position  and  momentum 
expressions  for  the  creation  and  annhilation  operators  in  the  Hamiltonian  provides 


<°kqk  ,  tPk 


H=y^G)  q»t  +  !Pk  q*  1  p*  +i 

t  -y/2ft(0k  ^  ^2h(ok  yj2h(ok  ^  2~ 

Multiplying  out  the  terms  and  taking  care  not  to  commute  non-commuting  operators 

h = + #-  - : ^  )+  \ 

j  [2/kok  2h(Ok  2  h(Dk  2_ 

Using  the  commutation  relation  [qa,pb]  =  i^8ab  and  then  simplifying  gives 


*  2  2 

Pk  ®k  2 
— +  — q  l 
2  2  k 


(3.4.12) 


The  Hamiltonian  is  composed  of  a  sum  of  Hamiltonians  for  a  collection  of  independent 
harmonic  oscillators. 

A  Schrodinger  equation  can  be  developed  for  the  electromagnetic  field.  The 
“coordinate  representation”  of  the  “position  and  momentum”  operators  provides 

-  v  h  d 

qk->qk  Pk“>7  T— 

1  oqk 

Here,  the  coordinate  qk  is  thought  of  as  an  electric  field  amplitude  and  not  as  a  photon 
position.  The  coordinated  representation  of  the  position  and  momentum  operator  can  be 
substituted  into  the  Hamiltonian  to  obtain  the  coordinate  representation  of  the 
Schrodinger  equation 


ti2  d 2 

'  2  eq? 


+  ^q l  U,(q„q2-.5t)=i?i— ^(q.^z-.-^t) 
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The  solutions  of  this  wave  equation  are  expected  to  be  similar  to  that  for  the  harm°™c. 
oscillator.  We  expect  decaying  exponentials  multiplied  by  Hermite  polynomia  s. 
next  couple  of  chapters  discusses  the  solutions. 
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Section  3.5:  Quantized  Vector  Potential  and  Free-Fields 

The  previous  section  shows  how  the  Hamiltonian  is  quantized  by  substituting 

operators  E,B  for  the  electric  and  magnetic  fields  in  the  classical  expression  for  the 
energy.  The  procedure  is  equivalent  to  substituting  creation  and  annihilation  operators 
for  the  Fourier  amplitudes.  The  creation  and  annihilation  operators  are  required  to  satisfy 
certain  commutation  relations.  Similarly,  the  Hamiltonian  can  be  written  in  terms  of 
generalized  position  and  momentum  operators  that  describe  the  field  amplitudes. 
Likewise,  the  generalized  position  and  momentum  operators  satisfy  commutation 
relations.  These  commutation  relations  are  responsible  for  Heisenberg  uncertainty 
relations  that  exist  between  conjugate  variables.  Trying  to  simultaneously  measure  non¬ 
commuting  operators  necessarily  results  in  a  distribution  of  measured  values.  For 
coherent  states,  the  distribution  is  described  by  Poisson  statistics.  The  Wigner 
distributions  are  the  closest  quantum  analogue  of  the  classical  probability  distribution. 

Topic  3.5.1:  The  Vector  Potential 

This  section  explicitly  discusses  the  conversion  of  the  classical  vector  potential 
into  an  operator.  Quantize  fields  operate  on  a  Hilbert  space  the  simplest  of  which  is  the 
Fock  space. 

From  the  previous  section,  the  Fourier  components  of  the  classical  vector 
potential  are 

K(t)  =  bke-^'  =  bk(o)e"tol1 
bk(t)=b'ke‘“‘'  =b't(0)e*"*' 

or,  equivalently  said,  “b”  is  the  amplitude  of  a  given  optical  mode  “k”.  The  derivation 
assumes  a  source-free  region  of  space  (i.e.,  no  interaction  potential).  Replacing  the 
amplitudes  with  operators  according  to  the  prescription 

A  (  a 

bk  -»bk  and  bk  ->bk 

quantizes  the  vector  potential.  The  time  dependent  operators 

K(t)=bke-i->'=bl(0)e-‘-' 

b:(t)=b;e*-"=b;(o)e*i-' 

must  satisfy  the  commutation  relations 

[b6Wb,(t)]=  0  =  [bj  (t),b;(t)]  for  all  4, r|  (3.5.2) 

and 

[bt(t),b;(t)]=8s,  (3.5.3) 

Notice  the  commutators  are  evaluated  at  a  single  time;  the  commutators  are  “equal  time” 
commutators.  When  the  creation  and  annihilation  operators  are  given  in  the  Heisenberg 
representation,  the  commutation  relations  can  be  different  at  unequal  times:  operators  that 
once  commuted  at  equal  time  might  not  commute  at  different  times.  Equations  3.5.2  and 
3.5.3  show  that  two  modes  with  are  considered  to  be  independent  so  that  creating  a 
photon  in  state  %  is  independent  of  annihilating  a  photon  in  the  state  r\.  However,  as 
previously  discussed,  a  Heisenberg  uncertainty  relation  should  be  expected  for  the  mode 
£=ti  owing  to  the  last  commutation  relation.  Notice  that  the  boundary  conditions  lead  to 
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discrete  values  for  the  wave  vector  k  which  in  turn  lead  to  the  Kronecker  Delta  function 
(as  opposed  to  the  Dirac  Delta  function).  As  an  important  note,  equation  3.5.1  delines 
the  Heisenberg  representation  for  the  annihilation  and  creation  operators  in  free  space 
(i.e.  there  is  no  interaction  potential  between  the  fields  and  matter).  The  form  of 
Equation  3.5.1  necessarily  changes  when  the  fields  are  allowed  to  interact  with  matter 
since  the  matter  can  produce  additional  fields  or  absorb  energy  from  the  fields  (in  which 
case,  the  amplitudes  must  change). 

The  classical  vector  potential 


becomes  the  operator 


A(f,t)  = 


1 


1 


h 

2o  L 


,[bs(t)efe+bj(t)e-|£’]  (3.5.4) 


A  comment  on  the  structure  of  quantum  theory  is  in  order  at  this  point.  The  operators  in 
the  quantized  field  theory  contained  all  the  possible  creation  and  annihilation  operators 
(i.e.  modes).  In  some  sense,  the  field  (and  the  Hamiltonian)  must  contain  all  of  the 
possibilities  that  can  physically  occur.  The  Fock  states  contain  the  specifics  of  the 
system.  If  only  two  modes  are  occupied,  for  example,  then  the  Fock  state  will  contain 

only  two  nonzero  entries. 


Topic  3.5.2:  Electric  and  Magnetic  Fields 


The  electromagnetic  fields  are  the  “conceptual  work  horses”  for  quantum  optics^ 
The  fields  are  written  in  terms  of  the  creation/annihilation  operators  (generalized 
amplitudes)  or  equivalently  interms  of  the  generalized  position/momentum  operators^ 
The  next  chapter  shows  that  the  Fock  states  are  eigenvectors  of  the  number  operator  and 
coherent  states  are  the  eigenvectors  of  the  annihilation  operator. 

Changing  the  Fourier  amplitudes  into  operators  quantizes  the  electromagnetic 
fields  These  operators  are  thought  of  as  providing  the  amplitude  of  the  wave.  The 
picture  is  clarified  by  specifying  a  Hilbert  space  (in  particular  for  coherent  states).  The 
previous  section  discusses  the  quantization  of  the  vector  potential  for  an  electromagnetic 

W3VC 

’  The  quantized  electric  field  operator  (in  the  Coulomb  gauge)  is  found  by 
differentiating  the  vector  potential  with  respect  to  time.  The  vector  potential  is 


Differentiating  the  vector  potential  with  respect  to  time  gives 


E„-±A(f,t)  =  -i=  ij^  +b;(oy*“*K 

at  k  dtL 


=  +i£  (Z(o)eitf  i<°kt  -b+k(o)e-ii;'T+tokt]ek 

Similarly,  the  quantized  magnetic  field  operator  (in  the  Coulomb  gauge)  provides 


(3.5.5) 
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S-VxAM-  *  ZJX  vx[b,(oV£ +K(0)e-|I™-']cl 
V£0v  k  v2«k 

=  'yljL  v^(0)es™"+b;(0)e-*w"-']xe1  (3.5.6) 

V£0v  tV2ffik 

=  +i  I  Jv-^7  M  )  k  (°)e‘E''”“'  -  ^  (0)e"E,*“"  ] 

k  V'ii<BkEoV 

Again,  the  above  quantized  electric  and  magnetic  fields  are  for  free-space  where  there  is 
no  interaction  between  the  fields  and  charges.  For  example,  we  expect  the  fields  to 
increase  if  they  interact  with  atoms  that  produce  stimulated  emission.  Equation's  3.5.5 
and  3.5.6  do  not  contain  a  factor  that  can  account  for  this  increase.  In  this  text,  the  time 
independent  creation  and  annihilation  operators  are  denoted  by  “b+”  and  “b” 

respectively.  For  Equations  3.5.5  and  3.5.6,  b+  =  b+(0)  and  b  =  b(0) . 

As  mentioned  in  the  introductory  material,  light  is  quantized  and  that  the  energy 
is  parceled  in  photons.  This  means  that  the  fields  and  Hamiltonian  are  also  quantized. 
The  reader  is  aware  of  the  typical  conceptual  problems  with  trying  to  picture  light  as  both 
particle  and  wave.  However,  it  is  interesting  to  note  that  both  pictures  are  combined  in 
the  quantized  fields  as  shown  for  example  by  Equation  3.5.5.  The  traveling  wave  portion 
represented  by  e,kx~,“t  represents  the  wave  nature  of  light  whereas  the  creation  and 
annihilation  operators  represent  the  particle  nature  of  light.  A  thorough  treatment  of  field 
quantization  shows  that  all  particles  (not  just  electrons  and  photons)  have  similar 
equations  with  both  wave  and  particle  terms.  And  by  the  way,  similar  to  Equations  3.5.5 
and  3.5.6,  the  traveling  wave  portion  can  be  replaced  by  other  wave  functions  such  as  the 
sine  and  cosine  for  the  Fabry  Perot  cavity.  Once  again,  the  electric  field  operators  are 
seen  to  contain  the  annihilation  and  creation  operators  for  all  of  the  possible  modes  of  the 
system.  It  is  up  to  the  wave  function  (i.e.,  Fock  states)  to  describe  the  actual  physical 
system  (i.e.,  how  many  photons  and  what  modes  they  occupy). 

Topic  3.5.3:  Other  Basis  Sets 

The  previous  section  shows  that  the  vector  potential  can  be  written  in  other  basis 
sets  besides  the  traveling  waves.  If  the  set  {<t>n  (x) }  forms  a  basis  set  that  satisfies  the 
boundary  conditions  then  the  vector  potential  that  satisfies  the  wave  equation  can  be 
written  as 

AM=£  Jr*-  k(0)e--'+b^(°)e*^']  M*) 
ks  V  2Eo“k 

where  the  polarization  vector  has  been  grouped  with  the  basis  functions  and  the  creation 
and  annihilation  operators  replace  the  Fourier  expansion  coefficients. 

As  a  result,  the  free-space  electric  and  magnetic  fields  (in  the  Coulomb  gauge)  can  be 
written  as 

E(x,t)  =  -|A(x,t)=i Y  &  ^(0)e-“‘'-bi(0)e*'-']^(x) 

0t  ks  V  2eo 

and 
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,t)  =  VxA(x,t)  =  X,l?-^(0)e"l"''+^(0)e4“"lVX*“W 


^  V  2s0cok 


Example:  Find  the  quantized  electric  field  for  the  perfect  Fabry-Perot  cavity  with  the 

left  mirror  at  z=0  and  the  right  mirror  at  z=L. 

Solution:  The  standing  wave  modes  are 


*"(Z)  =  *  \LSin(knZ) 

The  electric  field  is  therefore  given  by 
x  d A  .  XT’  I  ft®  k 


where  kn=—  n-1,2,3.. 


E  =  —  =iY  I—*-  jbk (0) e-i<°kt  - bk (0) e+,“k‘ 

dt  k  V  2eo 


=  ixY  »L  bk(0)e-i<Bkl-K(0)e+,“kt 

t|e°l 

where  the  sum  is  over  the  allowed  values  of  “k”. 


i<0k,]$k(z) 

e+i“lt]  sin(kz) 
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Section  3.6:  Fields  with  Quadrature  Operators 

Recall  from  a  previous  section  that  the  creation  and  annihilation  operators  are 
related  to  the  position  qk  and  momentum  pk  operators  according  to 


£  _  mk  Qk  ,  iPk 
k  y]2h(nk  -k/2^cok 

4k  i  Pk 

yl2h(Sik  2h(ok 


(3.6.1) 


(3.6.2) 


where  qk  and  pkare  Hermitian  operators.  The  subscripts  "k"  label  the  modes.  The 
definitions  in  Equations  3.6.1  and  3.6.2  actually  depend  on  the  Hamiltonian  for  the 
optical  fields  being  similar  to  the  harmonic  oscillator.  The  position  qk  and  momentum 
pk  are  not  related  to  the  spatial  position  r  nor  are  they  related  to  the  photon  momentum 

hk .  Previous  equations  indicate  that  these  operators  are  related  to  the  amplitude  of  the 
electric  and  magnetic  fields. 

The  position  and  momentum  operators  are  related  to  the  fields  as  can  be  seen  by 
substituting  Equations  3.6.1  and  3.6.2  into  the  expressions  for  the  fields. 

A(r, t)  =  -J- —  y e.  qkcos(k*r-ookt)-^sin(k-r-cokt)j  (3.6.3) 


(3.6.4) 


A(r ,  t)  =  £ e,  qk  cos(k  •  f  -  ©kt)-  ^-sin(k  •  r  -  cokt) 

VEo''  k  L  ®k 

E(r>t)  =  -J=S® k  “k  qksin(k-r-o)kt)+^-cos(k-f-cokt) 

o''  k  _ 

B(r,t)=-=i=^kx ek  qk sin(k  f-cokt)+— cos(k  r-tokt) 
VEoV  k  L  ®k  _ 


(3.6.5) 


The  position  and  momentum  operators  are  related  to  the  quadrature  components  of  the 
fields  (need  to  double  check  the  minus  signs).  The  position  and  momentum  operators  are 
not  related  to  the  polarization  of  the  electromagnetic  wave.  Similarly,  neither  operator 
can  be  identified  solely  with  just  one  of  the  fields.  At  r  =  0  and  t=0  the  electric  field  is 
directly  proportional  to  the  momentum  operator  p  while  at  a  later  time  the  electric  field  is 
directly  proportional  to  the  position  operator  q.  Similarly,  changing  the  point  of 
observation  r  also  changes  the  relation  between  the  electric  field  and  the  operators. 
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Section  3.7:  Rotation  Operator  for  the  Quantized  Electric  Field 

Classical  travelling-wave  electric  fields  have  an  arbitrary  origin  of  time  which  is 
equivalent  to  saying  the  initial  phase  <j>  of  the  field  can  be  set  to  an  arbitrary  value.  There 
are  occasions  when  we  would  like  an  operator  that  rotates  the  electric  field  operator  to 
an  arbitrary  phase  such  as 

£  :  V  ftok  £  eik-r-i<Dkt-iek  _k+e-ik-f+i®kt+»k  t 


2e0V 


where  each  mode  can  be  separately  rotated.  Besides  being  interesting  and  important  in 
its  own  right,  the  single-mode  rotation  operator 

Rk(0)  =  e~i9kNk  =e"i6kbkbk 

allows  an  interchange  quadrature  components  and  facilitates  the  discussion  of  the  Wigner 
probability  function.  The  rotation  of  all  modes  can  be  simultaneously  implemented  by 
applying  the  rotation  operator 

k 

For  now,  concentrate  on  rotating  the  single  mode 


2s„V 


^gik  r-i(ot  _ ^+g-ik-f+i(ot 


The  rotation  operator  is  defined  to  be 

R(0)  =  e'i0bl  =e~i9b+b 

which  is  obviously  unitary  with  R+(0)  =  R~‘(0)  =  R(-0)  •  The  phase  parameter  0  is  real. 
The  number  operator,  which  is  the  conjugate  variable  to  the  phase  operator,  is  defined  as 
usual  by  N  =  b+b .  The  number  operator  is  the  generator  of  phase  rotations.  The  rotated 
field  is  defined  by  a  similarity  transformation 

A  AAA 

er  =r+er 

Either  the  state  can  be  rotated  R+|  vp)  or  the  operator  can  be  rotated  using  the  similarity 

transformation  (but  we  should  not  do  both).  To  apply  the  similarity  transformation,  it  is 
necessary  to  know  how  the  rotation  affects  the  creation  and  annihilation  operators. 

We  first  show  that 

R+bR  =  ei0b+bbe"ieb+b  =  be-'6  and  R+b+R  =  b+e'e  (3.7.1) 

The  operator  expansion  theorem 

exAge-xA  =b  +  |[A,B]  +  ||-[a,[a,b]]+... 

with  x  =  i0 ,  A  =  b+b  and  B  =  b  provides 

gieb-b^-iefe+b  =  £  +  ^[b+b,b]  +  [b+b,[b+b,b]]+ . . . 

=  b-i0b  +  ... 

=  be"ie 


(3.7.1) 
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where  the  results  used 


[b,  b +  ]  =  1  and  [aB,  c]  =  a[b,  c]+  [a,  c]b  .  Also  notice  that  the 
previous  two  relations  are  adjoints  of  each  other. 

Now  it’s  easy  to  see  that  the  single-mode  rotation  operator  rotates  the  phase  of  the 
electric  field. 


Er  =R+ER  =i 


hoo 

2^V 


(R+bR  ]bii‘f-i“t  -(R+b+R]e-i£r+itot] 


=  i  IjEL  |b e-ie  Jb*™'  - (b+  eie ]  (3.7.2) 

—  j  /  t  gik  r-i(£it-i0  _  ^  +  g-ik  f+i(i)t+i6 1 

~  \2e0V  J 

as  required. 

Next,  the  rotation  operator  can  be  used  to  interchange  the  quadrature  terms  in  the 
single-mode  electric  field  operator 

-(0 


E  = 


Av 


q  sinlk  ■  r — cot )+ — coslic  •  r — cot ) 

CO 


The  procedure  requires  that  the  rotation  operator  be  applied  to  the  genralized  “position” 
and  “momentum”  operators.  Equation  3.7.2  shows  that  the  replacement 


7t 


k-r-cot-^k-r-oot-G  can  be  made.  Setting  0  =  —  and  using  the  relations 

2 


cosf  4>  -  —  j  =  sin(4»)  and  sinf  <(>-—]  =  cos(«j>)  provides 


E  = 


-<o 


L 


q  coslk  ■  r  -  cot )+ — sinfk  •  r  -  cot ) 
co 


Now  the  position  and  momentum  operators  correspond  to  a  horizontal  and  vertical  axis 
respectively. 
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Chapter  4:  Quantum  States 

The  previous  chapter  discusses  the  quantization  of  the  electromagnetic  fields  and 
Hamiltonian.  Operators  replace  the  classical  dynamical  variables.  The  structure  of  the 
theory  requires  that  the  field  operators  and  Hamiltonian  include  a  sum  over  all  possible 
modes  of  the  system.  The  number  of  potential  modes  is  determined  by  boundary 
conditions.  For  example,  for  a  normalization  volume  the  size  of  the  known  universe, 
there  are  a  very  large  number  of  possible  modes  in  which  case,  the  summation  over  the 
modes  can  be  replaced  with  an  integral.  The  last  chapter  also  shows  that  the  quantized 
fields  have  both  the  wave  and  particle  aspects  built  into  them.  Creation  and  annihilation 
operators  represent  the  particle  aspect. 

The  structure  of  quantum  theory  requires  that  operators  act  on  wave  functions  in  a 
Hilbert  space.  The  operators  can,  in  fact,  be  decomposed  in  terms  of  the  basis  vectors  for 
the  Hilbert  space  if  desired.  The  wave  functions  (or  states)  contain  the  specific 
information  on  the  system.  For  example,  there  might  only  be  a  finite  number  of  photons 
to  populate  an  infinite  number  of  possible  states.  The  act  of  observing  the  fields  and 
energy  is  equivalent  to  operating  with  the  quantized  fields  on  the  state  vectors  as 
discussed  in  Chapter  2.  The  average  value  obtained  by  repeated  observation  of  a 
physical  quantity  is  mathematically  obtained  by  forming  the  expectation  value  of  the 
corresponding  operator. 

Fock  states  are  basis  vectors  in  a  Hilbert  space  which  are  eigenvectors  of  the 
number  operator  (or,  equivalently,  the  Hamiltonian).  These  states  have  an  exact  number 
of  photons  in  each  modes  but  the  phase  of  the  photons  is  unknown.  Although  the  energy 
stored  in  a  Fock  state  is  known,  the  expected  value  of  the  electric  field  is  zero  (maybe 
contrary  to  intuition).  The  average  is  zero  because  the  phase  of  the  field  is  randomly 

distributed  over  all  possible  phase  angles  «|>(t)  in  eikz',<Dt+*(,).  In  short,  the  Fock  state  is 
not  an  eigenstate  of  the  fields.  A  problem  with  measuring  the  field  can  be  anticipated 
because,  for  each  mode,  there  are  two  quadrature  terms  that  do  not  commute  and  hence 
lead  to  an  uncertainty  relation.  Perhaps  the  energy  is  the  more  correct  quantity  to 
measure  because  it  is  more  physical  than  the  fields.  Recall  that  the  fields  were  originally 
defined,  in  the  1700s- 1800s,  in  terms  of  the  work  done  on  a  positive  test  charge  in 
moving  it  from  one  location  to  another.  The  situation  can  be  clarified  somewhat  by 

forming  linear  combinations  of  the  Fock  states. 

The  annihilation  operator  has  the  coherent  state  as  its  eigenstate.  The  coherent 
state  is  a  linear  combination  of  all  Fock  states.  The  coherent  state  describes  the  average 
amplitude  and  average  phase  of  an  electromagnetic  wave  (as  opposed  to  the  exact 
number  of  photons  in  each  mode).  Repeated  measurement  of  the  electric  field  on  the 
coherent  state  gives  a  sinusoidal  wave,  which  has  the  average  amplitude  and  phase 
characterizing  that  coherent  state  (i.e.,  the  electric  field  can  be  pictured  as  sines,  cosines 
or  travelling  waves  similar  to  classical  optics).  However,  because  of  the  non-commuting 
quadrature  terms  in  the  electric  field,  the  amplitude  and  phase  cannot  be  simultaneously 
and  precisely  measured.  Therefore,  the  amplitude  and  phase  take  on  a  range  of  values 
which  end-up  being  described  by  Poisson  statistics  (shot  noise).  Moving  charges  and 
lasers  generate  coherent  states. 

The  squeezed  state  is  built  upon  the  coherent  state.  Fluctuations  are  removed 
from  one  parameter  (such  as  the  number  of  photons)  but  reappear  in  the  conjugate 
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parameter  (such  as  phase)  or  vice  versa.  A  perfectly  number-squeezed  state  (i.e.,  all 
noise  removed  from  the  amplitude)  is  a  Fock  state.  The  squeezed  state  can  be  generated 
by  a  number  of  devices  and  methods  including  semiconductor  lasers,  masers,  parametric 
amplifiers  and  four-wave  mixing. 


Section  4.1 :  Introduction  to  Fock  States 

This  section  discusses  the  more  general  notion  of  Fock  states  and  shows  how  they 
originate  from  single-particle  basis-state  wavefunctions.  Fock  states  are  intuitive  for 
counting  photons  and  there  are  many  accessible  properties.  Fock  states  have  a  definite 
number  of  particles  but  the  phases  of  those  particles  are  completely  unknown.  This 
section  shows  that  the  average  electric  field  is  zero  when  the  system  is  described  by  a 
Fock  state.  Later  sections  in  this  chapter  show  that  laser  light  is  best  described  by  the 
coherent  state  which  describes  the  amplitude  of  the  electric  field. 

Topic  4.1.1:  Concepts  for  Creation/Annihilation  Operators  and  Fock  States 


The  creation  and  annihilation  operators  are  similar  to  the  harmonic  oscillator 
raising  and  lowering  operators  discussed  in  Chapter  2.  For  the  harmonic  oscillator,  the 

ket  |n)  =  |un)  represents  a  particular  energy  eigenstate  for  a  particle.  However,  each  ket 

|n)  can  be  re-interpreted  as  the  number  of  available  quanta  in  the  oscillator;  i.e.,  there  is 
a  1-1  correspondence  between  the  energy  eigenstate  occupied  by  a  particle  and  the 
number  of  available  quanta  in  that  state.  The  ladder  operators  map  an  energy  eigenstate 
into  the  next  state  in  the  sequence  of  eigenstates;  this  mapping  is  equivalent  to  adding  or 
subtracting  a  quantum  of  energy.  Mathematically  speaking,  the  ladder  operators  act  on  a 

vector  space  with  basis  vectors  {|n)  =  un}  and  map  one  basis  vector  into 
another  <|>n  <-»  <f»n+1  according  to 

a+|n)  =  Vn  +  l|n  +  l)  a|n)  =  Vn|n-l) 

or  equivalently. 


n=0  j=l 


Creation  “b+”  and  annihilation  “b”  operators  are 
somewhat  different  (the  symbol  “b”  is  used  as  a  reminder 
that  photons  are  bosons)  than  the  ladder  operators.  The 
creation  and  annihilation  operators  act  on  Fock  space.  Fock 
states  are  (in  a  sense)  a  mathematical  device  for  tracking 
(i.e.,  “book-keeping”)  the  number  of  particles  in  a  given 
mode  of  the  system.  The  number  of  particles  is  considered 


Figure  4.1.1:  Fock  states  as 
“book-keeping”  for  the 


to  be  exact  (i.e.,  the  standard  deviation  of  the  number  number  of  photons  in  each 
operator  evaluated  in  a  Fock  state  is  zero).  A  creation  mode- 
operator  places  a  particle  in  one  (out  of  many)  modes  by  creating  the  particle  from  the 
vacuum  state.  An  annihilation  operator  removes  a  particle  from  a  mode.  The  particles 


can  be  either  Fermions  (particles  with  half  integer  spin  such  as  electrons)  or  they  can  be 
bosons  (particles  with  integer  spin  such  as  photons).  Figure  4.1.1  shows  a  ket  in  Fock 


space  as  consisting  of  “buckets”  which  hold  the  particles. 

As  an  example,  consider  the  Fabry-Perot  cavity  shown  in  the  Figure  4.1.2  with 
the  m=l  and  m=2  optical  modes  (the  sine  waves  represent  the  electric  field).  Of  course, 
there  are  more  than  two  optical  modes  but  they  not  drawn.  The  mirrors  (drawn  as  black 
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boxes)  provide  "boundary  conditions"  and  give  rise  to  a  discrete  spectrum  for  the 
wavelength  A™  which  characterizes  the  allowed 

modes  (eigenfunctions).  Vaccum  Excited 


.  „  T  2L  2L  ,  „ . 

K  =  2L,L,— ... —  ni  =  1,2,3... 

3  m 

Note  that  the  mode  number  "m"  is  nonzero  for  this 
example.  The  energy  of  a  single  photon  is  given  by 

''he'' 


E  =  — 

K 

m 


2L 


m 


where  Planck's  constant  is  h  =  6.63- 10  and  the 


speed  of  light  in  vacuum  is  c  =  3-108  in  MKS  units. 
The  important  point  here  is  that  the  eigenfunctions 


u 


m 


Figure  4.1.2:  Classical  electric 
field  vs.  distance  for  photons  in  die 
Fabry-Perot  cavity.  For  a  Fock 
state,  the  figure  is  inaccurate  in  that 
it  shows  a  well-defined  phase 
contrary  the  Heisenberg  uncertainty 
relation. 


corresponding  to  the  energy  Em  represent  the  modes  of  the  Fabry-Perot  cavity.  Notice 
that  the  integer  "m"  is  never  0. 

Now  to  change  points  of  view.  Consider  a  direct  product  space  denoted  by 


|n,,n2,n3...) 

Suppose  that  the  first  position  in  the  ket  |  )  stands  for  a  mode  with  wave  vector 


(i.e.,  wavelength  A  =  A,).  The  symbol  nj  gives  the  number  of  photons  in  mode  number  1. 
Similarly  n2  is  the  number  of  photons  in  the  mode  with  wave  vector  k2  with  wavelength 


A2  =  —  =  L.  Figure  4.1.2  shows  that  ni=n2=l.  The  state  vector  is  |l, 1,000...).  The 
n 

total  accessible  energy  stored  in  the  cavity  is 


to  give 


E„=E1 


+  E2 


— +  lf— 

2L  UL 


3  he 
2~L 


State  vectors  |n,,n2,...)  that  explicitly  keep  track  of  the  number  of  particles  in  a  mode 
are  called  Fock  states.  The  position  in  the  Fock  vector  corresponds  to  a  given  mode 
which  can  include  polarization  and  wavelength  for  photons.  As  an  important  note,  the 
vacuum  energy  is  not  included  in  Etot  above,  which  is  where  the  factor  of  Vi  becomes 
important  for  die  photon  Hamiltonian  in  Equation  3.4.8. 

If  the  system  has  no  photons,  then  the  system  is  in  the  so-called  vacuum  state 
which  is  written  as 


1 0,0,0,...)  =  1 0) 

If  there  is  only  one  allowed  mode,  say  the  mode  characterized  by  the  wavelength  Ai,  then 
the  Fock  vectors  would  have  only  one  position 

|  nj )  =  ni  particles  in  the  mode  Ai 
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1 0)  =  no  particles  in  the  mode  m=l 

This  looks  very  similar  to  the  notation  used  in  conjunction  with  the  ladder  operators. 

Now  define  creation  operators  b*  =  b*(0)  and  annihilation  operators  b,  =  b;  (0) 
as 


bjk|n,,n2,...,ni,...) -  |n,,n2,...,nj  +!»•••) 

bi|n1,n2,...,ni,...)  =  -y/nj"  |n,,n2,...,nj  —1,...) 


where  b;+  creates  a  particle  in  mode  "i"  and  b;  removes  a  particle. 

If  the  initial  state  is  the  quantum  mechanical  vacuum  then  b;  creates  a  particle  mode 
according  to 


br 


),o,...,o,...\  = 

#1  / 


0,0,-.  1,. 


The  annihilation  operator  can  remove  a  particle  from  mode  #i  according 


#i 


To  move  a  particle  from  mode  #1  to  mode  #2,  for  example,  it  is  first  necessary  to  destroy 
the  particle  in  mode  1  and  create  it  in  mode  2  as  follows 

b;b,|l,0,0,...)  =  |0, 1,0,0...) 

Notice  that  for  the  harmonic  oscillator,  a  single  ladder  operator  a+  can  move  a  particle 
from  mode  |l)  to  \2)  according  to  a+|l)  =  V2|2) .  But  Fock  states  require  two  operators 
so  that  a+  ~  b2b[ .  Of  course,  something  like  this  should  be  expected  since 


a+  =  ]>Vn  +  l|n  +  l)(n|  and  the  bra  (n|  acts  similar  to  the 

annihilation  operator  bn  while  |n  +  l)  is  roughly  equivalent  to  the 
creation  operator  b*+1 . 

The  meaning  of  adding  a  photon  to  the  Fabry-Perot  cavity 
mode  can  be  give  a  very  rough  physical  picture  of  the  cavity.  Adding 
a  photon  is  equivalent  to  adding  energy.  The  amplitude  of  the 
electric  field  is  directly  related  to  the  energy  in  an  electromagnetic 
wave.  Therefore  adding  a  photon  must  increase  the  amplitude  as 
roughly  shown  in  the  Figure  4.1.3  for  a  single  mode.  For  a  Fock 
state,  the  number  of  photons  in  a  mode  is  known  exactly;  however, 
the  phase  of  the  wave  is  completely  unknown.  The  phase  of  the 
wave  for  the  Fabry-Perot  cavity  does  not  refer  to  the  shape  of  the 
sine  waves  versus  position  between  the  mirrors.  Rather  the  phase  <(> 
in  sin(kx)ei<Dt+*  (or  equivalently,  the  origin  of  time)  refers  to 
whether  the  peak  of  the  wave  is  at  the  top  (as  drawn),  at  the  bottom 
(1 80°  phase  shift),  or  somewhere  in  between.  There  is  a  Heisenberg 
uncertainty  relation  between  the  particle  number  “n”  and  “<(>”  of  the 
form 


Figure  4.1.3:  Plot  of 
the  electric  field  for  a 
single  optical  mode 
with  either  0,  or  1  or  2 
photons.  Note  the 
inaccuracy  of  the 
figure:  the  phase 

should  not  be  well 
defined. 
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An  A<j>  >  -^ 

where  recall  that  A  represents  the  standard  deviation.  Actually  this  relation  is  more 
correctly  given  in  terms  of  sin(<|>)  rather  than  <j). 

Notice  in  Figures  4.1.2  and  4.1.3  that  the  even  though  a  mode  might  not  have  any 
photons,  there  is  still  an  electric  field!  The  electric  field  is  related  to  the  zero  point 
motion  similar  to  that  for  the  harmonic  oscillator  in  Chapter  2.  Even  though  there  isn’t 
any  available  energy,  there  is  still  a  fluctuating  electric  field.  These  quantum  fluctuations 
lead  to  spontaneous  emission.  The  Casimir  effect  is  one  example  of  a  real  effect  due  to 
vacuum  modes  where  the  vacuum  fluctuations  can  be  experimentally  observed  to  move 
two  metal  plates  toward  each  other. 


Topic  4.1.2:  Including  the  Photon  Polarization 


So  far,  the  polarization  of  the  photon  has  not 
been  included  in  the  Fock  state  description.  The 
Coulomb  gauge  gives  rise  to  traveling  waves  with  only 
two  possible  polarization  directions  which  are 
perpendicular  to  the  direction  of  propagation.  Assume  the 
two  basic  polarization  directions  e^S3!, 2)  for  each 


s=l  s=2  s=l  s=2 

I  t  1  i  t  >  l  i 


Figure  4.1.4:  A  Fock 
includes  the  polarization. 


> 


state 


wavevector  k.  Explcitly,  if  the  wave  propagates  along 

the  z-direction,  then  the  S=1  polarization  mode  is  along  x  and  the  other  S=2  mode  is 
along  y .  Circular  polarization  unit  vectors  can  also  be  used  rather  than  the  plane-wave 
polarization  vectors. 

The  creation  and  annihilation  operators  create  and  remove  photons  from  a  mode 
characterized  by  a  given  wave  vector  and  given  polarization.  These  operators  are 

subscripted  by  both  k  and  s. 

^is|^is»®2»>* ••) —  \  |nls ,n2s,...,nis  + 1,. . 

^is|*hs’^2s»'  ••jtljsj-  • ;)  —  V^is  |*hs’^2s »'  ’  ’>®is  !>•••) 

Usually,  the  polarization  index  (sometimes  called  the  spin  index)  is  suppressed. 

The  next  couple  of  topics  point  out  the  use  of  Fock  space  and  related  operators  for 
Bosons  and  Fermions.  Particles  with  half-integer  spin  (such  as  electrons)  constitute  the 
set  of  Fermions  while  particles  with  integer  spin  (such  as  photons  or  phonons)  make  up 
the  class  of  Bosons. 


Topic  4.1.3:  Mathematics  of  Boson  Fock  States  and  Creation/Annihilation  Operators 

Bosons  are  particles  with  integer  spin  (0,1,2,...),  such  as  photons  and  phonons. 
Any  number  of  them  can  occupy  a  given  mode.  For  Fermions,  the  commutation  relations 
for  the  creation  and  annihilation  operators  control  the  number  of  possible  particles  per 
state.  For  a  given  set  of  modes,  each  Fock  state  (i.e.,  a  given  m,  n2,  n3  ...)  is  a  basis 
vector.  The  complete  set  of  basis  vectors  is  given  by 

{ |ni>n2>n3v.) } 
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where  each  nj  can  range  from  zero  up  to  an  infinite  number  of  particles  in  the  system. 
The  reader  should  keep  in  mind  that  the  positions  in  the  ket  refer  to  the  different  possible 
modes  in  the  system  and  therefore,  the  number  of  positions  is  equal  to  the  total  number  of 
available  modes.  The  orthonormality  relation  is 

(n,  ,n2,...|m,,m2,..  —  Snimi5„2inj 

and  the  closure  relation  is 

oo  A 

3ni*n2— >(ni.n2...|  =  l 

n1>n2..-=0 

The  creation  bk  and  annihilation  bk  operators  increase  or  decrease  the  number  of 
particles  in  a  particular  mode  according  to 

bk|n,,n2,...,nk,...)  =  -^/nk  + 1  |n,,n2,...,nk  +1,...) 

bk|ni>n2,...,nk,...)  =  -\/nk  |n,,n2,...,nk  —1,...) 
with  commutation  relations  given  by 

[bk ,bK]=  0  =  bk,bj,]  and  [bk,bKj=§kK 
where  the  subscripts  must  also  include  the  spin  (i.e.,  polarization). 

The  mode-number  operator 

Nk  =bkbk 

gives  the  number  of  paricles  in  the  state  “k”.  The  Fock  states  are  eigenstates  of  the 
number  operator 

The  total  number  of  particles  in  a  Fock  state  can  be  found  by  using  the  total-number 
operator 

N  =  £N, 

i 

so  that 


The  number  operators  have  a  “sharp”  value  for  the  Fock  states  which  means  their 
standard  deviation  is  zero.  The  standard  deviation  is  zero  for  any  operator  6  evaluated 
in  its  eigenstate  |  <j>^  (i.e.,  6|  (j^  =  (j)  |  (j>)  )  as  can  be  seen  by  starting  with 

o = («|)|o|<})) = <t>(4»|4>) = <t> 

so  that 

=<<t»|(o-o)2|<}))=<<t>|62|<t»)-o2  =<t»2{<i»|<|»)-<t»2  =0 

Physically  “sharp  values”  means  that  repeated  measurements  produce  only  one  value 
(i.e.,  the  measurement  does  not  interfere  with  the  system). 
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Topic  4.1.4:  Mathematics  of  Fermion  Fock  States  and  Creation/ Annihilation  Operators 

Fermions  are  particles,  such  as  electrons,  that  have  half-integral  spin 

J_  3  5 
2  2  2 

The  commutation  relations  for  Fermions  demonstrate  the  Pauli  exclusion  principle  which 
mandates  that  only  a  single  Fermion  can  occupy  a  single  state  at  one  time.  The  Fermion 

creation  fk  and  annihilation  fk  operators  obey  anticommutation  relations  given  by 

Mk],  =0  =  MkI  and  [ud  = 

where  the  anticommutator  is  defined  by 

A  A  I  A  A  A  A 

A,B]f=AB+BA 

Notice  the  anticommutator  uses  a  “+”  sign  which  makes  all  the  difference  for  the  particle 
statistics. 

Let’s  try  to  create  two  Fermions  in  a  single  state  (neglecting  all  but  one  mode). 

b+b+|0) 

The  anticommutation  relation  for  the  creation  operator  provides 

I  A  A  I  A  A  A  A  A  A 

b+,b+J=b+b+  +b+b+  =2b+b+ 

so  that  the  two  particle  Fermion  ket  becomes 

b+b+|0)  =  0 

The  anticommutation  relations  for  Fermions  therefore  lead  to  the  Pauli  exclusion 
principle. 
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Section  4.2:  Fock  States  as  Solutions  to  the  EM  Schrodinger  Equation 

Schrodinger’s  equation  can  be  written  in  terms  of  either  (1)  the  generalized 
coordinates  or  (2)  the  Fock  states.  As  the  previous  chapter  discusses,  the  two  forms  of 
the  Hamiltonian  are 


For  the  first  case,  the  Schrodinger  equation  is  stated  in  terms  of  the  coordinate 
representation  of  the  momentum  operator.  This  version  of  the  Schrodinger  equation  has 
wave  function  solutions  that  depends  on  the  generalized  coordinates.  The  wave 
functions  gives  the  probability  amplitude  that  a  measurement  will  give  a  particular 
electric  field  amplitude.  The  second  form  of  the  Schrodinger  equation  is  the  most 
commonly  employed  and  it  is  the  simplest  to  solve  and  manipulate  (in  fact,  it’s  already 
solved  in  the  previous  section!).  The  appendices  show  how  the  multi-particle  (many 
body)  wavefunction  leads  to  the  Fock  states. 


Topic  4.2.1:  Coordinate  Representation  of  Boson  Wavefunctions 

In  this  topic,  the  solution  to  the  EM  Schrodinger  equation  obtained  by  separation 
of  variables  is  stated.  The  creation  and  annihilation  operators  are  used  to  find  the  actual 
eigenfunctions. 

In  the  coordinate  representation,  the  generalized  momentum  operator  is  replaced 

with 

fi  d 

Pl~>7&h 


so  that  the  Hamiltonian  becomes 

The  wavefunction  must  depend  on  the  independent  coordinates  qk  so  that  Schrodinger’s 
equation  for  light  can  be  written  as 

£[-|-|r  +  ^-’kql,q, . qN.«)=i»|v(q,.qJ....,q,.t)  (4.2.2) 

where  N  is  the  number  of  photons.  The  polarization  and  wave  vector  direction  are 
ignored.  Separate  variables  provides 

vj/(qI,q2,...,qN,t)  =  uEi(q1)uE2(q2)-uEN(qN)T(t) 
and  each  basis  function  uEt(qk)  satisfies  a  time-independent  Shrodinger’s  equation  with 
a  form  similar  to  the  harmonic  oscillator 


2  5qk  2  ) 


(4.2.3) 


147 


Before  proceeding  with  the  solution,  it  is  useful  develop 
an  intuitive  understanding  of  a  wavefunction  such  as  uEk(qk). 

On  the  one  hand,  Equation  4.2.3  does  not  reference  the  spatial 
position  of  the  photon;  it  suggests  that  the  focus  should  be  on  the 
amplitude  of  the  oscillations  of  the  electromagnetic  field.  Figure  Figure  42\-  The 

4.2.1  shows  that  the  harmonic  motion  of  the  wave  is  associated  arrow  indicates  the 

with  the  oscillation  of  the  field  about  its  “equilibrium.”  This  harmonic  oscillation  in 

should  be  compared  with  the  harmonic  oscillator  wave  functions  the  field, 

in  Chapter  2,  such  as  \}/(x) ,  which  gives  the  probability  amplitude  of  finding  a  massive 
particle  at  the  spatial  postion  “x”.  As  previously  mentioned,  the  coordinate  qk  is  similar 
to  an  electric  field  for  the  kth  mode.  Intuitively,  the  wave  function  u(qk )  gives  the 
probability  amplitude  that  a  photon  in  mode  “k”  will  be  found  with  an  electric  field 
amplitude  of  qk.  This  probability  amplitude  interpretation  for  u(qk )  can  be  seen  from, 
for  example,  Equation  3.6.2  in  Section  3.6 

E(^t)  =  -r=ZHk  ®k  qksin(k-f-ffikt)+^-cos(k- 

Veov  k  L  “k 

by  considering  a  point  in  time  and  space  such  that  “kz-tot=7t/2”.  This  provides 


Therefore,  the  wave  function  uEk  (qk)  is  the  probability  amplitude  of  finding  a  particular 

electric  field  amplitude  as  represented  by  “qk”. 

Returning  to  the  solution  of  Equation  4.2.3,  the  Hamiltonian  is  similar  to  that  for 
the  harmonic  oscillator.  Chapter  2  shows  that  the  eigenvectors  consist  of  exponentials 
and  Hermite  polynomials.  The  eigenvalues  are 


Ek  =ft©  k 


(n‘4 


Therefore,  the  total  energy  for  all  N  particles  is  given  by 

e=|>‘M) 

The  eigenfunctions  with  a  time  dependent  phase  factor  is  given  by 

(^2)-"UEn((In)  T(t)  =  UEi(qi)  Ue2(C12)-*-UEn  (^n ) e 
A  general  wave  function  in  the  multidimensional  Hilbert  space  can  be  written  as 


v(q„q2,...,qN,t)=  2P(E>’E2—’EN»t)uElUi)uE3^2)-UEN(qN) 

E,.E2...EN 

where  P  includes  the  phase  factor.  Appendix  4  shows  that  this  equation  can  actually  be 
rearranged  to  provide  the  Fock  states.  Here,  a  solution  is  sought  only  in  the  simple  case 
of  a  single  mode  by  using  creation  and  annihilation  operators. 

We  want  to  find  the  single  mode  wave  function  H/n(q)  where  “n”  stands  for  the 
number  of  photons  in  the  mode  and  the  wavefunction  satisfies  Schrodinger’s  equation  for 
light;  that  is 

(q|n)  =  un(q) 
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and 


Hun(q)  =  Enun(q) 

Similar  to  the  Chapter  2  harmonic  oscillator,  the  partial  differential  equation  can  be 
solved  using  a  series  method.  However,  it  is  simpler  to  find  the  wave  functions  un(q) 
by  repeatedly  applying  the  annihilation  and  creation  operators  to  the  vacuum  state.  First 
apply  the  destruction  operator  to  the  vacuum  state 

bjO)  =  0 

or  using  the  position  and  momentum  representation  given  in  Equation  3.4.10 


to  q  ip 


|0)  =  0 


ITHTTEJ1  7 

where  to  is  the  angular  frequency  for  light  in  the  mode.  Operating  with  the  coordinate 
space  operator  (q|  (i.e.,  projecting  into  coordinate  space)  provides 

<qif^Ju -*LWo 

'  \j2ha  42h(o) 

or,  inserting  the  coordinate  representation  of  the  operators,  provides 


(q 1 0)  =  0 

yjlfico  \2 tiG)  5q 


Therefore,  a  simple  first  order  differential  equation  for  (q|0)-uo(q)  must  be  solved. 
The  solution  is 

^■ter.4^]  .  (4-2-4) 

where  the  constant  comes  from  the  normalization  condition.  Equation  4.2.4  gives  the 
probability  amplitude  of  finding  the  electric  field  represented  by  “q”  in  the  vacuum  state 

(i.e.,  zero  photons).  .  .  ...  A  f  ., 

Just  like  the  harmonic  oscillator  in  Chapter  2,  it  is  possible  to  find  all  of  the 

ensuing  wavefunctions  by  repeatedly  applying  the  creation  operator.  For  the  first 

excitation  of  the  mode  (i.e.,  n=l  corresponding  to  a  single  photon) 

|l)  =  b+|0) 

Operating  with  the  coordinate  space  projector  and  substituting  the  coordinate 
representation  of  the  creation  operator  provides  u  q 

r“q  »  .AlUo(q)  s  j.I-Ii  I  v 


CD  q  h  C  ,  . 
u  (q)=  -== — j=—  u0(q) 

{yflha 

A  result  similar  to  the  massive-particle  harmonic 
oscillator  is  found 


£ 

I 

00- 

I  \ 

£  L 


2cof  © 

u1(q)  =  A—  \—t 


q  exp  -  (4.2.5) 

2  h 


\  2ft  J 

The  Hermite  polynomials  start  to  emerge  with 

increasing  photon  number  n. 

Figure  4.2.2  shows  an  example 


Figure  4.2.2:  Comparing  the 

coordinate  “q”  with  the  measured  noise 
in  the  electric  field  for  the  vacuum. 
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measurements  of  the  “electric  field  amplitude”  q  for  the  vacuum  state  |0).  The 
probability  density  is  plotted  (sideways)  next  to  the  measured  signal.  Recall  that  the 
probability  density  is  the  modulus  squared  of  the  probability  amplitude  represented  by  the 
wave  function.  The  figure  shows  the  greatest  excursions  from  the  average  occurs  only  a 
few  times;  the  probability  is  smallest  for  these  “positions”  q.  For  a  fixed  number  of 
photons  (such  as  n=0)  the  “electric  field  q”  can  be  observed  with  a  variety  of  amplitdues 
(similar  comments  apply  to  the  “p-field”).  Therefore,  the  “electric  field  amplitude  q”  is 
not  fixed  even  though  the  number  of  photons  is  fixed.  Although  easier  to  find  using  the 
number  representation  of  the  Fock  states,  the  average  “position  q”  (i.e.,  electric  field)  is 
found  by  integration  to  be 

oo 

<u0(q)|q|u0(q)>  =  Jdq  Uo(q)  q  u0(q)  =  o 
-00 

The  standard  deviation  of  q,  namely  oq  =  Aq  can  be  found  by  calculating 

Gq2  =(uo(q)|  (q-q)2 |u0(q))  =  (u0(q)|  q2  |u0(q)) 

The  average  “momentum  p”  can  be  calculated 


(u0(q)|  p  |u0(q))  =  (u0(q)|  |u0(q))=  jdq  uj(q)  u0(q)  =  0 

and  similarly  the  standard  deviation  of  p,  namely  crp  =  Ap  can  be  found  by  calculating 


If  the  calculations  are  carried 
uncertainty  relation  is  found 


=  (u0(q)| 


ft  d 
i  dq 


V 


u0(q>) 


through  (refer  to  the  next  sections),  the  Heisenberg 


Aq  Ap  =  —  for  the  vacuum  state 

The  figure  at  right  compares  the  vacuum  state  with  the 
n=l  Fock  state  which  has  one  photon.  The  average  electric  field 

is  zero  for  each  (q)  =  0  but  the  standard  deviation  for  the  first 
excited  state  is  larger  than  for  the  vacuum.  Multiple 
measurements  of  the  electric  field  for  the  first  excited  state  does 
not  yield  any  values  with  q=0;  however,  non-zero  fields  are 
found  for  “q”  near  the  peaks  of  the  wavefunction.  For  all  Fock 
states  (multiple  photons)  a  Heisenberg  uncertainty  relation 
obtains 

Aq  Ap  >  | 


Figure  4.2.3:  Comparing 
the  photon  wave  function 
for  a  single  mode  with 
either  0  or  1  photon. 


with  the  “equal  sign”  applying  only  to  the  vacuum.  It  is  clear  from  the  expression  for  the 
quantized  field 


E(i,t)  = 


-1 


2X  ®k 


qk  sin(k-r-cDkt)+-^-cos(k-r-cokt) 

(Dir 


that  the  two  quadrature  terms  do  not  commute  [qk,pk]  =  ift ,  which  results  in  the 
corresponding  Heisenberg  uncertainty  relation.  It  is  not  possible  to  simultaneously 
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measure  both  components  of  the  electric  field 
with  infinite  accuracy.  Every  time  a  measurement 
is  made  of  the  field,  the  quadrature  components 
have  a  different  value.  This  is  where  the  Wigner 
function  becomes  important  because  it  provides  a 
quasi-classical  probability  density  for  the  two 
coordinates  q,p. 

As  a  note,  the  figure  at  right  compares  the 
“classical  probability”  for  finding  an  electric  field 
with  a  given  value  versus  that  for  the  quantized 
field  (n=10  photons  in  a  single  mode).  The  larger 
is  the  number  of  photons  in  a  mode,  the  closer 


Figure  4.2.4:  Comparing  the  quantum 
mechanical  probability  for  a  particular 
field  amplitude  (10  photons  in  the  mode) 
with  the  classical  counterpart. 


the  quantum  electric  field  is  to  the  classical  field. 

That  is,  the  noise  in  the  field  is  not  as  important  and  the  S/N  increases. 


Topic  4.2.2:  Fock  States  as  Energy  Eigenstates 

This  topic  solves  Schrodinger’s  equation  in  the  Fock  number  representation.  As  a 
summary  of  the  discussion  in  this  topic,  consider  Schrodinger’s  equation  as  given  by 


A  formal  integration  leads  to 


where 


H|H/)  =  iftJ|-|M') 
k(t))  =  i;e«- 1  {it.}) 


H  =  £faD,/Nk+^ 


(4.2.6) 


and  where  {n, }  symbolizes  the  photons  distributed  across  all  the  modes  “i”.  Applying 
H  to  the  Fock  state  in  Equation  4.2.6  provides 

l*t))-y«p  -Zitc°k(nk+-^)  lni’n2>--) 

Now  to  discuss  the  solutions  in  more  detail.  As  just  mentioned,  the  Hamiltonian 
for  a  system  of  free-space  photons  is  given  by 

=  2>»(  +f)=  2>J  Nfc  +  i] 


KS  >  '  “  . 

where  the  creation  and  annihilation  operators  depend  on  time  according  to 
bb=bb(t)=bb(0)e-“"  and  K  =K(t)=K(0)c^ 
and  satisfy  the  commutation  relations  . 

[^ks’^ks]=^kK^ss  ^  rts,^KsJ=®  =  rks’^KsJ 
In  the  following,  the  polarization  index  is  suppressed.  The  number  operator 
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Nr  =b+rbr 
k  k  k 

gives  the  number  of  photons  with  a  particular  wave  vector  k  and  polarization  e- .  Fock 
states  are  eigenvectors  of  the  number  operator  according  to 

NE|np...,nSf...)=bJbE|nlf...,ns>...) 

=  |n,,...,nt -i,.-.) 

=  nt|n„...,n£,...) 

Therefore,  the  Fock  states  are  seen  to  be  eigenfunctions  of  the  electromagnetic  quantized 
Hamiltonian 


H |nI,...,nc,...)  =  nR+^|n, . nR,...) 

For  each  basis  state  |n,,...,nt,...)  ,  the  energy  eigenvalue  is 


n,  +- 

k  2j 


There  is  a  different  eigenvalue  for  each  set  of  occupation  numbers  ni,n2... . 


Example:  What  is  the  energy  eigenvalue  corresponding  to  a  single  photon  in  the  first 

mode  of  a  Fabry  Perot  cavity?  Assume  the  distance  between  the  mirrors  is  L. 

Solution:  The  Fock  states  is  j  1,0,0. . .}  and  so  we  find 


H 1 1,0,0  ...)  =  ]>]  /toK  ^  | 1,0,0. . .)  =  ft©,  ^  n,  +  ^  j  1 1,0,0 . . .)  =  ^  ftco,  | 1,0,0 . . .) 


We  can  substitute  for  the  angular  frequency  by  writing  to  =ck  where 

for  the  first  mode. 


k  _  2tc  _  2n  _  n 
~Y~2L~L 


3  3  it 

So  the  total  energy  in  the  first  mode  is  E  =  —h(o,  =-tic— 

2  1  2  L 


The  energy  stored  in  the  Fock  state  |n,,...,ns,...)  isgivenby 

E  =  2>cok(^+£) 

For  the  vacuum  state  |0)  =  1 0,0,0,...) ,  the  stored  energy  (per  volume)  is 

it  z 

The  energy  stored  in  the  vacuum  is  infinite  but  there  are  no  available  quanta  of  energy. 
This  energy  corresponds  to  randomly  oscillating  electromagnetic  fields  that  permeate  all 
space  (the  vacuum  fields).  These  fields  are  responsible  for  initiating  spontaneous 
emission  from  an  ensemble  of  excited  atoms.  There  are  theories  that  attribute  vacuum 
effects  to  virtual  photons  created  in  the  fields  of  charges  and  atoms  so  that  the  infinite 
vacuum  energy  can  be  eliminated. 
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Topic  4.2.3:  Fluctuations  of  the  EM  Fields  in  Fock  States 

Returning  to  Equation  3.5.5  for  the  quantized  electric  field  (repeated  in  Equation 
4.2.7),  the  expectation  value  and  standard  deviation  of  the  electric  field  for  a  Fock  state  is 
calculated.  For  simplicity,  consider  a  single  mode  "k"  traveling  along  the  z-direction 
with  frequency  co.  Assume  the  available  mode  is  the  first  one.  The  Fock  state  is  then 

|n)  =  |n,0,0...) 

which  describes  the  specific  EM  state.  The  electric  field  operator  is  given  by 

E  =  +i£  [bk  e*2^'  -K  e~ikz+i<M]ek  (4.2.7) 

k  v  2£oV 

which  contains  a  sum  over  all  possible  modes. 

First  calculating  the  expectation  value  of  the  electric  field  in  the  Fock  state  with 
“n”  photons  gives 


The  summation  over  the  modes  can  be  eliminated  since  only  one  of  them  has  any 
photons.  Therefore 

b  eikz_i<"t  -b+  e'ikz+i“‘]|n)e 
where  k  and  co  are  the  wave  vector  and  angular  frequency  of  the  mode. 


(n|E|n)  =  +i  (n|b|n)e^‘  e-i  ^-(n|fi*|n)e*^B 


2e0V 


2e0V 


2e0V 


V^(n|n-l)e“‘*  e-i  ^V^(n|n  +  l)e-^+i“kt  e 


2s0V 


Using  the  orthonormality  of  the  Fock  states 

<n|m>  =  5nm 

the  average  electric  field  is  seen  to  be 

<n|E|n)  =  0 


The  average  electric  field  in  the  Fock  state  is  0  because 
even  though  the  photon  number  is  exact  for  Fock  state,  the 
phase  is  completely  unspecified.  The  idea  is  somewhat 
equivalent  to  integrating  over  the  entire  cycle  of  the  sine  Figure  4.2.5:  Representation  of 

wave.  The  fact  that  the  photon  number  is  exactly  the  average  field. 


specified  by  the  Fock  state  means  that  the  phase  (the 

conjugate  variable)  is  completely  unspecified  in  order  to  satisfy  the  number-phase 


Heisenberg  uncertainty  relation. 

Next,  calculate  the  standard  deviation  of  the  electric  field  in  the  Fock  state.  Using 
the  result  for  the  average  electric  field,  the  variance  is  given  by 
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ce  =(n|(E2-(E)2j|n)  =  (n|E2  |n) 

Using  4.2.7  and  leaving  off  the  summation,  the  square  of  the  electric  field  operator  is 

£2  _ - e''c2-'“t  _b+  g~'kz+i<°t  j2 

2e0V  1  J 

=  — —  \b2  e2ik2"2i“‘  +(b+T  e_2ikz+2i“t  -bb+  -b+b 

280VL  V  ’  J 

Now  using  the  fact  that  (n|b2|n)  =  0  and  (n|  (b+)2|n)  =  0, 

c2  =(n|E2|n)  =--^(n|(-bb+  -b+b)|n) 

Now  use  the  commutation  relation  [b,b+]=l  so  that 

bb+  =  l  +  b+b 

can  be  substituted  into  the  variance  to  get 

=  (n|E2|n)  = — ^-(n|  (—  1  —  2b+b)|n)  =  -^-  n  +  ^-1  (4.2.8) 

The  last  equation  shows  that  even  though  the  average  electric  field  is  zero  for 
Fock  states,  the  variance  is  never  zero.  Especially  note  that  for  the  vacuum  state  with 
n=0,  the  standard  deviation  is 

<T|=(n  =  0|E’|„  =  0)=^  (4.2.9) 

This  is  somewhat  equivalent  to  integrating  the  square 
of  electric  field  over  a  cycle.  Equations  4.2.9  shows 
that  there  are  electric  field  fluctuations  in  the  vacuum 

and  therefore  the  electric  field  at  any  given  point  in 
time  is  nonzero  even  though  the  average  is  zero.  These  Figure  4.2.6:  Representation  of  the 
vacuum  field  fluctuations  initiate  spontaneous  emission  variance  of  the  electric  field, 
from  an  ensemble  of  excited  atoms.  These  fluctuations  are  equivalent  to  the  zero  point 
motion  of  the  harmonic  oscillator. 
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Section  4.3:  Introduction  to  EM  Coherent  States 

This  section  discusses  coherent  states  of  the  electromagnetic  field  and  contrasts 
them  with  Fock  states.  Although  this  section  discusses  the  application  to  light,  the  reader 
should  realize  that  it  is  applicable  to  RF  electromagnetic  energy,  phonons  and  any  other 
system  that  can  be  represented  by  a  sum  of  “harmonic  oscillators.  Glauber  and  Yuen 
are  the  main  contributors  to  the  field  of  optical  coherent  states  although  the  study  extends 
back  to  the  time  of  Schrodinger.  The  primaiy  difference  between  classical  light  (large 
photon  numbers)  and  the  quantum  mechanical  counterpart  is  that,  for  each  mode  in  the 
quantum  mechanical  description,  the  electric  and  magnetic  field  operators  are  the  sum  of 
two  non-commuting  terms.  Consequently,  the  two  terms  cannot  be  simultaneously 
determined  with  infinite  precision  which  leads  to  a  nonzero  variance  for  the  electric  field. 
The  coherent  state  is  discussed  in  general  terms  in  this  introductory  section.  The  coherent 
state  is  related  to  the  vacuum  state  by  a  translation  of  the  vacuum  to  a  state  of  non-zero 
average  amplitude.  A  subsequent  section  discusses  the  mathematical  foundation  of 
coherent  states  and  the  stochastic  models. 

Topic  4.3.1:  The  Electric  Field  in  the  Coherent  State 

The  light  existing  in  the  coherent  state  is  Coherent  state 

the  closest  quantum  mechanical  analog  to  the 
classical  picture  of  light  as  a  sinusoidal  wave. 

For  the  coherent  state,  the  average  amplitude  of 
the  electric  (or  magnetic)  field  is  well  defined  4  31:  ^  number  0f  photons  in 

(contrary  to  the  unintuitive  zero-average  found  ±e  coherent  state  follows  a  Poisson 
for  Fock  states).  The  number  of  photons  in  a  distribution. 
beam  is  not  fixed,  but  instead  follows  a  Poisson 

distribution.  The  larger  the  number  of  photons,  the  more  nearly  is  the  coherent  state 
similar  to  the  classical  state  of  light.  One  major  distinction  between 
the  classical  and  coherent  descriptions,  is  that  the  coherent  state 
requires  uncertainty  in  the  amplitude  and  phase  of  wave  (i.e.,  noise). 

The  coherent  state  for  a  single  optical  mode  is  denoted  by 

|<x) 

where  a  is  a  complex  number 

a  =  |aje'*  (4.3.1) 

that  is  related  to  the  average  amplitude  of  the  electric  field  and,  most 
importantly,  is  an  eigenvector  of  the  annihilation  operator 

bja)  =  a|a) 

Until  discussing  the  reason  for  calling  a  the  average  amplitude,  it 
can  be  pictured  as  the  amplitude  (to  within  a  multiplicative 
constant)  as  shown  in  Figure  4.3.2.  For  a  system  such  as  a  Fabry- 
Perot  cavity  or  a  travelling  wave  with  multiple  modes,  the  coherent 
state  is  written  as 

|a„a2,...)  =  |a1)|a2)-- 


Figure  4.3.2:  Modulus 
of  the  coherent  state 
parameter  a  describes 
the  amplitude  of  die 
field. 


Laser  , 
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The  multimode  coherent  state  is  actually  a  vector  in  a  direct  product  space;  each 
individual  mode  evolves  independently  of  the  other  unless  there  is  an  explicit  interaction 
between  them  (mitigated  by  an  interaction  Hamiltonian).  The  multimode  coherent  state 
is  an  eigenstate  of  the  annihilation  operator  according  to 

bk|txPct2,...,ak,...) =  cty.|(x],(X2>---j0ticv) 

The  complex  ak  is  related  to  the  average  wave  amplitude  of  mode  #k.  The  reader  will 
understand  the  definition  of  the  coherent-state  ket  more  fully  as  we  continue.  One 
important  point  is  that  two  coherent  states  are  not  orthogonal  even  though  we  can 
normalize  them  to  1 . 

(ajp)^O  (a|a)  =  l 

The  states  are  approximately  orthogonal  so  long  as  a  and  p  are  sufficiently  different  (as 
discussed  later).  The  vacuum  state  is  the  same  for  both  Fock  space  and  the  space  of 
coherent  states. 


Topic  4.3.2:  Average  Electric  Field  in  the  Coherent  State 

To  understand  the  relation  between  the  electromagnetic  field  amplitude  and  the 
coherent  state,  consider  the  expression  for  the  quantized  electric  field  found  in  Section 
3.5  for  the  travelling  waves 

For  simplicity,  consider  a  single  travelling  mode  “k”  so  that 

K  =  +i  [bk  eSw-  -fi;  e-*’**'1]*, 

Now  suppose  we  calculate  the  average  electric  field  in  the  state  |ak) .  Noting  that 

K|ak)  =  ak|ak)  <->  (ak|K=(ak|a;  (4.3.4) 

by  definition  of  the  adjoint  operator, 


(4.3.2) 


(4.3.3) 


(Ek)  =  (ok  |Ek|ak)  =  -fie,  <ak  |  {bk  -b+k  e’^*  }|ak> 

=  J {<«k  IK  k}eiw-'  -(«„  } 

Using  the  expression  found  in  Equation  4.3.1,  ak  =  |ak|  e4k ,  the  average  field  can  be 
rewritten  as 


(Ek)  =  (ak|Ek|ak)=+iek  ^^{la.le^ 


r-i(okt+i^l 


<*k  e 


-ik*r+i©kt-i$k 


Factor  out  the  modulus  and  include  the  imaginary  “i”  with  the  exponentials  to  get 


156 


(4.3.5) 


*  \  /  i  *  i  \  - — ■  /zco 

Ek  =(ak|Ek|ak)=-ek  — ' 


2e„V 


jakj  Sin(k-r-cDkt  +  <j>k) 


2e0V 


—  |ak|Sin(k-f-©kt  +  <t)k -ti) 


Obviously,  the  a  that  appears  in  the  ket  for  the  coherent  state  |a)  is  the  phasor  amplitude 
of  the  electric  field  (to  within  a  normalization  constant).  It  is  possible  to  choose  any 
desired  phase  for  the  average  field  just  by  adjusting  <{>k.  A  later  section  will  discuss  the 
unitary  operator  that  can  be  used  to  directly  rotate  the  electric  field  operator  rather  than 

rotating  the  coherent  state. 

Topic  4.3.3:  Coherent  State  as  a  Displaced  Vacuum 

The  electric  field  operator  Ek  is  a  function  of  creation  b;  and  annihilation  bk 
operators 

p  =J.i  [h,  ei£T~i<M  -b l  e~^?+i0>tt]e,  (4.3.6) 


a  nu/i,  L. 


The  two  components  of  Ek  cannot  be  simultaneous  measured  with  infinite  repeatability 
since  the  two  amplitude  operators  do  not  commute  as  discussed  in  Chapter  3.  Typically, 
the  electric  field  is  expressed  in  terms  of  quadratures  using  a  new  set  of  position  Qk  and 
momentum  Pk  operators  (for  simplicity).  These  new  electric  field  operator 


Ek  (i .  t) = -a  1$.  sin(k  •  f  -  <»,t)+  Pv  cos(k  •  f  -  <okt)] 

obtains  form  the  old  one  in  Equation  4.3.7  by  substituting  the  new  operators 


(4.3.7) 


A  SjL-J_[b  +b+l 


The  new  “position  and  momentum”  operators  satisfy  the  new  commutation  relations 
[Qk  A  ]=  fak’PK  ]  =  i5uc  [Qk  »Qk  ]=  0  =  [^k  A } 

r»  «  l 

Clearly,  the  two  quadrature  components  for  the  same  mode  do  not  commute  |Qk,Pk]=1 
which  yields  an  uncertainty  relation  as  discussed  in  Chapter  2.  Therefore,  repeated 

measurements  of  the  quadrature  amplitdues  Qk  and  Pk  yield  a  range  of  measured  values 

{Qk }  and  {Pk } ,  respectively.  These  ranges  of  values  are  discribed  by  a  quasi-classical 

probability  density  (refer  to  the  Wigner  function). 

The  vacuum  state  (i.e,,  zero  photon  state)  corresponds  to  a  coherent  state  with 

zero  average  amplitude  for  the  electric  (and  magnetic)  field  (b,)  =  (0k|Ek|0k)  =  0  as  is 
easy  to  verily  by  setting  o=0  in  Equation  4.3.5.  Section  7.5  shows  that  the  electric  field 
has  a  variance  of 
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^=<°|E»|0)  =  !^ 

in  the  vacuum  state.  The  variance  (or  equivalently,  the  standard  : 

deviation  cte  =  AEk )  is  nonzero  because  the  “position”  Qk  and  3-D 
“momentum”  Pk  operators  (or,  equivalently,  the  creation  bk  and  Ah-VV  Q 

annihilation  bk  operators)  in  the  field  operator  Ek  do  not  . Z r/37-p 

commute.  However,  we  have  also  seen  from  Equation  4.2.4  that 
the  wave  function  u0(Qk)  and  u0(Pk)  are  Gaussian  distributions  Top  P 
although  the  wavefunctions  were  originally  written  in  terms  of  q 
and  p.  The  vacuum  wavefunctions  are  Gaussian  in  shape  and 
provide  the  minimum  uncertainty 


=  -^AqkApk=- 


Figure  4.3.3:  Quasi- 
classical  probability 
distribution  for  the 
electric  field  in  the 


vacuum  state. 


CO.  Apv  C0V  1  ^!gure  4.3.3:  guasi- 

AQk  APk  =  Aqk  — 7=  = - AqkApk=—  classical  probability 

2  distribution  for  the 

where,  for  the  vacuum  state,  AqkApk  =  h/2.  Repeated  s^d  “  1116 

measurements  of  the  quadratures  produce  a  range  of  measured 
values  Qk  and  Pk  (not  the  absence  of  the  caret  above  the  symbol).  For  the  vacuum  state, 
these  values  have  an  average  of  zero.  The  figure  shows  an  example  Wigner  distribution 
for  the  possible  values  Qk  and  Pk .  The  vacuum  fluctuations  (i.e.,  the  standard  deviation 
of  P  and  Q)  are  represented  by  the  radius  of  the  distribution.  A  measurement  of  the 


electric  field  will  produce  a  value  somewhere  within  the  circle. 

Now,  here’s  the  main  point.  A  coherent  state  is  a 
displaced  vacuum  state  (as  we  will  demonstrate  later).  The 

parameter  a  in  the  coherent  state  |a)  is  a  complex  number 
that  gives  the  center  of  the  distribution  according  to 

ak  Hak|e*  =Re(ak)  +  iIm(al£)  =  -^(Q0+iPo) 


which  is  easy  to  verify  by  calculating 

(ak|Ek|ak) 

using  Equation  4.3.7  with  the  definitions 


(o|Q|a)  =  Q0  (a|P|a)  =  P0 


Now  it  is  clear  why  a  represents  the  average  amplitude.  Figure  4.3.4:  The  coherent 
Notice  that  because  the  distribution  has  been  translated  state  is  a  displace  vacuum, 
without  a  change  of  shape,  the  amount  of  noise  in  the 
coherent  state  is  exactly  the  same  as  the  amount  of  noise  in  the  vacuum. 
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Topic  4.3.4:  The  Nature  of  Quantum  Noise 


The  term  “noise”  refers  to  the  dispersion  (i.e., 
standard  deviation)  in  the  electric  field  and  quadrature 
terms.  Each  time  a  measurement  is  made  of  the  electric 

field  in  the  coherent  state  |a),  we  expect  to  find  a  different 

value  of  amplitude  and  phase,  denoted  by  the  phasor  a'. 
The  amplitude  and  phase  of  each  measured  a'  are  both 
uncertain  and  are  defined  through  the  measured  values  Q 
and  P,  which  define  the  domain  of  the  Wigner  distribution. 

oc'k  =  |cc'k  |  e*'  =  Re(a'k )  +  i  Im(a'k )  =  -^  (Q  +  iP) 

An  alternate  way  to  express  this  is  to  say  that  the  distance 
4l  |a'k|  (which  defines  the  amplitude)  must  be  positioned 
within  the  circle  representing  the  possible  range  of  values. 
Likewise  the  phase  <j>'  must  position  the  radial  vector  within 
the  boundaries  of  the  circle.  Therefore,  each  point  a’  or 
P,Q  gives  a  different  amplitude  and  phase  of  a  sine  wave. 
The  measured  waves  can  all  differ  by  a  phase  and 
amplitude  as  shown  in  the  figure.  As  the  last  piece  of  the 
“picture  puzzle”,  again  consider  the  top  view  of  the 
distribution  as  shown  in  Figure  4.3.6..  The  electric  field 


Figure  4.3.5:  The  amplitude 
and  phase  of  the  Wigner 
distribution. 


Rotation 


Figure  4.3.6:  How  the  motion 
of  the  Wigner  distribution 
provides  a  range  of  sine 
waves. 


operator  Ek  depends  on  time.  In  fact,  the  distribution  of 

Q,P  traces  out  a  circle  in  the  P-Q  plot.  The  position  of  the  a  point  in  the  circle 
corresponds  to  the  particular  amplitude  and  phase  of  the  sinusoidal  wave. 

The  “phase-space”  plots  (i.e.,  P-Q  plots)  show  why  two  coherent  states  are  only 
approximately  orthogonal  as  indicated  in  Figure  4.3.7.  The  argument  of  the  coherent- 
state  ket  (for  example,  a  in  |a)  )  represents  the  average  amplitude.  There  can  be 
significant  overlap  of  two  distributions  so  that  an  integral  over  phase  space  Q-P  for  the 
innerproduct  (a|p)  (for  example)  is  non-zero.  However,  two  state 
widely  separated  in  phase  space  have  essentially  zero  overlap  and 
the  innerproduct  (y|8)  =  0  .  Apparently,  as  long  as  the  two  circles 
do  not  touch,  the  two  corresponding  coherent  states  will  be 
approximately  orthogonal.  This  is  easy  to  see  since  the 
distribution  for  y  is  zero  where  the  distribution  for  6  is  nonzero  and 
vice  versa  so  that  the  integral  (for  the  inner  product)  is  always 


zero. 

As  a  note,  the  structure  of  quantum  theory  regarding  the  Figure  4.3.7;  The 

relation  between  the  operator  and  the  state  should  be  more  evident  overlap  of  coherent 

now  The  operators  such  as  the  Hamiltonian  for  the  free  field  states  control  the  inner 

r  f  i\  product. 

H  =  S^Kbl+ij 
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always  are  written  in  the  same  way  (no  real  need  to  find  a  new  formula)  and  contain  all 
the  possible  modes  in  the  sum.  The  states  describe  the  specifics  of  the  system.  The 
operator  such  as  H  can  be  used  with  either  Fock  states  or  coherent  states.  The 
expectation  value  of  H  in  the  Fock  state  |  n,  ,0,. . .) ,  for  example,  is 

(  1N 

(n1,0,...|H|nI,0,...)  =  ftco1  n,+- 

V 

whereas  for  the  coherent  state,  using  the  same  Hamiltonian,  the  expectation  value  is 

(a„0,...|H|a„0, ...)  =  &»/  |a|2  +  ^ 
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Section  4.4:  Definition  and  Statistics  of  Coherent  States 

The  coherent  state  is  the  eigenvector  of  the  annihilation  operator.  It  is  defined  in 
as  a  sum  over  all  Fock  states.  Unlike  the  Fock  state,  the  number  of  photons  m  a  coherent 
state  follows  a  Poisson  probability  distribution  and  therefore  does  not  have  a  well  defined 
number  of  photons.  The  average  and  standard  deviation  (and  higher  moments) 
characterize  the  probability  distribution  for  the  photon  number.  The  results  are  discussed 
in  terms  of  the  Signal-to-Noise  ratio  for  a  communications  system. 

Topic  4.4.1:  The  Coherent  State  from  Fock  States 

The  coherent  state  is  defined  to  be  the  eigenstate  of  the  annihilation  operator 
according  to 

bk|a,,...,ak,...)  =  ak  |a,,...,ak,...) 

The  complex  parameter  ak  =|cxk|ei4>k  is  the  phasor  representation  of  the  electric  field 
amplitude  (to  within  a  normalization  constant)  for  mode  “k”.  Obviously,  the  coherent 
state  |o,,...,ak,...)  =  |a,)|a2)...  is  a  vector  in  a  direct  product  space.  For  simplicity, 

focus  on  a  single  mode  |otk)  and  therefore  drop  the  subscript  “k”.  The  basic  definition  of 
the  coherent  state  is  then 

b|a)  =  a|a)  (4.4.1) 

By  applying  the  adjoint  operator  to  both  sides  of  Equation  4.4.1,  the  basic  definition  can 
be  equivalently  stated  as 

(a|b+  ={a|a* 

The  following  discussion  shows  that  the  coherent  state  is  given  by 

|a)  =  e-w’'iy-£|n)  <4A2> 

11=0  vn! 

where  the  Fock  state  |n)  =  |nk)  keeps  track  of  the  number  of  photons  m  mode  k  . 

Recall  that  { |nk) }  spans  a  single-mode  space  that  might  actually  be  part  of  a  multimode 

space  (i.e.,  direct  product  space)  of  the  form  |n,,...,nk,...)  =  |n,)|n2)...|nk)....  Equation 

4.4.2  is  quite  easy  to  work  with.  .  - 

Now  for  the  reasoning  behind  Equation  4.4.2.  We  are  looking  for  eigenstates  of 

the  annihilation  operator.  Try  a  linear  combination  of  Fock  states. 

1a)-icD|n)  (4.4.3) 

Apply  the  annihilation  operator  to  Equation  4.4.3  and  require  Equation  4.4.1  to  hold 

ct|<x)  =  b|a)  =  £Cnb|n)  =  ZCn^  I11"1) 

Substitute  Equation  4.4.3  for  the  first  term  in  the  previous  expression  to  obtain 

LaCn|n)  =  £Cn^|n-l) 


n=0 


n=l 
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where  the  second  sum  starts  at  n=l  since  Vo  =  0 .  A  recusion  relation  can  be  found  for 
the  expansion  coefficients  Cn.  In  the  second  summation,  let  n-1— »n  to  get 

XaCJn)  =  XC"+i^+*  |n) 

n=0  n=0 

Comparing  sides  (or  equivalently,  operating  with  (m|  on  both  sides)  provides 


C  =  C  — — — 
n+1  Vn  +  1 

Assume  Co  is  known.  The  following  sequence  results 

C  C  - C  —  C  =C  —  =  C  — — 

C"  C'-C“VI  !  '  V2  °4b2 


c  =c  a 
■ 


Now  Equation  4.4.3  can  be  rewritten  as 


la)-SCo  ^ln) 


n=0 


(4.4.4) 


Normalizing  the  coherent  state  vector  to  1  yields  the  constant  Co 

/  oo  m  >\+  oo  n  n  _  (fy m  j  gy n 

1 = <a|a> =feC°  7S 1  m>)  §C"  VS |n>=  5c;c°  VSi<ra|n) 

Using  the  orthonormality  relation  for  Fock  states 

(m|n)  =  8nm 

provides 

l  =  (a|a)=|C0|22 


a 


t2n 


n! 


Comparing  this  last  expression  with  the  Taylor  series  expansion  of 


.  X  X  ypX 

=  1  +  -  +  —  +  — 
12!  “n! 


gives 


a 


|Zn 


n! 


■  =  exp  a 


n 

|2  ,  ,2 


C0  =e 


Ha|2/2 


and  the  constant  Co  is 

1  =|C0|  exp|a|‘ 

where  the  phase  is  set  equal  to  unity.  Finally,  Equations  4.4.3  and  4.4.4  can  be  written  as 

(4.4.5) 
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Topic  4.4.2:  The  Poisson  Distribution 

This  topic  derives  the  Poisson  probability  distribution  that 
characterizes  the  photon  number  in  a  coherent  state.  The  coherent 
state  is  therefore  shown  to  exhibit  shot  noise. 

What  is  the  probability  that  there  are  “m”  photons  m  the 

electromagnetic  coherent  state  ja)  ?  The  question  is  answered  by 
using  the  fact  that  the  coherent  state  resides  in  a  vector  space 
spanned  by  the  single-mode  Fock  states  {|n) }  by  virtue  of  Equation 
4.4.5 

|a)  =  e>|2/2X-^W  (4.4.6) 

n=o  Vn! 


>  |n=l> 


■st  \ 


W  =  e>,2't^|n)  (4.4.6)  M> 

n=o  v n. 

The  probability  amplitude  for  the  coherent  state  having  “m”  photons  Figure  4.4.1:  The 

is  found  by  projecting  the  coherent  state  |  a)  onto  the  basis  state  |  m)  g^nTofFock^pace 

(which  is  the  Fock  state  with  the  number  of  photons  m  ).  by  virtue  of  Eq.  4.4.6. 

Therefore,  the  probability  of  m-photons  in  coherent  state  |  a)  is  ^ateftf mmtorf 

d  (4.4.7)  photons  residing  in  the 

P«(m)-|(m|a)|  K™-')  ^orrespondmg  Fock 

Recall  that  the  quantity  (m|a)  is  an  expansion  coefficient  similar  to  state. 

those  discussed  in  Chapter  2.  .  , 

The  probability  Pa(m)  can  be  found  as  follows.  First  operate  on  Equation  4.4.6 

with  (m|  to  get 

/  |  \  -|oc|2/2  V®L/mln\  -  e^“'2/2  — _ 

H«H  1  '  N&! 

since  (m|n)  =  5^ .  Substituting  into  Equation  4.4.7  provides 

I  |2m 

P.0-HH-)  I* (4A8) 


(4.4.8) 


This  expression  can  be  compared  with  the  Poisson  probability  distribution  usually  written 


p(m)  =  V 


(4.4.9) 


where  Haf  is  the  average  number  of  photons  in  the  coherent  state  |a).  There  is  a 
possibility  of  having  extremely  large  numbers  of  photons  in  the  beam  even  for  small  field 
amplitudes  a.  As  a  note,  Equations  4.4.8  and  4.4.9  are  probabilities  and  must  sum  to 

unity  according  to 

I  l2m 

iP.(m)  =  II  <»|«>  |!  -  ly*  =  1  (4A10) 
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Topic  4.4.3:  Average  Photon  Number 


What  is  the  average  number  of  photons 
(m)  in  a  field  characterized  by  the  coherent  state 
|  a)  ?  The  following  discussion  shows  that  the 
average  number  is 

“ell2 

n  =  4  =  |a| 

Figure  4.4.2  shows  the  discrete  Poisson 
distribution  for  three  coherent  states.  There  is  only 

one  point  for  the  coherent  state  |a  =  0)  since  it  is 

also  the  Fock  vacuum  state  |0)  which  definitely 
has  no  photons  (i.e.,  the  standard  deviation  is 
zero).  The  average  occupation  number  is  shown 
by  two  methods.  The  first  method  uses  classical 


2  4 

Number  Photons 


Figure  4.4.2:  The  Poisson  distribution 
for  averages  of  0,  2,  4  photons  in  a 
mode. 


probability  theory  and  the  Poisson  distribution  while  the  second  method  uses  operators. 


Method  1:  Classical  Probability  Theory 


The  average  of  “m”  is  calculated  according  to 

oo 

(m>  =  J]mpa(m) 

Substituting  Equation  4.4.9  provides 


m=0 


m„-5  _®_  <ptne 


W-X-^-X 

m=0  111, 

m-l->m  to  get 


Let 


m 

m=i  m! 


nip-5 


-X 


oo  tm+l.-5  oo  cm  -5 

h-xM— txH—t 

^  m!  “o  m! 


m*0 


where  the  final  step  obtains  from  the  fact  that  the  probabilities  add  to  1  as  in  Equation 
4.4.10.  So  the  average  number  of  photons  in  the  coherent  state  |a)  is 

{m)  =  £  =  |a|2 

Method  2:  Operators 


Let  N  =  b+b  be  the  number  operator.  The  expectation  number  of  photons  is  then 
n  =  (N)  =  (a|b+b|a)  =  [b|  a) }  b|  a)  =  [a|  a)  \  a|  a)  =  |a|2  (a  |  a)  =  |a|2 
since  |  a)  is  an  eigenstate  of  the  annihilation  operator. 
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Topic  4.4.4:  Standard  Deviation 

What  is  the  standard  deviation  for  the  number  of  photons  in  an  electromagnetic 
mode  characterized  by  the  coherent  state  |a)?  Recall  that  the  standard  deviation  oN  is 
found  from  the  variance  according  to 

c2N  =(N2)-(N  )2  =  (a  |N2 1  a)  -  (a  |N|  a)2  (4.4.11) 

The  variance  could  be  calculated  similar  to  the  classical  Method  1  used  to  calculate  the 
average.  However,  the  operator  approach  is  simpler.  The  last  term  in  Equation  4.4.11  is 
already  known  from  the  previous  topic.  Now  calculate  the  first  term. 

(a|N2|a)  =  (a|b+b  b+b|a) 

The  middle  two  operators  need  to  be  commuted  using  the  commutation  relations 

[b,b+]=l-»bb+  =b+b  +  l 

to  get  /  \ 

(a  |N2 1  a)  =  (a  |b+  (b+b  +  l)b |  a)  =  (a  jb+b+bb|  a)  +  (a  |b+b  |  a) 

The  rest  is  even  easier.  Use  relations  of  the  form 

bja)  =  a|a)  — >  bbja)  =  a2|a) 

(and  so  on)  to  find 

(a|N2|a)  =  (a  |b+b+bb|  a)  +  (a  |b+b  |a)  =  (a*)2  a2(a|a)  +  a‘a(a|a) 

The  coherent  states  are  normalized  to  one,  so  that 

(a|N2|a)  =  |a|4  +|a|2 
Equation  4.4.1 1  provides  the  variance  as 

ct*n=(n2)-(n)2  =  (a  |N2 1  a)  -  (a  |N|  a) 2  =|a|4  +|af  -|a|4  =|a|2  =n 
so  the  standard  deviation  is  _ 

CTN=V(n) 


Topic  4.4.5:  Signal-to-Noise  Ratio 

The  signal  to  noise  ratio  for  a  coherent  beam  of  light  generated  by  a  laser  (or  other 
means)  is  important  for  communications.  The  signal  strength  varies  as  the  average 
number  of  photons  in  the  beam.  The  standard  deviation  is  a  measure  of  the  noise.  The 
Signal-to-Noise  Ratio  is 

S/N=J?T^ 

For  small  numbers  of  photons,  the  inherent  unavoidable  noise  of  the  light  is  a  larger 
percentage  of  the  signal.  For  example,  an  optical  beam  with  100  photons  has  a  standard 

deviation  of  10  and  a  signal-to-noise  ratio  of  10. 

For  systems  composed  of  a  small  number  of  atoms,  such  as  nanometer  scale 

devices,  low  S/N  can  be  a  problem.  For  example,  a  device  with  dimensions  smaller  than 
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100x100x100  angstrom  might  consist  of  30x30x30  atoms  (using  about  3  angstroms  per 
atom).  The  total  number  of  atoms  must  be  less  than  27,000.  Now  if  the  collection  is 
electrically  pumped  so  that  10%  are  emitting  light  at  any  particular  time  then  there  are  at 
most  2700  photons.  The  standard  deviation  in  this  case  is  about  50.  The  expected  total 
variation  of  the  signal  is  roughly  twice  the  standard  deviation  or  about  100.  Therefore, 
the  signal  can  be  expected  to  vary  by  at  least  4%  due  to  inherent  quantum  noise.  The 
percentage  can  be  higher  for  systems  with  fewer  atoms.  For  many  analogue  applications, 
this  is  an  unacceptably  high  noise  level.  Subsequent  sections  show  that  it  might  be 
possible  to  reduce  detected  noise  by  working  with  “squeezed  states.” 

Topic  4.4.6:  Uncertainty  in  Energy  for  Coherent  States 

The  standard  deviation  of  the  energy  for  a  mode  can  be  calculated  using 

Hk  =/tok|Nk+^ 

The  standard  deviation  is  __ 

aH  =  fcc0k  aN  =ftcok\/s 
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Section  4.5:  Coherent  States  as  Displaced  Vacuum  States 

The  introduction  to  coherent  states  (Section  4.3)  discusses  the  coherent  state  as  an 
eigenvector  of  the  annihilation  operator  and  its  role  as  a  displaced  vacuum.  The  present 
section  fills  in  the  mathematical  detail  of  the  displacement  operation  and  the  phase  space 
operators  (P,Q).  Any  coherent  state  can  be  obtained  by  displacing  the  vacuum  state  in 
phase  space  (P,Q).  For  simplicity,  restrict  the  discussion  to  a  single  optical  mode. 

Previous  sections  show  that  the  coherent  state  for  a  field  with  zero  amplitude  |a  =  0}  is 

identical  to  the  vacuum  Fock  state  |0) .  The  single  mode  vacuum  state  has  a  coordinate 
wave  function  with  a  Gaussian  shape.  Therefore,  the  coordinate  wavefunction  for  the 
non-zero  coherent  state  is  expected  to  also  be  a  Gaussian  since  the  coherent  state  is  a 
displaced  vacuum.  This  section  discusses  the  operator  that  performs  the  displacement 
and  also  derives  the  coordinate  wavefunction. 


Topic  4.5.1:  The  Displacement  Operator 


The  definition  of  the  coherent  state  as  a  sum  over  Fock  states  from  Section  4.4 
provides  the  displacement  operator.  The  coherent  state  is 


-|<x|2 /2  XT' 


& 


(4.5.1) 


where  {|n)  =  |nk ) }  are  single  mode  Fock  states  and  “n”  is  the  photon  occupation  number. 
If  the  Fock  state  |n)  in  Equation  4.5.1  is  related  to  the  vacuum  state  |0),  then  the 

equation  provides  a  transformation  from  the  vacuum  state  to  the  coherent  state  |a) .  The 
transformation  between  the  two  states  is  the  displacement  operator.  To  relate  the  Fock 
state  to  the  vacuum,  use  the  boson  creation  operators  create  the  Fock  states 

i2>=72|i>=fi|o>  •••  |n)=S |o>  (4-5-2) 

Consequently,  the  coherent  state  in  Equation  4.5.1  becomes 


|a)=e-|"|2/22;£^rL|o> 

n»0  tl. 

However,  the  summation  can  be  written  as  an  exponential  to  give 

|a)  =  e-|a|2/2ea6*|0)  (4.5.3) 

Equation  4.5.3  shows  explicitly  that  the  coherent  state  |a)  is  a  displaced  vacuum  state. 
The  “displacement  operator”  is 

£>(«)=  e-|o|2/V6+ 

which  is  a  unitary  operator  (as  shown  later).  It  is  customary  to  rewrite  the  displacement 
operator  by  using  a  Taylor  expansion 

e~<i|0)  =  [l~db+k^I+"-  (0)  =  |0> 
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(where  bn|0)  =  0  )  which  provides  the  typical  form  of  the  displacement  operator 

|a)  =  e-|a!2/2ea6V°*6|0)  (4.5.4) 

In  some  cases  it  is  convenient  to  combine  the  three  exponentials  into  a  single  one. 
Chapter  3  discusses  the  commutation  relations  that  the  arguments  of  the  exponentials 
must  satisfy  in  order  to  combine  the  exponentials.  In  particular,  the  Campbell-Baker- 
Hausdorff  equation  states 

exp(A  +  b)=  exp  A  expB  exp 

so  long  as  [a,  [a, b]  =  0  =  [b,  [a, b]  .  Setting  A  =  ab+  and  B  =  -a*b  ,  provides 

D(a)  =  ea6+-“*6  (4.5.5) 

and 

|a)  =  ea6+-^|0)  (4.5.6) 

Topic  4.5.2:  Properties  of  the  Displacement  Operator 

(1)  The  displacement  operator  is  unitary  with  D+  (a)  =  ET1  (a)  =  D(-a) 

The  displacement  operator  is  unitary.  As  discussed  in  Chapter  2,  an  operator 
u  =  e'°  is  unitary  so  long  as  6  is  Hermitian  since 

uu+=eiVi6=ei6e"i6=l 

The  argument  in  the  displacement  operator  D(a)  =  e°*  ”a*b  can  be  wntten  as 

iO  =  ab+  -  a  *b  where  6  =  -i(ab+  -a*b)  is  easily  seen  to  be  Hermitian. 

The  inverse  of  D  is  easily  seen  to  be 

D(-a)  =  e"(ab*'a*b) 

since  then 

D(a)  D(-a)  =  eab+'a‘be_(“b+_a*b)  =  eab+'a*b-(ab+"a*6)  =  1 
where  the  exponentials  were  combined  because  the  arguments  iO  =  ab  -  a  *  b  and  -  iO 
commute  [iO,-i6]=0. 

(2)  The  displaced  creation  and  annihilation  operators  are  found  by  a  similarity 
transformation 

D+  (a)b+  D(a)  =  b+  +  a  D+(a)bD(a)  =  b  +  a 

For  example,  consider  the  second  relation.  The  operator  expansion  theorem  from 
Chapter  2,  which  is 

e'ABeA  =B-[A,B]  +  ^[A,[A,B]j+... 
with  A  =  ab+  -a*b  and  B  =  b  provides 
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e-(ab4-a‘b)^eab*-a’b  _b-jab+  - a’b,b]+  0  + . . .  =  b  +  a 

(3)  The  displacement  operator  acting  on  a  nonzero  coherent  state  produces  another 
coherent  state  with  the  sum  of  two  amplitudes  and  a  complex  phase  factor. 

(4)  The  “phase  space”  representation  of  the  displacement  operator. 

The  “phase  space”  operators  Q,P  are  defined  through 

roq  ^  ip  _  Q  +jg_ 

J2h(£>  ■ \j2ha )  -J2  V2 


_  <oq  ip  _  Q  _il 


J2h(0  yl2tl(Si  V2  V2 


where 


[0.p]= 


=— [q  pl=i 


The  center  of  the  Wigner  distribution  is  defined  to  be  at  Q0,P0  with  the  phasor  a  in  the 
coherent  state  |a)  given  by 

a  =  Jj[p„+iQ.] 

Therefore,  the  displacement  operator  can  be  written 

D(a)  =  exp(ab*  -ab)=«J-|-(Q-ip)-%(Q+ff)  =exp[iP0Q-iQ.P  (4.5.7) 


The  derivation  of  the  Wigner  function  makes  use  of  Equation  4.5.7.  An  alternate  form  of 
this  equation  is  useful  for  finding  the  coordinate  representation  of  the  coherent  state 
(similar  to  i|/(q)  for  Fock  space).  The  Campbell-Baker-Hausdorff  equation  from  Chapter 
2 


exp(A + b)  =  exp  A  exp  B  exp  -  [a,  [a,  B  J  -  0  -  [b,  [a,  b] 

with  A  =  iP0Q  and  B  =  -iQ0P  yields  [a,b]=  [iP0Q,-iQ0P]=  (i)(-i)P0Qo[Q’P]=iPoQ 


D(a)=  exp[iP0Q-iQ0P]=  exp(iP0Q)exp(-iQ0P)expf-^P0Q( 


(4.5.8) 
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Topic  4.5.3:  The  Coordinate  Representation  of  a  Coherent  State 

Let  | a)  be  a  single-mode  coherent  state,  which  is  a  vector  in  an  abstract  Hilbert 
space.  The  objective  of  this  section  is  to  represent  the  coherent  state  as  a  function  of  the 
“position”  coordinate,  denoted  by  Ua(Q)=(Q|ot),  rather  than  as  a  vector.  This  is 
similar  to  the  coordinate  wave  functions  found  for  the  Fock  states.  Although  the  vector  is 
nice  to  show  the  vacuum  displacement,  it  does  not  explicitly  show  the  range  of  electric 
field  amplitudes  Q  to  be  expected.  Ua(Q)  is  a  useful  representation  of  the  coherent  state 
because  it  shows  that  the  “electric  field  amplitudes”  Q  are  normally  distributed.  In 
addition,  the  functions  Ua  (q)  pave  the  conceptual  path  for  the  Wigner  distribution  (refer 
to  Figure  4.5.1  below).  This  section  presents  two  methods  of  proof  that  the  fields  are 
normally  distributed.  The  first  method  makes  use  of  the  basic  definition  of  the  coherent 
state  as  an  eigenstate  of  the  annihilation  operator.  The  second  method  demonstrates  the 
use  of  the  displacement  operator. 

Method  1:  Coordinate  Representation  of  the  Coherent  State  using  the  Annihilation 
Operator 


Method  1  to  obtain  the  coordinate  representation  of  the  coherent  state  |a)  treats 
the  state  as  an  eigenvector  of  the  annihilation  operator  and  then  solves  a  first  order 
differential  equation.  The  method  emphasizes  the  simplest  method  without  resorting  to 
the  use  of  the  displacement  operator. 

By  definition,  the  arbitrary  coherent  state  |a^  with  the  complex  amplitude 
a  =  |a|  e'*  is  an  eigenstate  of  the  annihilation  operator 

b|a)  =  a|a)  (4.5.9) 

The  annihilation  operator  can  be  written  in  terms  of  the  position  and  momentum 


operators 


b  =  -^3=+-p£=  =  -S-  +  -i^  (4.5.10) 

V2faa  v2ftco  V2  v2 

We  can  work  with  either  the  usual  position  q  and  momentum  p  operators  or  the  new 


(4.5.10) 


ones  Q,P  used  for  our  “phase-space”  representations.  The  new  momentum  operator  has 
the  “coordinate”  representation 

P  _  1  ^  d  _  1  h  dQ  d  _  1  d  (4.5.11) 

~  V^co  sThai  i  3q  Vfao  i  dq  dQ  i  dQ 

where  use  was  made  of  the  relation  from  4.5. 10 


Alternatively,  as  a  side  note,  it  is  possible  to  find  the  coordinate  representation  of  the  new 
momentum  operator  P  by  letting  “c”  be  a  “constant  to  be  determined”  in 
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*  d 
P  =  c  — 

aQ 

and  requiring  the  new  momentum  and  position  operators  to  satisfy  their  commutation 
relation 

M=i  - 

Letting  the  second  commutator  operate  on  an  arbitrary  function  f(Q)  shows  that  the  only 
choice  for  “c”  is  c=l/i  which  agrees  with  the  results  for  4.5.1 1  which  is 

P  =  1  — 
i  SQ 

Working  in  the  Q  coordinate  representation,  project  both  sides  of  Equation  4.5.9 

onto  the  coordinate  Q  to  obtain 

(Q|  b(Q,p)  ja)  =  a(Q|a)  (4.5.12a) 

where  the  notation  b(Q,p)  serves  as  a  reminder  that  the  annihilation  operator  depends  on 
the  position  and  momentum  operators  before  the  coordinate  projection.  Define  the 
coordinate  representation  of  the  coherent  state  |a)  to  be  Ua(Q)  =  (Q|a),  which  is  a 

wavefunction.  Equation  4.5.12  becomes 

b(Q)  Ua  (Q)  =  a  Ua  (Q)  (4.5.12b) 

where  now  the  annihilation  operator  depends  on  Q  and  the  derivative  with  respect  to  Q 

a  -  »  Q  iP  £/_\  1  3 

b(Q,P)-4  +  -7=  b(Q)=lr  Q+~ 


V2 

Equation  4.5.12b  can  be  written  as 


4  Q  +  ~  Ua(Q)  =  aUa(Q) 


or 

Q-aV2+^-luo(Q)  =  0 

This  is  a  first  order,  ordinary  differential  equation  with  the 
solution 

U.(Q)  =  C.exp-(Q~“^  (4.5.13) 

Normalizing  the  function  U  provides  the  constant  Ca  (by 
setting  f  dQ  U  U  =  1 ). 

J-ao 

C0=4rexP(lma)2  (4.5.14) 

71 

Equation  4.5.13  shows  that  the  electric  field  amplitude 
(represented  by  Q)  is  normally  distributed  and  centered  at 

aV2  .  Figure  4.5.1  shows  that  Ua(Q)  is  the  projection  of 
the  Wigner  distribution  onto  the  plane  containing  the  Q- 


Figure  4.5.1:  The  Wigner 

distribution  of  the  coherent  state 

|  a)  is  shown  as  the  3-D  relief 
plot.  The  coordinate  representation 
U0(Q)  is  the  projection  onto  the 
plane  containg  the  Q-axis. 
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axis.  A  momentum  wave  function  U0(P)  would  provide  a  similiar  distribution  for  the 
plane  containing  the  P-axis.  Therefore  Ua(Q)  and  Ua(p)  are  “shadows”  from  which  to 
deduce  the  Wigner  distribution. 


Method  2:  Coordinate  Representation  of  the  Coherent  State  using  the  Displacement 
Operator 


Method  2  obtains  the  coordinate  representation  directly  by  displacing  the  vacuum 
state,  which  is  known  to  have  a  Gaussian  distribution.  It  emphasizes  the  notion  of  the 
displacement  operator  as  a  generator  of  translations  in  the  abstract  Hilbert  space.  The 
method  does  not  require  the  solution  of  a  differential  equation  but  it  is  more  involved 
than  the  first  method. 

The  displacement  operator  translates  the  vacuum  state  |0)  to  the  coherent  state 


|  a)  according  to 

ja)  =  D(a,Q,P)|0)  (4.5.15) 

where  the  operators  appear  explicitly  in  the  argument  of  D.  Equation  4.5.8  provides  the 
appropriate  form  for  the  displacement  operator 

D(<x,Q,P)=  exp[iP0Q-iQ0p]=  exp(iPoQ)exp(-iQ0P)exp^-^PoQ0  j  (4.5.16) 

where 


a  =  ^(Qo+iPj 

Projecting  the  Equations  4.5.15  and  4.5.16  onto  the  Q  coordinates  provides 

Ua  (Q)  =  D(a,  Q)  U0  (Q)  (4-5.17) 

In  Equation  4.5.17,  Ua(Q)  is  the  Q-coordinate  representation  of  the  coherent  state  a  , 


that  is  (Q|a)  =  Ua(Q) .  The  operator  D(a,Q)  obtains  from  Equation  4.5.15  using 


Q->Q  and 

since  the  procedure  is  to  be  carried  out  in  the  Q-coordinate 
representation.  The  last  term  in  Equation  4.5.16  is  a 
complex  constant.  The  middle  term  requires  some 
discussion. 

When  Equation  4.5.16  is  combine  with  Equation 
4.5.17,  one  of  the  factors  has  the  form 

factor  =  exp(-  iQ0P)  U0  (Q)  (4.5 . 1 7) 

To  realize  that  the  exponential  is  a  translation  operator  in 
Q-space  consider  a  Taylor  series  expansion  of  the  function 
U0(Q  +  £i)  about  the  point  Q  (where  is  a  small 
addition  to  Q) .  The  expansion  provides 


Figure  4.5.2:  The  displacement  Q0 
is  made  of  smaller  displacements 

Si- 
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U0(Q  +  £k)  =  U0(Q)  + 


5U0(Q) 


Replacing  the  derivative  with 


dQ 


5k+-  = 


8 


l  +  ^k  —  +  .. 

.  5Q  y 


U0(Q) 


*  1  8 

P<-> - 

i  8Q 


gives 


U0(Q  +  £k)  = 


1  +  ^k  —  +  U0  (Q)  =  (l  +  i^kP  +  •■  -)u0  (Q)  =  exp(+  i^K  (Q) 

8Q  ; 


Now,  by  repeatedly  applying  the  infinitesimal  translation  operator,  we  can  build  up  the 
entire  length  Q0 


U0(Q  +  Q0)  =  riexp(i^kp)u0(Q)  =  expljXP )  U0(Q)  =  exp(iQ0P)lJ0(Q) 


So  the  exponential  with  the  momentum  operator  is  a  translation.  Replacing  Q0  with  -Q0 
gives  the  effect  of  the  exponential  in  the  “factor”  in  Equation  4.5.17. 

factor  =  exp(-  iQop)lJ0  (Q)  =  U0  (Q  -  Q0 ) 


Continuing  to  work  with  the  combinitation  of  Equations  4.5.16  and  4.5.17 
U0(Q)  =  D(a,Q)U0(Q)  =  exp(iP0Q)exp(-iQ0P)expf-iP0Qol  U0(Q) 


=  exp(iP0Q){exp(-iQ0P  )uo(Q)  }expf--P0Q0 


=  exp(iP0Q)  U0  (Q  -  Q0 )  expl  -  i  P0Q0 


Substituting  the  expression  for  U0 


1 


U0(Q)  =  — exp 


71 


into  the  last  equation  provides 


1 


Ua(Q)  =  — exp| 

71 


(Q-QJ  fiP0  ip.Q. 

2  0  2 


which  agrees  with  the  combination  of  Equations  4.5.13  and  4.5.14. 


As  an  important  note,  the  coordinate  space  wavefunctions  are  never  specified  as 
U(P,Q)  since  the  phase  space  operators  P,Q  do  not  commute  and  cannot  be  consistently 
specified  together.  However,  the  Wigner  function  provides  a  semiclassical  probability 
distribution  for  which  it  is  possible  to  speak  of  P,Q  together. 
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Section  4.6:  Quasi-Orthonormality,  Closure  and  Trace  for  Coherent  States 

Previous  sections  for  the  coherent  state  shows 
how  it  is  produced  from  the  vacuum  state  under  the 
action  of  the  displacement  operator.  They  also  show  the 
coordinate  representation  of  the  coherent  state  in 
anticipation  of  the  Wigner  distribution.  The  present 
section  verifies  more  of  the  claims  made  in  the 
introduction  regarding  properties  such  as  quasi¬ 
orthonormality,  completeness,  closure  and  the  trace 

Operation.  ...  .....  Figure  4.6.1:  The  function  “f”  is 

Each  coherent  state  resides  m  an  abstract  Hilbert  the  sum  of  two  different 
space.  However  the  collection  of  coherent  states  is  not  a  Gaussians  g,  and  g2. 
vector  space!  The  summation  over  Fock  states  used  to 

define  the  coherent  state,  allows  only  a  subset  of  the  vectors  in  Fock  space.  In  fact,  the 
summation  induces  the  property  that  all  coherent  states  are  Gaussians.  A  function  such 
as  “f”  in  Figure  4.6.1,  which  is  the  sum  of  two  arbitrary  Gaussians  gi  and  g2,  is  not 
necessary  itself  a  Gaussian.  Therefore,  the  property  of  closure  for  a  vector  space  is 
violated.  If  the  collection  of  coherent  states  are  considered  to  be  basis  vectors  for  another 
space,  then  the  vector  space  properties  hold;  however,  the  set  of  “basis”  vectors  (i.e.,  the 
coherent  states)  is  over-complete. 

Topic  4.6.1:  Normalization 


The  single  mode  coherent  states  are  defined  by 


,  oo  „  n 

l°>- 

n=0  Vn! 

They  are  normalized  as  can  be  seen 

v  (a  rw  /, 


or  equivalently 


n=0  vn! 


(ala)  =  e>r  Y  Y 

mn=o  Vml-v/n!  mn=o  VmlVn! 


tfyFL-1 

tS  n! 


veL^m2 

h  n! 

Topic  4.6.2:  Quasi-Orthogonality 

Let  |  a)  and  |p)  be  two  coherent  states. 


(<x|p)=exp 


al  +|p  v1  (a  Y  pn  /  |  \ 

—2-  .5,^r^(m|n) 


Figure  4.6.2:  The 

overlap  of  coherent 
states  control  the  inner 
product. 
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where  the  orthonormality  of  the  single-mode  Fock  states  (m|n)  =  5mnwas  used.  The 
summation  gives  an  exponential. 


<a|P)  =  exp 


’  M2+!pf 

(  f  1  0|2 

2 

exp(  a  P j=  exp[- |a  -  P| 

(4.6.1) 


The  overlap  between  the  two  states  decreases  exponentially  as  the  coherent  states  are 
separated.  This  behavior  is  consistent  with  the  fact  that  the  Wigner  probability 
distributions  are  Gaussian.  Equation  4.6.1  shows  that  when  cx  =  p,  the  inner  product  is 
one. 


Example:  What  is  the  inner  product  between  the  coherent  state  |a)  with  an  average 

of  n«  =  25  photons  and  |p)  having  nP  =  16 .  Assume  that  a,p  are  real. 

Solution:  Section  4.4  shows  that  ja|2  =  n .  Ignoring  the  phase,  the  amplitudes  are 

a  =  7nT  =  5and  p  =  4 .  Therefore  (a  |  p)  =  exp[-  (5  -  4)2  ]  =  e_1  =  0.37 .  If  one  of  the 
states  has  nonzero  phase,  then  the  states  are  further  separated  and  the  overlap  is 
negligible. 


Topic  4.6.3:  Closure 

The  set  of  single-mode  coherent  states  {|a) }  satisfy  a  closure  relation  of  the  form 

I  Jd!a  |a)(a|  =  l  (4.6.2) 


a- 

plane 


where  a  is  a  complex  number  a  =  re1*  =  ax  +  iay  and  the  integral  is  over  the  entire  cc- 
plane  with  d2a  =  dax  day .  The  set  of  coherent  states  form  a  basis  but  they  are  over¬ 
complete  (i.e.,  not  all  of  them  are  needed  to  span  the  space). 

Substituting  the  Fock  expansion  for  the  coherent  state  begins  the  proof  of 
Equation  4.6.2 


to  get 


I  fd’«  |„)(«hISWH  JdVe^a^'^A^JdWVV 

n  a*  n Vn!m!  J  rcn,mv n!m! 


1  vlnXm' 


plane 


Substituting  the  polar-coordinate  element  of  area  d2a  and  writing  a  in  polar  form 
provides 
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UdI“  l“X“l= -itS  ***  e-"r-e—  .Ijjffil 


2  m+n+1  i(m-n)$ 

I  C 


The  integral  over  the  angle  provides 

Jd^e«"-''=2It5„ 

0 

since  for  m  *  n  the  integral  is  over  a  multiple  number  of  complete  cycles.  The  closure 
integral  becomes 

1  fj2_  |„\/„|  _oV  ln)(ml  2  f  At  0-r2yrn+n+l  ^0yln)(nl  fjr  _-rJ  2n+l 


plane 

Integral  tables  provide  the  last  integral 

jdr  e'rVn+1  =- 

oJ  2 

Therefore  the  closure  integral  becomes 

I  Jd’a  |«)(«|  =2|n>(n|  =  l 


as  required. 


Topic  4. 6. 4:  Coherent-State  Expansion  of  a  Fock  State 

The  objective  is  to  express  the  single  mode  Fock  state  |n)  as  an  expansion  of 
coherent  states.  This  is  accomplished  by  using  the  coherent-state  closure  relation 

(\  \  1 

|n)  =  1  |n)  =  -fd2a  |a)(a|  |n)  =  -jd2a  |a)(a|n) 

V71  J  n 

(a|n)  is  a  probability  amplitude  which  is  related  to  the  Poisson  probability  distribution. 
Evaluate  the  inner  product  using  the  definition  of  coherent  state  gives 

m=o  Vm!  m=o  Vm!  Vn! 

so  the  Fock  state  |n)  is 

|n)  =  l|n)  =  i  Jd2a  |a)(a|n)=  Jd2a  |a)  e'|a|  /2 

Notice  that  each  Fock  basis  vector  is  a  linear  combination  of  the  coherent  states; 
consequently,  every  vector  in  Fock  space  is  a  linear  combination  of  the  coherent  states. 
The  coherent  states  span  Fock  space. 
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Topic  4.6.5:  Over-Completeness  of  Coherent  States 


The  set  of  vectors  (|a) }  is  over-complete  in  the  sense  that  each  one  can  be 
expressed  as  a  sum  over  the  others.  The  situation  is  similar  to  having  three  vectors  span  a 
2-D  vector  space;  obviously,  one  of  them  is  not  required. 

The  fact  that  one  coherent-state  vector  can  be  expressed  as  a  sum  of  the  others  can 
be  seen  as  follows 

|a)  =  l|a)  =  -  jd2p  |p)(p|a) 

71 

Using  the  inner  product  between  two  coherent  states  given  in  Equation  4.6.1 

(P|a) =  exp[— |  p  —  a  |2  ] 

provides 

|a)  =  - fd2p  |p)exp[-|p-a|2] 

71  J 

The  more  separated  are  the  parameters  a  and  p  the  less  the  state  |p)  contributes  to  the 
state  |  a) .  The  integral  is  thought  of  as  a  summation. 


Topic  4.6.6:  Trace  of  an  Operator  Using  Coherent  States 


The  trace  formula  involves  the  factor  of  “1/w”  similar  to  the  closure  relation. 
Starting  with  the  definition  of  trace  using  single  mode  Fock  states,  then  inserting  the 
coherent-state  closure  relation,  and  then  removing  the  Fock  states  using  the  Fock  state 
closure  relation  can  find  the  formula. 


Tr6  =  2<n|6|n)  =  £(„|l6!n)  =  2>| 

n  n  n 


6|n)  =  -  Jd2ot]T(n|a)(a|6|n) 
7t  n 


Interchanging  the  order  of  the  matrix  elements  in  the  last  term  gives 

TrO  =  -  fd2a£(a|0|n)(n|a)  =-  jd2a  (a|0  |n)(n|  j|a)  =  -  Jd2a  (a|0|a) 

7tJ„  7t  In  J  n 

Therefore,  the  formula  is  similar  to  the  trace  formula  using  Fock  states  except  that  an 
integral  appears  along  with  the  factor  of  1/n. 


f  *  ■ 


Section  4.7:  Field  Fluctuations  in  the  Coherent  State 

This  section  shows  that  electromagnetic  fields  exhibit  minimum  uncertainty  for 
the  coherent  states.  The  uncertainty,  in  this  case,  is  measured  as  the  variance  of  the 
electromagnetic  field  (at  any  point  in  space-time).  The  electric  field  is  shown  to  have 
smaller  variance  for  coherent  states  than  for  Fock  states.  This  is  exactly  opposite  o  e 
results  for  the  Hamiltonian,  which  has  minimum  variance  for  the  Fock  states  (the 

variance  is  zero).  .  ., 

For  this  section,  recall  that  the  (single  mode)  electric  field  can  be  written  in  either 

of  the  two  equivalent  forms  as 


Ek  =  +i 


l2e0V 


-b+  e' 


(4.7.1a) 


Ek(r,t)=-  [Qsin(k-r-fflt)+Pcos(k-r-(Ot)]  (4.7.1b) 

V  e0V 

where  the  mode  subscripts  and  polarization  vector  are  suppressed,  and  ra,k  are  the 
angular  frequency  and  wave-vector  of  the  traveling  waves.  The  creation  b+  and 
annihilation  b  operatators  are  related  to  the  “position”  Q  and  “momentum”  P  operators 
according  to 

The  operators  satisfy  the  following  commutation  relations 

[b,b*]=l  [b,b]=0  =  [b,b‘] 

[Q,p]=i  [q,q]=o=[p.p] 

As  discussed  in  the  Section  4.5,  the  coherent  states  have  Gaussian  probability  distribution 

functions  in  the  coordinate  representation. 

Gaussian  wave  functions  produce  the  “minimum-area  uncertainty  relation. 


AQ  AP  =  - 
2 


(4.7.2) 


The  term  “area”  is  used  because  AQ  AP  is  an  area  in  phase  space.  The  term  “minimum 
indicates  the  use  of  the  “=”  sign;  for  any  other  wave  function,  the  minimum  area  is  larger 
than  lA  Some  developments  of  quantum  statistical  mechanics  divide  up  phase  space  into 
small  rectangles  each  with  the  “minimum  area”  (see,  for  example,  Pathria).  Similar  ideas 
can  be  applied  to  quantum  optics.  The  uncertainty  relation  indicates  that  the  quadrature 
terms  cannot  simultaneously  and  precisely  be  measured  owing  to  the  non-commutivity  of 

Q  and  P .  Recall  from  Section  2.11,  that  if  Hermitian  operators  A,B  satisfy  |A,B]=iC 
then  aaab  >l|(c)|,  which  does  not  depend  on  the  type  of  state  vector  (such  as  Fock, 
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coherent,  squeezed).  Therefore,  regardless  of  the  type  of  state  vector,  the  Q-P  uncertainty 
relation  always  has  the  form 

AQ  AP  >  - 
2 

In  the  ensuing  topics,  the  uncertainty  relation  are  determined  for  the  quadrature 
components  in  the  Fock  and  coherent  states.  As  will  be  shown,  coherent  states  produce 
minimum-area  uncertainty  relations  and  minimum  variance  electromagentic  tie  s. 


Topic  4.7.1:  The  Uncertainty  Relation  for  Coherent  States 


The  minimum-area  uncertainty  relation  requires  that  the  standard  deviation  for  Q 
and  P  be  evaluated  using  coherent  states.  The  variance  of  Q  is  found  from 

d^=(a|Q2|a)-(a|Q|a)2 

First  calculate  the  average  (<x|Q|a)  by  using  the  creation-annihilation  operators  for  the 

“position”  operator  Q  and  also  the  definition  of  the  coherent  state 

b|ot)  =  a|a)  <-»  (a|b+=(a|a‘ 


The  expectation  value  is 

(a|Q|a)2  =^(a|[b  +  b+]a)2  «=±(a  +  a  J  =“  y—  +  laf 

Next  calculate  (a|Q2|a)  using  the  commutation  relation  [b,b+]=l 
(a|Q2|a)  =^(a|[b  +  b+]2  |a)  =  ^(a|[^b2  +(b+)2  +bb+  +b+bj  |a) 

=  — (a2  +a*2)+— (a|(bb+  +b+b)|a)  =  ^-(a2  +a*2)+^(a|(2b+b  +  l)|a) 


a2  +a*2 
"  2  ^ 


Therefore,  the  variance  of  Q  is 

(AQ)2  =o2  =(a|Q2|a)-(a|Q|oc)2 

Similarly,  we  can  show  the  variance  of  the  “momentum”  operator  in  the  coherent  state  is 

(AP)WP=i 

Regardless  of  the  value  of  a,  the  uncertainty  relation  for  the  coherent  state  is 

AQ  AP  =  -  (4-7-3) 

2 

The  uncertainty  relation  for  coherent  states  (4.7.3)  could  have  alternatively  been 
calculated  using  vacuum  expectation  values.  The  reason,  as  has  been  previously  pointe 
out,  is  that  the  coherent  state  is  a  displaced  vacuum;  the  noise  is  unaffected  by  the 
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displacement  operation.  This  result  is  obvious  from  the  derivation  of  Equation  4.7.3  by 
setting  a=0  and  realizing  that  4.7.3  is  independent  of  a. 


Topic  4. 7.2:  Field  and  Energy  Variance  for  Coherent  States 


The  variance  for  the  electric  field  in  the  coherent  state  is 

cl  =  (a|E2|a) - (a| E|a)2  =  --^-{(a|  [b  ej“  -b+  e'^f  |a)-(a|  [b  -b+  e-fif+iffl,]|a)2 } 

Being  careful  to  use  the  commutation  relations,  the  variance  for  the  electric  field 
evaluated  in  a  coherent  state  is  found  to  be 

ha 


<4  = 


2s„V 


Notice  that  the  variance  is  independent  of  the  value  a.  The  coherent  state  represents  the 
minimum  achievable  dispersion  for  the  electric  field.  Repeated  measurements  of  the 

electric  field  result  in  a  range  of  numbers  characterized  by  cte  . 

The  variance  of  the  energy  in  the  coherent  state  can  be  calculated  from  the 
Hamiltonian 


f 


U  =  ha 


b+b  +  - 
2 


The  variance  can  now  be  calculated 

=(a|H2|a)-(a|H|a)2  -(ha)2 (a|  b+b  +  ^-l  |a)-(fico)2(a|  b+b  +  — l|a) 


=  (/ira)2  (a|  b+bb+b  +  b+b  +  a)  -  (ha)2  (a  | fb+b  +  ^  j| a)2 


The  first  term  on  the  right-hand  side  has  bb+ ;  the  order  of  these  two  operators  must  be 
commuted  to  evaluate  the  term. 


<4  =(M2(<* 


/V  A  A  A  A  A  1 

b+b+bb  +  2b  b  +  - 

4J 


a) -(ha)2  (a 


r . 


1 


b+b  +  - 

2; 


ay 


=  M2  {  H4  +  2|a|2  +  i  |  -  (ha)2 ^|a|4  +  |a|2  +  ^  j 


=  (ftco)2|a|2 

Recalling  that  the  average  number  of  photons  in  the  coherent  state  |a)  is  given  by 

-  ,  ,2 

na  =  |aj 

So,  the  energy  in  the  coherent  state  is  not  definite.  Repeated  measurements  of  the  energy 
produces  a  range  of  values  characterized  by  the  standard  deviation 

AH  =  cth  =ha'Jn 

The  uncertainty  in  the  energy  is  due  to  the  fluctuations  in  the  electric  field.  The  power  in 
the  electromagnetic  beam  is  expected  to  fluctuate.  In  the  vacuum  state  {x=0,  there  is  not 
any  uncertainty  in  the  energy  since  the  vacuum  is  also  a  Fock  state. 
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Topic  4. 7.3:  Comparison  of  Variance  for  Coherent  and  Fock  States 

The  Q-P  uncertainty  relation  for  single-mode  Fock  states  can  be  calculated 

^={n|P2|n)-(n|P|n)2=(n|P2|n)  =  (n|^[b-b+]2|n)  =  -i(n|(b2+b+2-b+b-bb+)n} 

Noting  (n|b2|n)  ~  <n|n  +  2)  =  0  with  similar  results  for  the  creation  operator  and  using 
the  commutation  relations  provides 


a2  =(n||Vb  +  -^)|n)  =  n  +  ^ 


where  use  is  made  of  the  fact  that  N  =  b+b  is  the  number  operator.  A  similar  result  holds 
for  the  “position”  operator 


(Sn  =n  +  - 


Therefore,  the  Q-P  uncertainty  relation  for  a  Fock  state  |n) 

1  ^  1 

AQ  AP  —  CTqCTp  —  ti  +  2  —  2 

The  “position-momentum”  uncertainty  is  always  larger  that  Vi  which  is  the  uncertainty  in 
the  coherent  state. 

(AQ  APL*  >  (AQ  APL^,  n  >  0  (non  -  vacuum) 


(aqap)m=(aqap), 


I  =  -  n  =  0  (vacuum) 

'coherent  2 


The  coherent  states  are  the  minimum  uncertainty  states.  The  noise  for  the  electric  fie  in 
a  coherent  state  is  called  the  “standard  quantum  limit”  (SQL).  Essentially  it  is  the  lowest 
possible  noise  level.  Squeezing  techniques  can  reduce  the  noise  in  one  quadrature; 
however,  the  noise  in  the  other  increases  (similarly  for  “number”  and  phase  ).  inis 
behavior  occurs  because  the  uncertainty  relation 

AQ  AP>- 
2 

must  still  hold.  .  .  „  ,  .  ,  ,  ,  ,  • 

The  uncertainty  in  the  electric  field  evaluated  in  a  Fock  state  is  calculated  m 

Topic  7.5.3 

a2=_^fn  +  -l  Fock 

E  e0vl  2) 

for  the  Fock  state  |n) .  Therefore,  the  uncertainty  in  the  electric  field  is  always  larger  for 

the  Fock  state  than  for  the  coherent  state  (except  for  the  vacuum  state). 

Finally,  given  that  Fock  states  are  eigenstates  of  the  Hamiltonian,  the  variance  ot 

the  energy  must  be  zero 


gh=0 


Fock 


The  uncertainty  in  energy  and  power  is  always  larger  for  the  coherent  states.  However, 
Fock  states  are  very  difficult  to  achieve  in  practice.  The  number-squeezed  state  is  t 
closest  relative  to  the  Fock  state.  All  of  the  number-noise  (i.e.,  amplitude  noise)  would 
need  to  be  squeezed  out  of  the  coherent  state  to  turn  it  into  a  Fock  state.  This  shows  the 
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reason  for  the  number-phase  uncertainty  relation.  Removing  noise  (i.e.,  reducing  the 
standard  deviation)  from  the  amplitude  necessarily  requires  the  uncertainty  in  the  phase 
to  increase  in  order  to  maintain  the  Q-P  uncertainty  relations.  Removing  all  of  the 
number-noise  causes  the  phase  to  be  completely  unspecified. 
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Section  4.8:  Introduction  to  Squeezed  States 

The  previous  few  sections  discuss  “classical”  electromagnetic  waves  as  the  large 
amplitude  limit  of  electromagnetic  fields  in  coherent  axes.  The ^^cohe^t  smtes  produc^ 

the  minimum  uncertainty  (i.e.,  minimum  fluctuations)  in  in  practice 

states  produce  sharp  values  for  the  energy  and  power,  they  cannot  be  reaped  m  pr^tic 
and  therefore,  practically  speaking,  the  coherent  states  produce  *e  mtmmtm.  uncerto  ty 
in  the  electromagnetic  energy  and  power.  Electromagnetic  waves  ®  ^acten^by 
amplitude  and  phase,  which  cannot  be  simultaneously  and  precisely  measur  . 

offer  the  best  compromise.  Electromagnetic  waves  are  expressed  m  quantized 

form  in  terms  of  amplitudes  or  quadratures  as 

i — -  _  l 


A 

E  =  +i 


'  2e0V 


aikr-tot  _  £+  g-ik-r+ifflt  j 


or 

=  [Qsin(k ■f-Mt)+Pcos(k  r-o)t| 

where  the  mode-labels  and  polarization  vector  are  suppressed,  and  to,  k  are  the  angular 
frequency  and  wavevector  of  the  traveling  waves.  The  creation  b*  and  annihilation  b 
operatators  are  related  to  the  “position"  Q  and  “momentum”  P  operators  according  to 


and  they  satisfy  the  commutation  relations 


p^M-1 


o,  Squeezed 
v  1  Amplitude 


Coherent  and 
Various  Squeezed 
Components  of 
Light 


Squeezed 

Phase 


A  A  1 

b,b  j=l 
■,  -1  . 


id  they  satisfy  me  commuiauuu  i  clause  r  . 

b,b+]=l  b,b]=  0  =  [b,b+ 

Coherent  Coherent  and  A  pi  :  O  C)l=  0  =  fp  P 

igL  Various  Squeezed  Q>PJ  —  t  l  ’ 

comets  of  ^  cQherent  stateg  |a)  ^  the  ajppjitude  (to  within  a 

— -  multiplicative  constant)  is  defined  by  me  complex 

(  squeezed  q  Squeezed  parameter  a  =  |ot|  e11*1  which  can  be  related  to  the  center  of 
Amplitude  Phase  fte  Wigner  probability  distribution  by 

kf  “=7^+ip) 

'  F  P  where  Q  =  (a|Q|a)  =  V2Re(a)  and 

Quadrature  Quadrature  p  =  (a|p|a)  =  Im(a)  . 

Squeezed  electromagnetic  states  are  characterized 
Y\i>  by  reduced  noise  in  one  parameter  but  with  added  noise  in 

-  - p-  r  ?  the  conjugate  parameter.  Figure  4.8. 1  shows  various  types 

Figure  4.8.1:  Various  types  of  of  squeezing  as  represented  by  a  Wigner  [ 

squeezed  states  as  represented  distribution  plot.  The  amplitude-squeeze  g  5 
by  the  corresponding  Wigner  eXample,  has  decreased  amplitude  variance  and  increase 
distribution.  The  coherent  state  ,  variance-  the  reverse  is  true  for  phase-squeezed 
has  a  value  for  the  squeezing  F  p .quadrature  squeezed  light,  the  possible  range 

parameter  of  zero.  ® 


q -  Squeezed  P 
”  I  Quadrature 


q  |  Squeezed  Q 
Quadrature 


183 


of  “P”,  denoted  by  AP ,  decreases  while  the  range  of  “Q”, 
denoted  by  AQ ,  increases;  however,  the  product 
AQAP  =  l/2  remains  unaltered.  Making  repeated 
measurements  of  the  electric  field  for  squeezed  light  would 
show  that  its  amplitude  and  phase  take  on  a  range  of  values 
characterized  by  the  ovals  in  the  figure. 

The  squeezed  states  can  be  viewed  as  sine  waves  by 
allowing  the  ovals  to  rotate  and  watching  each  point  (Q,P)  in 
the  oval  trace  out  a  sine  wave.  Figure  4.8.2  shows  traces  for 
both  phase  and  number  squeezed  light.  Phase  squeezed 
waves  have  almost  the  same  phase  but  the  amplitude  can 
vary  quite  a  bit  (look  at  the  crest  of  the  sine  wave).  Number 
squeezed  light  has  similar  amplitudes  but  the  phase  can  vary 
over  a  wide  range  (look  at  the  nodes  of  the  sine  wave).  The 
vacuum  state  can  also  be  squeezed;  the  results  appear  similar 
to  those  in  the  right  hand  figure  except  that  the  average  amplitude  is  zero.  All  squeezed 
electromagnetic  waves  are  related  to  coherent  states  and,  in  particular,  to  squeezed 
vacuum  states. 

There  are  two  sets  of  mathematical  operations  that  produce  squeezed  states.  Let 
S(r|)  denote  an  operator  that  “squeezes”  a  coherent  state  and  let  E)(a)  be  the 
displacement  operator  that  defines  a  coherent  state  |a)  =  D(a)|0)  from  the  vacuum.  The 

parameter  q  =  re10  gives  the  degree  of  squeezing  where  r>0.  The  first  set  of  operations 
consists  of  squeezing  the  vacuum 

S(n)|0)  =  |0,T|)  (4.8.1) 

and  then  displacing  the  “new  vacuum”  through  the  phase-space  distance  a 

D(a)S(q)|  0)  =  |a,-q)  (4.8.2) 

The  word  “new  vacuum”  appears  in 
quotes  because  it  is  not  actually  a 
physical  vacuum;  it  is  more  similar  to 
a  two  photon  state.  The  squeezed 
states  represented  by  Equation  4.8.2 
are  the  type  ploted  in  the  above  phase- 
space  figures.  The  second  set  of 
operations  consists  of  first  displacing 
the  vacuum  and  then  squeezing  the 
resulting  coherent  state  (the  reverse  of 
Equation  4.8.2).  This  second  type  of  squeezed  state  is  not  considered  further  because  the 
final  result  does  not  have  as  simple  an  interpretation  as  the  first  type. 

The  next  sections  provide  the  mathematical  detail  on  squeezed  states.  The 
discussion  starts  with  Q-squeezed  vacuums  using  0  =  0  in  the  squeeze  parameter 
q  =  reie  so  that  “P”  is  the  “long”  axis.  The  length  of  the  oval  along  the  P-axis  is  a  factor 
of  er  l4l  longer  than  the  diameter  of  the  circle  representing  the  vacuum  state  |0) ;  the  Q- 
axis  is  “shortened”  by  the  factor  e~r  /  -Jl .  The  Q-squeezed  vacuum  can  be  rotated  to  any 


Figure  4.8.3:  The  vacuum  is  squeezed  and  then 
displaced  to  produce  the  squeezed  coherent  state. 


Figure  4.8.2:  The  top 
partim  represents  squeezed 
phase  and  the  bottom 
represent  squeezed 

amplitude. 
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desired  angle.  The  rotated,  squeezed  vacuum  can  be  displaced  to  a  new  location  by  using 
the  displacement  operator  D(a).  The  modulus  of  the  parameter  q  =  r  e,e  determines  the 
amount  of  squeeze  and  the  angle  determines  the  axis  of  squeezing  (i.e.,  amplitude  or 
phase  squeezed  etc.). 
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Section  4.9:  The  Squeezing  Operator  and  Squeezed  States 


The  squeezing  operator  S(q)  is  the  mathematical  object  that  transforms  a 
coherent  state  into  a  squeezed  state.  The  complex  parameter  t]  determines  the  type  of 
squeezed  state  which  can  be  quadrature,  number  or  phase  squeezed.  The  probability 
distribution  of  the  number-squeezed  state  (termed  sub-poisson)  is  characterized  by  a 
standard  deviation  smaller  than  that  for  the  coherent  state  but  larger  than  for  the  Fock 
state.  An  anti-squeezed  number  state  (phase  squeezed)  obeys  super-poisson  statistics. 


This  section  explores  the  squeezing  operator  S(q)  along  with  some  of  its  elementary 
properties. 

The  squeezing  operator  is  defined  by 


S(rj)  =  exp 


r  .  \ 

^-b2-^b+2 
2  2 


(4.9.1) 


where  q  =  reie.  Unfortunately,  it  is  not  convenient  to  divide  the  squeezing  operator  into 
two  or  three  terms  using  the  Cambell-Baker-Hausdorff  operator  identity.  However,  it  is 
possible  to  find  useful  relations  that  allows  one  to  determine  the  variance  of  squeezed 
operators  (such  as  electric  field  and  energy),  along  with  coordinate  representations  and 

photon  statistics.  As  is  evident,  S  is  a  unitary  operator  with  S+(q)  =  S(— q)  =  S  (q). 

The  term  b+2  +b2  in  the  argument  of  the  exponential  of  the  squeezing  operator  is  similar 
to  the  Hamiltonian  for  a  parametric  amplifier,  which  is  one  of  the  devices  capable  of 
producing  squeezed  light.  A  subsequent  section  shows  that  homodyne  sensor  systems 
can  be  used  to  detect  and  measure  the  amount  of  squeezing. 

Either  the  quantum  state  |vj /)  in  the  Hilbert  space  or  the  operators  acting  on  the 

space  can  be  squeezed.  Applying  the  operator  S(q)  squeezes  the  states;  it  is  usually 
applied  to  the  vacuum  . 

|0,q)  =  S(q)jO) 

As  an  alternative  to  squeezed  states,  the  operators  can  be  squeezed  by  the  similarity 
transformation  Os  =  S+OS  .  It  is  the  expectation  value  of  an  operator  that  is  important. 

(0,T|  1 0|  O.tl)  =  (o|(s*os)  0) 

For  vacuum  expectation  values,  either  the  states  or  the  operators  can  be  squeezed, 
however,  one  should  not  expect  to  find  something  “new”  if  both  the  operators  and  states 
are  squeezed.  The  simplest  method  for  evaluating  an  expectation  value  is  to  calculate 

the  transformed  operator  S+OS.  The  operator  6  is  assumed  to  be  a  functional  of  the 

creation  and  annihilation  operators  6  =  0(b,b+) .  Therefore,  the  transformation  of  the 

operator  6  under  S  is  known  so  long  as  the  transformation  of  b,b+  is  known.  Then 

vacuum  expectation  value  of  the  squeezed  operator  Os  can  be  evaluated. 

What  about  squeezed  coherent  states?  The  simplest  (but  not  the  only)  squeezed 
coherent  state  obtains  by  first  squeezing  the  vacuum  and  then  displacing  the  result. 

|a,q)  =  D(a)s(q)|0)  (4.9.2) 
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where  the  coherent  state  without  squeezing  is  |a)-D(a)|0).  Note  that  the  order  of 

parameters  in  |a,T|)  match  the  order  of  the  operators  in  Equation  4.9.2. 

Expectation  values  (such  as  average  electric  field  or  average  energy)  take  the 

form  a  a  A 

(a,r||6ja,r|)  =  (0|S+D+ODSjO) 

Either  the  commutation  relations  for  the  displacement  and  squeezing  operators  must  be 
calculated  or  the  new  operator  D+OD  must  be  known.  The  product  is  particularly  easy 
to  calculate  if  6  =  o(b,b+ )  since  previous  sections  have  shown  ^ 

D+(a)bD(a)=b  +  a  and  D+(a)b+D(a)  =  b+  +a 

Products  of  the  form  b+b  become  . 

D*  (b'b)6  =  (6*  b'D^D*  bfi)=  (b*  +  a' )(b  +  a) 

<etC>'  Eventually,  one  would  like  to  calculate  transition  rates  using  squeezed  “to-"1 
states  as  might  be  important  for  communication  devices.  For  now,  the  discussion _belo 
^cnlates  the  variance  of  the  electric  field  and  electmmagnetic  Hamtltoman  for  the 

squeezed  state. 

Topic  4.9.1:  The  Squeezed  Creation  and  Annihilation  Operators 

In  order  to  find  the  transformation  of  more  complicated  operators,  the  first  order 
of  busines  is  to  show 

S+bS  =  bcosh(r)-b+ei0sinh(r)  (4-9-3) 

S+b+S  =  b+  cosh(r)-be'ie  sinh(r) 

where  n  =  reie  and  b ,  b+  are  the  annihilation  and  creation  operators,  respectively. 

Consider  the  first  of  Equation  4.9.3.  Expressions  for  the  squeezed  creation  and 
annihilation  operators  are  obtained  by  applying  the  operator  expansion  theorem  from 
Chapter  2,  which  is 


For  the  squeezing  operator 


‘Be"  =B-|[A,B]+^-[A,[a,b]]+... 


-  f Tl*  £2  TlC+2 

S(ri)  =  exp  yb  --b 


the  parameters  are  A  =  i(n’b! -fib*2)  and  x=l.  Substituting  into  the  expansion 
formula  provides 

=b-^(nV-qb*’)b]+i^V-nb*!),[i(nV-nb*I),b]]+... 

The  commutators  in  this  expression  are  evaluated  using  [b,b*  ]=  1  to  find 
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S+bS  =b-ri*b+  +I|T1|2b-i|Ti|2Ti‘b+  +... 

=  bfl  +  —  r2  +— r4  +  ...l-b+ei0fr  +  ^r3  +... 

V  2!  4!  J  l  3!  ) 

=  bcosh(r)-b+e,e  sinh(r) 

which  proves  the  first  relation  where  “r”  is  the  modulus  of  the  squeezing  parameter  re'0 . 
Taking  the  adjoint  proves  the  second  relation. 


Topic  4.9.2:  The  Squeezed  EM  Quadrature  Operators 

The  electromagnetic  “position”  and  “momentum”  operators  provide  a  first 
example  of  a  squeezed  operator  that  depends  on  the  creation  and  annihilation  operators. 
The  “position  and  momentum”  operators  are  defined  by 

These  operators  prove  to  be  important  for  plots  of  the  Wigner  probability  distribution. 
Recall  from  the  introduction  to  squeezed  states  (e.g..  Figure  4.8.3)  that  the  standard 
deviation  of  these  operators  is  used  to  determine,  in  an  easy  way,  the  direction  of 
squeezing. 

Using  Equation  4.9.3,  the  squeezed  operator  Qs  =  S+QS  can  be  evaluated  as 

A  AA  1  A  /a  A  \  A  1  [a  A  A  A  A  A  1 

S+QS  =  -jj=S+  (b  +  b+  JS  =  -j=  [S  bS  +  S+b+  sj 

=  -^[bcosh(r)-b+e,e  sinh(r)+b+  cosh(r)-be~10  sinh(r)] 

\2 

b  +  b+  ,  /  \  be  10  +b+e'e  .  ,  /  \ 

=  ~7Fcosh  r - Vi — smh  r 

=  Qcosh(r)-QR  sinh(r) 

The  “rotated”  operator  QR  is  shorthand  notation  for 


Qr  = 


be-'0  +b+eie 


The  rotated  operator  can  also  be  written  as 

Qr=R+QR 

where  R  =  e-"40  =  e_i0  0e  as  discussed  in  Section  3.7. 

A  AAA 

Similarly,  the  squeezed  momentum  operator  Ps  =  STS  can  be  evaluated 

*  *  *  1  *4 ./*  * .  \ »  b -b+  ( \  be  '0  — b  e'0  .  ,  /  \ 

STS  =  — t=S  (b-b  IS  =  — j=- cosh(r) - r - smh(r) 

iV2  iV2  iv2 

=  Pcosh(r)-  PR  sinh(r) 
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Topic  4. 9.3 :  Variance  of  the  EM  Quadrature 

The  operator  for  single  mode  electric  fields  can  be  written  as 
Ek  (?,  t)  =  -1^  [Q  sin(k  •  r  -  cot)+  P  cos(k  •  r  -  cot)] 

where  the  mode  subscripts  and  polarization  vector  are  suppressed,  and  co,  k  are  the 
angular  frequency  and  wavevector  of  the  traveling  waves.  The  “position”  Q  and 
“momentum”  P  operators  are  defined  by 

Q=-L[b+b*] 

and  these  operators  satisfy  the  commutation  relations  r«  -  1 


and  these  operators  satisfy  the  commutation  relations 

[q,p]=i  M=o=M  M=>  Ml-.o-M;]  ,H 

The  commutation  relations  imply  that  the  two  quadrature  terms  in  the  electric  field 

cannot  be  simultaneously  and  precisely  measured. 

The  coherent  state  for  the  electric  field  is  normally  obtained  by  displacing  the 
vacuum;  the  resulting  state  is  sometimes  termed  the  “ideal”  squeezed  coherent  state.  The 
displacement  operator  does  not  change  the  “amount  of  squeezing”.  Therefore,  one 
obtains  a  pictorial  representation  of  the  electromagnetic  field  in  the  squeezed  vacuum  by 
calculating  the  variance  of  the  two  quadratures.  The  Heisenberg  uncertainty  relation 
continues  to  hold  regardless  of  the  value  of  the  squeezing  parameter  q. 

First  calculate  the  variance  of  Q  for  the  squeezed  vacuum  state  |0,q)  =  S(q)|0) 

where  q  =  rei0 .  The  variance  is 

<=(0,Tl|Q2|0,q)-(0,q|Q|0,q>2 

The  average  of  the  “position”  operator  Q  can  be  evaluated  using  Equations  4.9.3 
(0,q|Q|0,q)  =  (0|S+QS|0)  =  (0||^^cosh(r)-^— ^-i-sinh(r)||0>  =  0 

Next,  evaluate  (0,ti|Q'|0,ti)  using  SS*  =  1  =  S*S 
(O.nlQ’M  =  (0|S*Q2Sj0)  =  (0|S*QS  S*QS|0) 

={o|  [q  COS  h(r)~QR  sinh(r)]  [q  cos  h(r)-QR  sinh(r)]|0) 

=  (0|Q2|0)cosh2(r)+{0|Q2R|0)sinh2(r)-(0|(QQR+QRQ)0)cosh(r)sinh(r) 

Substituting  for  Q  and  QR  and  using  the  commutation  relations  for  the  creation  and 
annihilation  operators  we  find  the  four  relations 


(o|Q!|o)={o|[^H  i°h°i 


b2  +b+2  +bb+  +b+b. 


=  i|0|b2|0)  +  (0|b+2|0)  +  (0|bb+|0)  +  (0|b+b|0)}=0  +  0  +  U0  =  ^ 
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Similarly,  one  can  show 

10  ,  U+-<0 

<0|Q||0>=(01 


i°>4 


......  ,  / b+b+ Y be-'6  +b+eie 

<o|QQK|o)=(oi  -^5— 


|0>  =  i(0|bbV*+b*be-,,|0}=^- 


<0|QrQ]0>  =  i(0lb-be,e  +  bb*  e-‘*|0)  =  *— 

Substituting  all  of  these  into 

(0,ti|Q2|0,ti)  =(0|  Q2|0)cosh2(r)+(0|  Q2  |0>sinh2(r)-(0|(QQR  +QRQ|o)cosh(r)sinh(r) 


provides 


(0,  r|  |  Q2  ]  0,  ri)  =  -  {cosh2(r)+  sinh2(r)-  2  cos(e)sinh(r)cosh(r) } 
2 


A 

Therefore  the  variance  of  Q  is 

=(0,ri|Q2|0,ri)-<0,r1|Q|0,Ti)2  =  i{cosh2(r)+sinh2(r)-2cos(0)sinh(r)cosh(r)} 
where  t|  =  r  eie .  The  variance  of  the  “momentum”  operator  is  similarly  shown  to  be 

a2  =  (0,ti|P2  |0,ri)  = -{cosh2(r)+sinh2(r)+ 2cos(0)sinh(r)cosh(r)} 

2 

Now  consider  the  special  case  of  8  =  0.  The  variance  of  the  EM  quadratures 
operators  become  Squeezed 


Cn  =  —7=  UJL1U  Up—  —7= 

^  ^  aqT 

Figure  4.9.1  shows  the  Wigner  distribution  for  the  ^  \k 
squeezed  vacuum.  The  greatest  variance  is  along  the  “P” 
axis  while  the  least  is  along  the  “Q”  axis.  Notice  that  the 
squeeze  parameter  “r”  is  always  positive. 

The  angle  0  in  the  squeezing  parameter  r|  =  re’e 
controls  the  “direction”  of  squeezing.  The  “long”  axis  of 
squeezing  is  rotated  by  an  angle  9/2  as  shown  in  the  figure. 

An  important  point  is  that  the  Heisenberg  uncertainty 

relation  remains  unchanged  for  squeezed  versus  non-  - 

squeezed  coherent  states.  For  the  squeezed  vacuum,  the 
Heisenberg  uncertainty  relation  for  the  two  quadrature  . 
components  becomes 

e'r  er  1  Fi& 


Squeezed 
Q  Vacuum 
8=0 


aQ0p  =  V2  fi 


Even  though  the  noise  is  squeezed  out  of  one  quadrature,  it 
reappears  in  the  other.  However,  it  is  now  shown  that  the  ti 
noise  in  the  total  electric  field  and  Hamiltonian  never 
decreases.  Squeezing  the  vacuum  always  increases  the 
variance  of  the  Hamiltonian  and  total  electric  field  (both  quadratures) 


Figure  4.9.1:  Top:  The 
Q-quadrature  is  squeezed. 
Bottom:  The  angle  0  in 

T|  =  re10  rotates  the 
“squeezed  direction”  by 
0/2. 
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Figure  4.9.2:  Comparison  of  a 

squeezed  state  (oval)  and  a  coherent 
state  (circle). 


Topic  4.9.4:  Coordinate  Representation  of  Squeezed  States 

The  squeezed  vacuum  can  be  represented  in  Qi 

either  the  “position”  or  “momentum”  representation.  d:*" . 

Figure  4.9.2  shows  the  coordinate  projection  of  the  p  IBB' 

coherent  state  by  the  dotted  lines.  The  solid  lines  j  '  "‘j . 

represent  the  projection  of  the  squeezed  vacuum  on  I  ;  squeezed 

to  the  coordinates.  For  example,  the  Gaussian  :  :\  j  Vacuum 

distribution  in  the  “P”  coordinate  is  wider  for  the  j  /  \  ;  0=0 

squeezed  vacuum  than  it  is  for  the  coherent-state  j/' 

vacuum.  The  squeezed  vacuum  is  seen  to  have  a  s? - — £ 

Gaussian  distribution  for  either  the  “P”  or  the  “Q”  Figure  4.9.2:  Comparison  of  a 

direction  squeezed  state  (oval)  and  a  coherent 

It  is  possible  to  show  (Leonhardt)  that  the  state  (circle), 
coordinate  representation  of  the  squeezed  vacuum 
with  the  squeezing  parameter  q  =  r  e'e  (with  9  =  0 )  is  given  by 

'P(Q)  =  er/2U0(erQ)  (4-9.3) 

and 

'P'(p)=e_r/2  U0(e_rP) 

where  U0(Q)  is  the  coordinate  representation  of  the  coherent-state  vacuum  as  given  in 

Topic  4.5.3.  The  multiplicative  factors  e±r/2are  for  normalizing  the  wave  functions. 
Leonhardt  shows  that  Equation  4.9.3  leads  to  the  correct  form  of  the  squeezing  operator 
by  differentiating  with  respect  to  “r”  to  get 

^afQA+AQ)  ‘(qp+pq)* 

3r  2^  9Q  5Q  J  2 

This  differential  equation  is  solved  by  separating  variables  r.^P  to  find 

>P(Q)  =  exp|y(QP  +  PQ)|  ¥(0) 

Therefore,  Equation  4.9.2  is  consistent  with  the  squeezing  operator  for  9  =  0 . 

S=  exp|y(QP  +  PQ)|  - exp||(b!  -b*’)} 


(4.9.3) 
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Section  4.10:  Statistics  for  Squeezed  States 

As  examples,  this  section  calculates  the  average  and  variance  of  the  electric  field 
and  the  Hamiltonian  for  squeezed  states.  Also  discussed  is  the  probability  distribution, 
which  shows  that  photons  occur  in  pairs  for  the  squeezed  state  (sometimes  the  terms  2- 
photon  state  is  applied).  This  section  verifies  further  implicit  claims  made  by  the  pictures 
in  the  introduction  to  squeezed  states.  One  such  claim  is  that  the  displacement  operator 
does  not  affect  the  noise  in  the  signal.  Another  is  that  the  displaced  vacuum  state 

continues  to  be  characterized  by  displacement  vector  |a),  despite  the  fact  that  the 
vacuum  might  be  squeezed. 

Topic  4.10.1:  The  Average  Electric  Field  in  a  Squeezed  Coherent  State 

The  ideal  squeezed  coherent  state  is  found  by  first  squeezing  the  vacuum  and  then 
displacing  the  squeezed  vacuum.  As  will  be  shown,  the  average  of  the  electric  field 
operator  is  unaffected  by  the  squeezing  (i.e.,  the  average  electric  field  in  the  ideal 
squeezed  coherent  state  is  identical  to  the  average  electric  field  in  the  coherent  state). 
However,  squeezing  increases  the  variance  of  the  total  electric  field  more  than  that  for 
the  coherent  state  alone.  As  will  be  seen,  the  displacement  operator  does  not  affect  the 
amount  of  noise  in  the  field. 

The  quantized  electric  field  operator  is  given  by 

E  =+i  [be*51"™1  -b+e“ta+iBt  1  (4.10.1) 

V  2eoV  1  1 

The  average  electric  field  in  the  ideal  squeezed  coherent  state  |a,rj)  =  D(a)s(ri)|0)  is 
(a,r||E|a,r|)  =  (0|S+D+  E  DS|0) 

=  +i  1-*^- {<0|S+  (D+bf))s|0}efl“'i“t -(0|S+(f)+b+  D^e-"0^' } 

V  2e0V 

The  diplacement  operator  transforms  the  annihilation  and  creation  operators  according  to 
D+(a)b  D(a)  =  b  +  a  and  D+(a)b+  D(a)  =  b+  +a* 

so  that 

(a,n|e|o.n>  =  +i  {(0| S* (b  +  a)s j 0)eil“'i“t  -(0|S*(b*  +a)§|0)e**“  } 

Using  the  fact  that  the  squeezing  operator  S  is  unitary,  substituting  for  S+bS  (etc)  and 
using  (0j(b  cosh(r))|0)  =  0  (etc.),  we  find 

(o,„|EM  =  +i  }=<«|E|a> 

The  average  electric  field  is  independent  of  the  squeezing.  Therefore  the  center  of  the 
Wigner  distribution  is  independent  of  squeezing. 


192 


Topic  4.10.2:  The  Variance  of  the  Electric  Field  in  a  Squeezed  Coherent  State 


The  variance  of  the  quadrature  components  can  be  evaluated  for  the  squeezed 
states  in  a  manner  similar  to  the  average  calculated  for  the  electric  field  in  Topic  4.10.1. 
The  calculation  would  indicate  that  under  the  action  of  the  displacement,  the  variance  of 


the  quadratures  is  invariant. 

{a,Ti| 


.'hat  is 

P2  -F2  jjct,Ti)  =  (0,t]|  [p2  -P2]|0,p) 


with  a  similar  relation  for  Q .  The  quantities  P,P  are  the  average  of  P  in  the  “displaced 
squeezed  vacuum”  and  the  “squeezed  vacuum”,  respectively.  The  equation  indicates 
that  the  degree  of  squeezing  is  independent  of  the  displacement.  Of  course,  to  fully  prove 
that  the  statistics  of  the  coherent-state  and  the  squeezed-coherent-states  are  independent 
of  the  average  field  amplitude  a,  it  is  only  necessary  to  show  that  the  character  of  the 
probability  distribution  is  independent  of  the  field  amplitude  (refer  to  Section  1 1  on  the 

Wigner  distribution).  . 

This  section  calculates  the  variance  of  the  total  electric  field,  which  also  indicates 

that  displacing  the  squeezed  vacuum  does  not  change  the  noise  content.  The  calculation 
compares  the  total-field  variances  for  the  squeezed  and  coherent  states  at  the  end.  For 
simplicity,  use  Equation  4.10.1  with  x=0  and  t=0  to  calculate  the  variance  of  the  electric 

field 


:  +1 


ho 


2  s„V 


A  A  1 

b-b+J 


The  variance  is  given  by 

al  =(a,r||E2|a,p)-(a,q|E|a,Ti)2 
The  average  is  known  from  the  previous  page,  which  gives 


( 


(4',0'2) 


Next  calculate  the  expectation  of  the  square  of  the  field 


<a,t1|E2|a,n)  =  --^-(0|S+D+(b-b+)2DS|0) 


2e0V 

h(0  ■  (0|S+D+  (b2  +b+2  -bb+  -b+b)f)  S|0) 


2e„V 


Inserting  terms  like  \ 

D+b2D  =  (D+bf))(D+bD)=(b  +  a)(b  +  a)  and  D+bb+D  =  (b  +  a)(b  +  a  J  (etc) 


provides 

(a,r1|E2|a,Ti)=--^-(OlS+|b  +  a)2  +  (b+  +aj -(b  +  a)(b+  +a*)-(b+  +a*)(b  +  a))s|0) 


2e„V 


Multiplying  the  terms  and  remembering  to  use  the  commutation  relations,  we  find 


{a,,l|E!|a,ii}  =-^^-(0|S*(b-b*]fs|0)-^j|^-(a-a*)!  (4.10.3) 


2s0V 


Evaluate  the  first  term  on  the  right  hand  side 
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(0|S+(b-b+)*S|0)  =  (0|S+(b2  +b+2  -bb+  -b+b)s|0) 

/s  A  A  A  A  A  A  A  ^  A  +  A  ^ 

Using  the  unitary  property  of  “S”  on  terms  such  as  S+bb+S  =  S+bSS+b  S  =  bsbs, 
provides 

(0|S+(b-b+)fs|0)  =  (0||b2  +bf  -bsbs+  -b+bjo)  _  (4.10.4) 

Substituting  for  the  squeezed  annihilation  and  creation  operators  from  Equations  4.9.3 
which  are 

bs  =  S+  bS  =  bcosh(r)-b+e10  sinh(r) 
b|  =  S+  b+  S  =  b+  cosh(r)-be'10  sinh(r) 

Simplifying  Equation  4.10.4  by  noting  “squared”  terms  like  (0|b2j0)cosh(r)=0 produce 
zero,  as  do  terms  with  the  destruction  operator  on  the  right  (0|  b+b  1 0)  =  0 ,  we  find 
(0|S+  (b  -  b+  f  S|  0)  =  (0|  {-  2b  b+  cos(0)-  b  b+  cosh2  (r)+  bb+  sinh2  (r)  J  0) 

Recall  the  elementary  relation  cosh 2  r  -  sinh 2  r  =  1  and  the  fact  that  (0 1  b  b + 1 0)  =  1  to  find 
(0|S+(b-b+)2S|0)  =  -2cos(0)cosh(r)sinh(r)-l  (4.10.5) 

Therefore,  combining  Equations  4.10.2  through  4.10.5,  the  variance  of  the  electric  field 
in  the  ideal  coherent  state  becomes 

a2  =(a,ri|E2|a,ri)-(a,ri|E|a,ri)2  = -^-(2cos(0)cosh(r)sinh(r)+l)  (4.10.6) 
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where  r>0  (and  so  sinh  is  always  greater  than  zero).  Which  is  independent  of  the 
displacement  parameter  a,  as  is  necessary  for  the  displacement  operator  not  to  influence 
the  noise  content. 

The  total-field  variance  in  the  ideal  squeezed  coherent  state  is  always  larger  than 
the  variance  of  the  field  in  the  pure  coherent  state.  The  variance  of  the  pure  coherent 
state  is  found  by  substituting  r=0  in  Equation  4.10.6 


r  =  0 


°E  = 


ftco 

2^V 


=  Or 


I  coherent 


Therefore 


>  at 


isqz 


I  coherent 


As  an  important  note,  the  main  advantage  to  squeezed  states  is  that  for  a  system,  one 
quadrature  component  might  be  the  one  to  carry  the  signal  (as  for  a  parametric  amplifier). 
The  system  is  designed  to  ignore  the  noisy  component. 


Topic  4.10.3:  The  Average  of  the  Hamiltonian  in  a  Squeezed  Coherent  State 

The  average  energy  (i.e.,  expectation  value  of  the  Hamiltonian)  in  a  squeezed 
state  is  always  larger  than  the  average  energy  in  the  corresponding  coherent  state.  The 
energy  of  the  squeezed  state  caries  the  energy  of  the  corresponding  coherent  state  plus  the 
energy  required  to  squeeze  the  vacuum.  In  particular,  the  squeezed  vacuum  has  an 
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average  energy  larger  than  the  true  vacuum.  Squeezed  states  consist  of  pairs  of  photons 
rather  than  single  ones.  The  squeezed-state  variance  for  the  Hamiltonian  is  always  larger 

than  the  coherent-state  variance. 

The  single  mode  electromagnetic  Hamiltonian  is 

(*  *  \\ 

H  =  /ico  b+b  +  — 

V  2) 

where  (o  is  the  angular  frequency  of  the  mode.  The  expectation  value  of  the  energy  in 
the  ideal  squeezed  coherent  state  is 

(a,ri|H|a,Ti)  =  to(a,T)|  b+b  +  ^)  |a,ti>  =  /iCD(a,q|b+b|a,ii)+-ficD 

The  first  term  on  the  right-hand  side  can  be  written  as 

(a,r||b+b|a,Ti)  =  <0|S+  D+  b+bDS|0)  =(0|S+  (d+  b+6)(f)+bD  )s|0) 
which  uses  the  fact  that  the  displacement  operator  “D”  is  unitary.  Substituting  for  the 
displaced  creation  and  annihilation  operators 

D+  (a)b  £>(a)  =  b  +  a  and  D+(a)b+D(a)  =  b+  +a‘ 

the  last  expression  becomes 

(a,ri|b+b|a,Ti)  =  (0|S+  D+  b+bDS|0)  =(0|S+  (b+  +a*  )(b  +  a  )s|0) 

=  (0|S+(b+b  +  ab+  +a*b+  +|a|2)§|0) 

=  (0| S+b+b  S| 0)  +  a{0|S+b+S|0)  +  a* (0|S+bS| 0}  +  |a|2 
Noting  that  the  squeezed  creation  and  annihilation  operators 

S+  b  S  =  b  cosh(r)-  b+eie  sinh(r)  (4.9.3) 

S+  b+  S  =  b+  cosh(r)-be"ie  sinh(r) 

(from  Equations  4.9.3)  are  linear  combinations  of  the  creation  and  annihilation  operators, 
it  is  apparent  that  the  vacuum  expectation  values  of  the  squeezed  operators  are  zero. 
Therefore 


(a,ri|b+b|a,‘n)  ={0|S+b+b  S|0)  +  |a|2 

=  {0|(s+b+s)(s+b  s)o)  +  |a|2 

Substituting  Equations  4.9.3,  the  average  becomes 

(a,ri|b+b|a,ti)  =  (0|(b+  cosh(r)-be‘ie  sinh(r))(bcosh(r)-b+e10  sinh(r)j|0)  +  |a|2 

The  terms  (0|b2 10) ,  (0|b+2 10)  give  zero  as  do  the  terms  (0|b+b|0) .  We  are  left  with 

(a,q|b+b|a,ri)  =(0|bb+|0)sinh2(r)+|a|2  =sinh2(r)+|a|2 
Therefore  the  expectation  value  for  the  Hamiltonian  in  the  ideal  squeezed  coherent  state 
is 

(a,q|H|a,ri)  =  no)(a,ri|b+b|a,Ti)+^co=^co|sinh2(r)+|a|2+l|  (4.10.7) 


—  V.  - 

Equation  4.10.7  is  an  interesting  result  in  itself.  Notice  that  r=0  gives  the  average 
energy  in  the  coherent  state  |a).  Squeezing  the  coherent  state  (i.e.,  r>0)  causes  the 
average  energy  to  increase.  Equation  4.10.6  consists  of  three  terms.  The  last  term  is  the 
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vacuum  energy,  the  middle  is  the  energy  stored  in  the  coherent  state  (similar  to  the  square 
of  the  electric  field)  and  the  first  term  is  the  energy  due  to  squeezing.  Especially  note  that 
the  average  energy  for  the  squeezed  vacuum  is  larger  than  for  just  the  vacuum  alone. 

(0,ti|H|0,ti)  =  ftm  jsinh2(r)+^ 

As  shown  in  the  next  topic,  the  squeezed  vacuum  appears  as  a  multi-photon  state. 

The  average  energy  in  the  coherent  state  |  a)  is 

(a|H|a)  =  7zmj|a|2  +  ^j  (4.10.8) 

The  average  energy  in  an  ideal  squeezed  coherent  state  (Equation  4.10.7)  can  be  written 
in  terms  of  the  average  energy  in  a  coherent  state  as 

(a,Ti|H|a,Ti)  =  {a|H|a)  +  /ta>  sinh2(r) 


so  that 


(a,-n|H|a,ri)>(a|H|a) 

The  energy  is  larger  for  squeezed  states  because  the  act  of  squeezing  requires  energy 
which  is  stored  in  the  state.  As  will  be  seen,  the  squeezed  vacuum  is  actually  a  multi¬ 
photon  state.  In  fact,  the  photons  occur  in  pairs  and  are  never  found  with  an  “odd” 
number. 


Topic  4. 1 0. 4:  Photon  Statistics  for  the  Squeezed  State 

The  squeezed  vacuum  is  a  multi-photon  state  which  consists  of  a  linear 
combination  of  Fock  states  with  an  even  number  of  photons;  that  is,  the  photons  occur  in 
pairs.  The  probability  of  finding  an  odd  number  of  photons  is  zero.  This  behavior  is  a 
result  of  the  fact  that  the  creation  and  annihilation  operators  are  squared  in  the  argument 
of  the  exponential  for  the  squeezing  operator 

S(ii)=exp  ^-b2-^b+2 

For  example,  consider  the  case  of  a  “Q-squeezed”  vacuum  (i.e.,  0  =  0  in  the  squeezing 
parameter  ri  =  rei0 ).  Expanding  the  squeezing  operator  in  powers  of  “r” ,  provides 

1 0, r)  =  S(r) 1 0)  =exp  ^(b2-b+2)  |0) 

-  ’!+(§)&*  -6*1 -6*1  ♦-]|o> 

The  terms  with  the  creation  and  annihilation  operators  can  be  expanded  to  provide 

10,r>  =  S(r)|0)  =  ^ + ...]  |0) . [-  ) + (§X(^r) -  •] ! 2)  - [[§)  ^  |4>  * 

For  r=0,  the  series  reduces  to  the  vacuum  state  without  squeezing.  Notice  that  the 
squeezed  vacuum  is  a  sum  of  even  Fock  states.  The  probability  for  finding  “n”  photons 
in  the  vacuum  during  a  measurement  is 
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prob(n)  =  |  (n|0,r)| 

The  probability  for  odd  “n”  is  always  zero. 

Leonhardt  calculates  the  probability  by  using  the  coordinate  representation  of  the 
squeezed  vacuum.  The  coordinate  wavefunction  is  given  in  Topic  4.9.4  as  Equation  4.9.3 

^(Q)=er/2U0(erQ) 

where  U0  is  the  unsqueezed  vacuum  wavefunction  (a  Gaussian).  The  probability 
amplitude  is  therefore 

(n|S(r)jO)=  j"dQ  iyn(Q)  er/3  U„(e'Q) 


where  \j/n  (Q)  is  the  coordinate  representation  of 
the  Fock  wavefunction  for  a  state  consisting  of  “n” 
photons.  Leonhardt  gives  the  formula 


Prob(n) = 


'  n 

lU/2 


COS] 


h(r) 


tanh(r)V 
2  , 


n  =  1,3,5.. . 
n  =  0,2,4... 


where 


^n  ^ 


Vmy 


n! 


m!  (n-m)l 

The  figure  shows  a  plot  of  the  probability  of  “n* 
photons  for  r=0.25  and  r=l. 


Number  of  Photons  n 

Figure  4.10.1:  Probability  distribution 
for  finding  “n”  photons  in  the  squeezed 
vacuum  for  two  values  of  the 
squeezing  parameter  “r”.  A  value  of 
r=0.25  produces  an  almost  unsqueezed 
state. 
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Section  4.11:  The  Wigner  Distribution 

Previous  sections  discuss  the  Fock,  coherent  and  squeezed  states  of  the 
electromagnetic  field.  The  Fock  state  is  a  number-squeezed  coherent  state,  which  means 
that  the  probability  distribution  for  the  number  of  photons  is  “sub-Poisson  (i.e.,  the 
standard  deviation  for  the  number  operator  is  smaller  than  that  for  the  Poisson 
distribution).  The  quadrature  components  of  the  electric  field  cannot  simultaneously  and 
precisely  be  measured.  A  Gaussian  distribution  characterizes  the  coherent  state  in  the 
position  or  momentum  coordinate  representation.  Introductory  material  in  previous 
sections  suggests  that  a  distribution  in  phase  space  can  be  defined  that  treats  the  phase 
space  coordinates  (position  and  momentum)  as  random  variables.  The  Wigner 
distribution  is  the  closest  quantum  analogue  to  the  classical  probability  distribution. 
Unfortunately,  the  Wigner  distribution  can  become  negative  (a  non-classical  probability 
property)  for  certain  types  of  states  (such  as  Fock  states).  For  coherent  and  squeezed 
states,  the  Wigner  distribution  provides  a  near-classical  picture.  The  so-called  P  and 
“Q”  quasi-probability  distributions  can  also  be  defined;  these  distributions  are  not  related 
to  the  “P  and  Q  coordinates”.  For  the  “P”  distribution,  a  mathematical  object  very  similar 
to  a  density  operator  is  defined  for  coherent  states. 


Topic  4. 11.1:  The  Wigner  Formula  and  an  Example 


The  Wigner  distribution  is  defined  to  be  the  joint  quasi-probability  density  for  the 
EM  field  “position  Q”  and  “momentum  P”  coordinates.  This  section  shows  that  the 
Wigner  function  is  given  by 


1  “  / 
W(Q,P)  =  —  Jdx  exp(iPx)  (O  ■ 


Q+ 


where  p  is  a  density  operator  (see  below).  We  can  define 

a=7J(Q+ip) 

to  be  the  (normalized)  electric  field  amplitude  which  would  be  the  annihilation  operator  if 
Q,p  were  operators.  Notice  that  for  the  coherent  state  |  oc^ ,  the  value  “a”  is  not  the  same 


as 


a.  This  is  due  to  the  fact  that  a  =  -^(q  +  p)  and  Q,P  are  the  average  values  of  Q,P 


in  the  coherent  state  whereas  Q,P  are  measured  values  of  Q,P.  Each  set  of  measured 
values  Q,P  leads  to  a  different  sine  wave  since  Q,P  are  related  to  an  amplitude  and  phase 
for  the  EM  field  (see,  for  example,  the  Figures  4.3.6  and  4.8.2). 


Example:  Find  the  Wigner  function  for  the  vacuum  state 

The  density  operator  represents  any  quantum  mechanical  state  for  which  we  wish 
to  find  the  quasi-probability  density.  To  fix  our  thoughts,  find  the  Wigner  function  for 

the  coherent  state  |a)  by  setting  p  =  |a)(a|  (the  Wigner  function  for  non-pure  states  can 
also  be  found).  A  term  such  as  (Q|a)  in 
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(Q|p|Q>  =  <Q|«X“|Q)  = 

is  the  coordinate  representation  of  the  wave  function.  Recall  the  coordinate  wavefimction 
for  the  vacuum  from  Equations  4.5.13  and  4.5.14. 

(Q|a  =  0>  =  it-o(Q)=^re-Q''i 

The  Wigner  function  is  then 

W(Q, p)  =  ^  jdx  exp(iPx)  - 1  P  Q + 

=  Jdx  exp(iPx)  ~  a  =  O^a  =  0  Q  +  —  | 

1*  •  f  x  ^  (  x> 

=  —  [dx  exp(iPx)v|/*  Q  +  -  U|/0  Q-- 
2ti  J  v  l) 

—oo 

or,  substituting  for  the  wavefunctions 

W(Q,P)=^  Jdx exp(iPx) ^-cxp  “(q  +  §^ 

—00  L. 

=  -^exp(-Q2-P2) 

The  last  line  follows  after  some  simplifying  algebra  and  an  integration.  The  Wigner 
function  is  a  Gaussian  centered  on  the  phase-space  origin  as  discussed  in  the  introductory 
material  in  Sections  4.3  and  4.8. 


The  Wigner  function  connects  the  quantum  theory  and  classical  probability  theory 
through  the  use  of  marginal  probabilities.  For  a  classical  probability  density  function 
W(x,y) ,  the  probability  of  finding  (for  example)  the  values  of  x  e  (a,b)  and  y  e  (c,d) 
are  given  by 

b  d 

Prob(a  <  x  <b,c  <  y  <  d)=  JJdxdy  W(x,y) 

a  c 

The  probability  that  x  e  (a,  b)  regardless  of  the  value  of  “y”  is 

b  oo 

Prob(a<x<b)  =  Prob(a<x<b,-°o<y<oo)=  J  Jdxdy  W(x,y) 

a  -oo 

Therefore,  the  probability  density  function  for  x  is  identified  as 

oo 

W(x)=  Jdy  W(x,y) 

The  Wigner  formula  is  defined  in  such  a  way  that  simultaneous  measurements  of 
P,Q  do  not  need  to  be  considered.  The  Wigner  formulation  requires  the  density 
functions  for  Q  and  P  be  given  by 
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WQ (Q)  =  JdP  W(Q,P)  =  (Q|p|Q)  and  Wp(P)=  JdQ  W(Q,P)  =  (P|p|P) 

—oo  —co 

where  the  subscripts  P  and  Q  remind  the  reader  of  the  independent  variable  which  is  not 
always  obvious  in  what  follows.  The  1-D  probability  density  functions  are  related  to  the 
density  operator  as 

WQ(Q)  =  (Q|p|Q)~(Q|H')(v|Q>  =  |v(Q)r 

and  similarly  for  the  density  that  depends  on  the  “P”  coordinate.  This  formula  is 
reminiscent  of  the  “shadow”  plots  such  as  Figure  4.5.1 . 


Topic  4.11.2:  Derivation  of  the  Wigner  Formula 

The  derivation  follows  that  in  Leonhardt’s  wonderful  book  with  some  notational 
changes.  The  argument  uses  the  notation  Q',P'  for  the  rotated  coordinates  which  reduce 
to  Q  and  P  for  a  rotation  of  0  degrees  (it’s  ok  to  think  of  Q,P  instead  however).  The 
following  list  provides  the  sequence  of  steps  required  for  the  derivation.  The  function 
W'  is  the  Wigner  function  of  Q',P';  it  reduces  to  W  when  the  coordinates  are  not 
rotated. 

1.  The  classical  marginal  probability  distribution  is  defined  as 

oo 

Wq(Q')  s  JdP'  W'(Q',P') 

-oo 

which  has  the  form  of  a  “Radon”  transformation.  The  function  W'(Q',P')  is  the  quantity 
of  interest;  i.e.,  it  is  the  Wigner  function.  The  inverse  transformation  of  the  previous 
equation  must  be  developed  in  order  to  isolate  W'(Q',P') . 

2.  The  “characteristic  function”  is  the  Fourier  Transform  of  the  probability  density 
W'(Q',P')  which  appears  in  the  integrand  of  Step  1.  The  Fourier  transform  will  be 
found  to  be 

WQ  (^,  0)  =  4ln  W(^  cos  0,  ^  sin  0)  =  'Jin  W(u,  v) 
where  “~”  denotes  Fourier  transform,  £  is  the  Fourier  transform  variable  conjugate  to  Q' , 
0  is  the  rotation  angle  for  the  coordinates  and  u  =  £cos0  and  v  =  ^  sin  0 .  The  formula 
above  relates  the  Fourier  transform  of  the  marginal  probability  WQ  to  the  Fourier 

transform  of  Wigner  function  W .  Essentially,  this  step  provides  the  desired  inversion 
for  the  Radon  transfomation.  The  above  characteristic  function  is  to  be  compared  with 
another  expression  obtained  from  quantum  theory. 

3.  The  quantum  probability  distribution  is  define  through  the  density  operator  p 

W(Q')  =  (Q'|p|Q'> 

and  similar  to  Step  2,  the  Fourier  transform  provides 
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WQ(^e)=-^Tr{p  exp(-iuQ-ivp)} 

where  the  Weyl  operator  exp(-iuQ-ivp)  is  structurally  similar  to  the  displacement 
operator. 

4.  Equating  the  results  of  Steps  2  and  3  provides  an  expression  for  the  Fourier  transform 
of  the  Wigner  distribution 

W(u,  v)  =  — Trjp  exp(-  iuQ  -  ivp) } 

2n  .  , 

The  Wigner  distribution  is  obtained  by  an  inverse  Fourier  transform  and  using  the 

wavefunction  translation  properties  inherent  to  the  Weyl  operator. 

The  rest  of  the  discussion  executes  the  program  plan  in  steps  1  through  4  above. 
First,  as  step  0,  the  rotated  coordinates  are  discussed. 


Step  0:  The  Rotations 

The  coordinates  Q',P'  are  defined  by  the  rotation 
W  (  cos0  sin0  V Qn 
^P',  l^-sin0  cosOj^Pj 

Recall  that  the  coordinate  transformation  is  defined  in  such 
a  way  that  a  function  of  the  new  coordinates  and  a  function 
of  the  old  coordinates  (refer  to  Appendix  5)  are  related  by 
W'(Q\P')=W(Q,P) 

The  W  and  W'  are  the  Wigner  functions  in  the  original  and 
rotated  coordinates.  The  coordinates  Q  and  P  are  the 


Figure  4.11.1:  Definition  of 
the  rotated  coordinates. 


eigenvalues  of  the  operators  Q,  P  (respectively)  according  to 

Q|Q)  =  Q|Q)  and  PIP)  =  PIP) 

The  rotation  operator  R ,  which  rotates  the  operators  Q,P ,  is  defined  by 


R  =  e' 


where  N  is  the  number  operator  N  =  b+b,  and  b+,b  are  the  creation  and  annihilation 
operators  respectively.  The  rotated  “position”  and  “momentum”  operators  are 
Q'=R+QR  and  P'=R+PR 


For  example,  Q’  is  found  to  be 

Q'=  R+QR  =  e*10  -^(b  +  b'^js’^0 


=  _L(be"i9  +b+ei0)=Qcos0  +  Psin0 

V2V 


Let  the  states  be  defined  by 

|q,0)  =  |Q’)  =  R+|Q)  and  |P,0)  =  |P’)  =  R+|P) 
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(note  the  “R+”).  The  adjoint  rotation  operator  R+,  which  is  unitary,  has  the  property 
that  R+(0)  =  R(-0) .  The  coordinate  kets  rotated  in  this  manner  are  eigenkets  of  the 
rotated  operator 

Q-|Q')  =  (r+Qr)r+|Q)  =  R+Q|Q>  =  R+Q|Q>  =  QR+|Q>  =  Q|Q’> 

Step  1:  The  Marginal  Probability  Distribution 

The  classical  marginal  probability  distribution  is  defined  as 

oo 

Wq(Q')  =  JdP'  W'(Q\P') 

-oo 

To  find  the  “inverse”  of  the  transformation,  one  needs  to  work  with  the  Fourier 
transformation. 


Step  2:  The  Characteristic  Function 


The  Fourier  transform  of 


uy 

Wq(Q')S  JdP’W’CQ'.P') 

-oo 

is  given  by 

oo  _j£Q*  oo  -i?Q*  “  -i?Q' 

WQfe0)=  JdQ'WQ(Q')^=  JdQ'^=  JdP'  W'(Q',P')=  JJdQ'dP'  -^==r  W'(Q',P') 

The  Jacobian  of  the  transformation  provides 

dQ  dP  =  dQ'  dP' 

and  the  definition  for  the  rotation  of  a  function  (Appendix  5)  gives 

W’(Q',P')  =  W(Q,P) 

and  the  coordinate  rotation  yields 

Q'=  Q  cos0  +  P  sin0 

Therefore  WQ(^,0)  becomes 

-  -'5(Q  cos  9+ P  si"  6) 


wQfee)=  JJdQdP 


■W(Q,P) 


=  nS  JJdQdP  W(Q,P) 


s  -iQ(j;  cos  0)-iP(S  sin  0) 


(4.11.1) 


The  characteristic  function  is  the  Fourier  transform  of  the  probability  density 


W(u,v)=  JJdQdP  W(Q,P) 


a-iQu-iPv 


where  the  transform  variables  are  related  to  polar  coordinates  by 

u  =  £cos0  and  v  =  £sin0 

Therefore,  Equation  4.11.1  relates  the  characteristic  function  to  the  Fourier  transform  of 
the  marginal  probability 
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WQ  fe,  e)  =  Wfe  cos  0,  ^  sin  e)  =  V2x  W  (u,  v) 

Ste/>  3:  Fourier  Transform  of  the  Quantum  Probability  Density  Function 
The  quantum  probability  density  (in  the  Q'  coordinate)  is  given  by 

w,j(Q')  =  (Q'|p|Q'>  =  (Q|RpR*  |Q) 

The  Fourier  transform  of  this  function  is 

m  -i^Q  *  A  e-*5Q 

WQM)=  JdQ(Q|RpR*|Q)^-=  JdQ{Q|RpR*-^|Q) 
where  the  constant  exponential  term  is  moved  inside  the  coordinate  expectation  value. 
Using  e-i^|Q)  =  e~*Q|Q)  (as  can  be  seen  by  Taylor  expanding  e_lW ),  we  obtain 


Wq&0) \{dQ  <Q|ftpR* 72S,Q> TpR  TsJ 

where  the  coordinate  basis  is  used  for  the  trace  (see  Topic  2.3.5).  The  order  of  the 
operators  in  the  trace  can  be  permuted  (see  Section  2.3)  to  get 

W Q(5.fl)  =  JdQ  (Q|RpR*  C^Q)  =  T=Tr[pRV«4  *1  (4U'2) 

-CO  ^ 

However,  the  previous  discussion  shows  that  Q’=R+QR  =  Qcos0  +  Psin0  and 
therefore,  expanding  the  exponential,  and  using  the  property  that  R  is  unitary, 

R-e-^R  =  R*(l  =  Zi(-i4)"(R*QR)r  = 

V  „  n!  )  n  n! 

Substituting  this  into  Equation  4.1 1.2  along  with 

u  =  £cos0  and  v  =  £sin0 

provides 

WQ(5,e)  =  4=Tr[pR*e-^  r]=  ^Trfp  ] 


Step  4:  Equate  the  results  of  Steps  2  and  3 

Equating  the  results  of  Steps  2  and  3  provides 

W(u,v)=  —  Trfp  e"i4u"tfv  ]  (4.11.3) 

2ft 

The  Weyl  operator  can  be  rewritten  using  the  Baker-Hausdorff  formula 

eA+B  _  eAe6e-M/2  so  iong  as  [a,[a,b]]=  0 = [b,[a,b]j 

from  Chapter  2.  The  Weyl  operator  becomes 

e-iQu-iPv  =  e-iQue-iPve-[-iQ“ =  g-iQUg-iPVg+mv/a 

since  [q,p]= i .  Equation  4.1 1.3  can  be  written 
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(4.11.4) 


W(u,  v)  =  J-Tr[p  e®"-*’  ]=  )dQ(Q|p  e"'*^  |Q> 
2tt  2tt 


JdQ(Q|pe-'"*e-'v*|Q) 


Using  the  fact  that  e~,vP  is  a  translation  operator  in  Q  space  according  to  Section  2.16, 
provides 

e-“|Q)  =  |Q  +  v) 

so  that 

e_iuVivP  |  Qj  =  e-iuQ  |  q  +  v)  =  e_iu(Q+v)|  Q  +  v) 

Equation  4. 1 1 .4  becomes 

iuv/2  <*>  -iuv/2  ® 

W(u,v)  =  ^—  JdQ(Q|pe'iu(Q+v)|Q  +  v)  =  ^- —  JdQe-“>(Q|p|Q  +  v) 


Making  the  substitution 


yields 


‘-'-I 


W(u,v)  =  ^- Jdxe-iux/x-^  p  x  +  ^\  (4.11.5) 


Step  5:  Inverse  Transform 

The  inverse  transform  of  Equation  4.1 1.5  is 

iuQ+ivP  i  /v  v\  % 

W(Q,P)=  jjdudv  W^v)^— v  =  —  JJdxdv  (x--  p  x  +  -\eivP  jdu 
(-»,«)  [J2nj  **  \  Z  Z/ 

The  definition  for  the  Dirac  delta  function 

giu(Q-x) 

fdu  — - —  =  8(Q-x) 


,iu(Q-x) 


gives 


W(Q,P)  =  JJdxdv  /x-|  p  x  +  ^\  eivP  5(Q-x) 


Finally,  we  obtain  Wigner’s  formula  for  a  quasi-probability  distribution. 

W(Q,P)  =  Jdv  exp(ivP) p  Q  +  ^\ 


where  Q  and  P  are  coordinates  instead  of  operators. 
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Topic  4.11.3:  Examples  for  the  Wigner  Function 


Wigner’s  formula 

W(Q,P)  =  ^  jdx  exp(ixP) (q~^  P  Q  +  ^j 

is  easy  to  evaluate  so  long  as  the  wave  function  |  vj/)  in  p  =  |  v|/)  (v|/ 1  is  known  as  a  function 
of  the  “position”  coordinate  Q.  The  inner  product  then  produces 

(Q-!hlQ+f)=(Q-fh)HQ+f)=v(Q-f)¥tQ+i 

Example  1:  Wigner  representation  of  the  Fock  state  |l) . 

The  coordinate  representation  of  the  first  Fock  state  is 


(Q|i)=Vi(Q)=c1QexP|^-Y 

from  Equation  4.2.5.  Therefore,  set  p,=|l)(l|  to  get 

(Q-fHQ+f)=(Q-fli)(ilQ+f)=¥'(Q'f)¥:(Q+f) 


which  gives 


Q-^  pQ+f)=|c,rfQ-fVxpT-^|^i 


The  Wigner  function  becomes 

|C,|2  "f  ,.  (  (Q-x/ if 

W(Q,P)=  27  Jdxexp(lxP)[Q-iJexpl - 2 — 

—CO 

which  can  be  integrated. 


f  (Q  +  x/2)2 
Q  +  I  exp - r- 


x'l  f  (Q  +  x/2)2 

Q+2H  2 


Section  4.12:  The  “P”  Quasi-Probability  Distribution 

The  “P”  distribution  function  is  defined  as  Pa  in 

p=  |d2a  Pa  |a)(a| 

where  Pa  is  clearly  intended  to  take  the  place  of  a  classical  probability  in  the  definition  of 
the  density  operator.  In  the  above  version  of  the  formula,  |a)  is  a  coherent  state,  but  the 
formula  can  be  written  for  other  wavefunctions. 
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Section  4.13:  Measuring  the  Noise  in  Squeezed  States 


Homodyne  detection  is  the  most  common  method  for  measuring  the 
electromagnetic  noise  in  a  squeezed  state.  There  exists  both  balanced  and  unbalanced 
detectors  which,  for  RF  date  back  to  WWII.  Any  detection  system  can,  of  course,  detect 
the  average  number  of  photons  in  the  beam.  This  section  discusses  a  simple  homodyne 
detection  system. 

Figure  4.13.1  shows  a  block 
diagram  for  producing  and  detecting 
optical  electromagnetic  waves  in  the 
squeezed  state.  A  single  photodetector 
could  be  used  but  it  would  detect  the 
total  light  emission  and  not  just  a 
single  quadrature  component.  A  laser 
generates  a  large  amplitude  optical 
signal  (which  can  be  represented  by  a 
classical  wave).  A  system,  denoted  by 
“Sqz”,  converts  the  laser  signal  to 
squeezed  light.  The  squeezed  light  is 
used  in  any  desired  manner  after  it  leaves  the  “squeezer”;  the  figure  shows  the  squeezed 
light  incident  on  a  Device  Under  Test  (DUT).  A  reference  signal  is  derived  through  a 
beam  splitter;  this  signal  maintains  a  fixed  phase  relation  with  the  squeezed  light.  The 
homodyne  detection  system  consists  of  perfect  50-50  beam  splitter  (no  surface  reflections 
and  no  absorption),  two  photodetectors  and  a  summer  with  one  input  inverted.  By 
adjusting  the  phase  0  of  the  reference  signal,  it  is  possible  to  measure  the  quadrature 

component  Q0=R+QR  where  the  rotation  operator  is  R(0)  =  e",N0  and  N  =  b+b. 

Recall  that  Qe  can  be  either  the  “in-phase”  component  P  or  the  “out-of-phase” 


Figure  4.13.1:  A  system  to  determine  the  effect  that 
a  device-under-test  (DUT)  has  on  the  noise  in  a 
squeezed  beam  of  electromagnetic  energy.  The 
reference  signal  for  the  homodyne  detector  is  derived 
from  the  laser  source. 


Squeezed 

Light 


component  Q  of  the  electric  field.  Therefore  by  varying  the  phase  of  the  reference 
signal,  properties  of  squeezed  and  anti-squeezed  light  can  be  examined. 

Next,  focus  on  the  homodyne  detection 
system.  Assume  that  the  reference  signal  is 
represented  by  a  classical  amplitude  aL0  (i.e., 
the  mode  has  a  large  amplitude).  The  symbols 
a,a,,a2  refer  to  the  operator  amplitudes  of  the 
light  waves.  The  following  shows  that  the 
difference  in  the  number  of  photons  arriving  at 
the  two  photodetectors  is  given  by 

=  V2|ajQ,  (4.13.1) 


n. 


An  increase  of  the  signal  from  the  “local  Figure  4.13.2:  The  homodyne  detection 
oscillator”  also  increases  the  size  of  the  « 

detected  signal  n2i,  consequently  the  system  the  beam  splitter  (mixing), 
provides  an  amplified  version  of  the  quadrature 

signal  Qe .  The  detection  system  responds  only  to  the  frequency  of  the  local  oscillator 
and  the  desired  quadrature  component  can  be  selected  by  using  the  appropriate  value  for 
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0 .  Besides  detecting  the  quadrature  component,  the  variance  of  the  photon-num  er 
difference  provides  the  variance  of  the  selected  quadrature  component  which  gives  a 
measure  of  the  amount  of  noise  present. 


The  detectors  respond  to  the  power  in  each  beam,  which  is  essentially  a  me^iire 
of  the  number  of  photons  in  each  beam.  The  number  of  photons  in  output  beam  #1  and 
beam  #2,  respectively,  is  given  by 


..  A  +  A 

n,  =a,a, 


A  A  4.  A 

n2  =a2a2 


The  amplitudes  are  defined  to  be 


O 


a2  -  -y=(a  +  a LO) 


where  the  amplitude  a,  includes  a  180°  phase  shift  with  the  classical  amplitude  for 
reflection  at  the  internal  interface  of  the  beam  splitter.  Similar  phase  shifts  are  not 
included  for  the  quantum  amplitude  a  .  The  difference  in  the  number  of  photons  incident 
on  the  detectors  is 


n2,  =  n2  -n,  =a2a2-a1a1 


=  -^(a+ +a*LO)-^(a  +  txLo)--yj(a+  aLo)^(a  aro) 


—  aLOa  "*'aLOa 


Using  the  definition  for  the  creation  and  annihilation  operators  in  terms  of  the  position 
and  momentum"  operators, 

a=^M) 

the  difference  in  photon  number  becomes 


^21  —  O^LO3  "^^LO3 


=  V2|cxlo|  (qCosO  +  PSino)=  4l  |aLO|  Qe 


_ _ lo  0  +  i aL0  _ai& P  =  Q^2  Re(aLO )+  P>/2  Im(aLO ) 

yfl  V2 


«  +  ,  -  aLO  A  •  a 
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Section  4.14:  Production  of  Quantum  EM  States 


A  number  of  techniques  are  available  for  producing  Quantum  Electromagnetic 
States.  Fock  states  are  number-squeezed  states  with  a  number-variance  of  zero.  These 
higly  squeezed  number  states  have  not  been  demonstrated  to  date.  The  coherent  states 
are  minimum-area  uncertainty  states.  The  coherent  states  can  be  produced  by  classical 
currents  and  by  lasers  operating  well  above  threshold.  Using  low  noise  current  sources  to 
bias  light  emitting  diodes  and  lasers  can  produce  number  squeezed  light.  Quadrature 
squeezed  light  can  be  generated  using  four-wave  mixing  and  parametric  amplifiers  and 
properly  constructed  and  properly  biased  semiconductor  lasers.  A  full  review  of 
producing  quantum  EM  states  must  wait  for  a  subsequent  book.  This  section  shows  that 
a  classical  current  gives  rise  to  coherent  states. 


The  following  shows  that  a  classical  current  can  generate  a  coherent  state  (refer  to 
Mandel  and  Wolf  P.  569).  Start  with  the  vacuum  state  |0)  for  a  single  mode  electric 

field.  The  following  shows  that  the  time-evolution  operator  U(t)  produces  a  (time- 
dependent)  displacement  of  the  vacuum  state.  A  displaced  vacuum  state  is  a  coherent 


The  total  interaction  Hamiltonian  is 

V,(t)  =  -  Jd3r  j(r,t)-A(r,t) 


(4.14.1) 


where  J  is  a  (real)  classical  current  density,  A  is  the  single-mode  quantized  vector 
potential  (in  the  Coulomb  guage)  and  the  subscript  “I”  indicates  the  interaction 
representation.  For  the  interaction  representation,  recall  that  the  operator  caries  the  trivial 
time  dependence  (i.e.,  the  Heisenberg  representation  when  there  is  no  interaction 
potential)  and  the  wavefunction  caries  the  dynamics  of  the  interaction.  Assume  the 
vector  potential  remains  small  enough  that  it  does  not  affect  the  current  density;  the 
current  density  is  therefore  assumed  to  be  known.  The  vector  potential  has  the  form 

?  I  fl  ~  f."  ii.r— imf  *  +  -ik-f+itOt  1  /  A  1  A 


f  2e„Vco 


;[beiiM“ 


+  b+e 


(4.14.2) 


where  the  creation  and  annihilation  operators  in  the  vector  potential  are  independent  of 
time  and  e  the  optical  polarization  vector.  Substituting  Equation  4.14.2  into  Equation 
4.14.1,  we  obtain 

V,(t)=-&[b7(M)e"“  +b*J‘(k,t)e*“]  (4.14.3) 

where  the  Fourier  transform  of  the  current  density  is  defined  by 

j(k,t)=jd!rj(f,t)-^= 

Assume  that  the  interaction  starts  at  t=0. 

First,  as  in  Chapter  2,  the  discussion  shows  that  Schrodinger  equation  for  the 
interaction  representation  has  the  form 

VI(t)¥(x,t)=ift|:'F(x,t) 

ot 
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where  the  total  Hamiltonian  accounts  for  the  energy  of  the  free  field,  free  current  and  the 
interaction  between  them. 

H  =  H0+V  =  Hftte+Hfi«  +V  =  Hfree+V 

EM  current  EM 

The  Hamiltonian  H0  =  6*,  +6^  =  6*.  excludes  the  “free  current”  since  that  current 

EM  cutt  EM 

is  not  quantized.  The  V  term  gives  the  interaction  energy  between  the  current  and  the 
fields.  The  interaction  wave  vector  is 

/  A  \ 

|^(t)>  =  exp  |<P,(t)> 
v  m 

Substituting  this  into  Schrodinger’s  equation 

[H0+V(t)]j'P(t))  =  i»||>F(t)) 

yields 

( H  \ 

H0  exp  | 

Using  evolution  operator  for  the  Heisenberg  representation  is 

u(t)=exp  ^ 

and  canceling  terms  from  the  previous  equation,  gives 

where 

V1(t)=u+(t)v(t)u(t) 

The  time  “t”  is  restricted  to  be  small  t  =  At  so  that  there  is  little  change  in  the  operators. 

The  evolution  operator  in  the  Interaction  representation  can  be  found  by  writing  a 
formal  solution  to 

V,(t)Wt))=i»|Wt)) 

as 

Wt)}=u(t)|v(o)) 

with 

U(t)  =  exp  ^  Jdx  V,  (x) 

_  0 

Explicitly  taking  into  account  t  =  At ,  the  interaction  evolution  operator  becomes 

U(t)=exp  fv,(0) 

The  wave  function  |'F[(t  +  At))  can  be  written  based  on  its  value  at  an  infinitesimally 
earlier  time  |'FI(t)) 


^,(t))  +  V(t)exp  ^-t  |'FI(t))  =  H0exp  ^t  1^,(0)  +  ^  exp^tJ-|'T,(t)) 


>P,(t  +  At))  =  U(t  +  At,t)|T,(t)) 


where 


U(t  +  At,  t)  =  exp  ^Vj(t) 
and  At  =  t  - 1' .  Defining  the  function 


f*(t)  =  -I  U*-  e-j(k,t)e-i<ot 
w  h  \  £oe0V  v  ’ 

to  substitute  into  the  interaction  Hamiltonian  to  get 

Vj(t)  =  -  |— s  [bT(k,t)e-"  +b*J'(k,t)e*“']=-*[f(t)b-f(t)b*] 

\  e0Vo  i 

The  evolution  operator  becomes 

U(t  +  At,  t)  =  exp  [-  At  f  *  (t)b  +  At  f (t)b+ ] 

This  is  seen  to  be  a  coherent-state  displacement  operator  by  comparing  it  with 

D(a)=e(“6+-“’6) 

so  that 

U(t  +  At,t)=D[Atf(t)] 

Therefore  the  unitary  operator  U  causes  the  vacuum  state  |o)  to  evolve  into  the  coherent 
state 

|Aa)  =  D[Atf(t)]|0)  (4.14.4) 

(since  it  is  a  displaced  vacuum). 

Equation  4. 14.4  can  be  integrated  to  find  the  coherent  state  as  a  function  of  time. 
Consider  repeatedly  applying  the  evolution  operator. 

|a(t,))=D[Atf(t,)]|0) 

|a(t2))  =  D[At  f(tj)]|a(t,)>  =  D[At  f(t2)]D[At  f(t,)]|0> 


|a(..))  =  {n»[Atf(t,)]}|0) 

The  infinitesimal  displacement  from  the  origin  Aa(t)=  At  f(t)  depends  on  time.  Using 
the  relation 

E>(a)D(p)  =  e^p‘-a’p)/2D(a  +  p) 
where  exp{(ap*  -a*p)/2 }  is  a  phase  factor,  we  can  write 

|a(t))  =  cDfXf(ti)Atl|0)  =  cD  [ldT  f  (x)l  1 0)  =  c  I  Jdxf(x)\ 


where  “c”  is  a  phase  factor. 
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Chapter  5:  Matter-Field  Interaction 

The  equations  of  motion  for  matter  and  electromagnetic  (EM)  fields  are  of  little 
value  without  the  possibility  of  an  interaction  between  them.  It  is  this  matter-field 
interaction  that  provides  for  a  host  of  devices  and  systems  such  as  lasers,  LEDs,  RF 
transmitters  and  the  sun.  The  wavefunctions  for  the  matter  and  the  fields  occupy  separate 
Hilbert  spaces.  The  motions  of  the  wavefunctions  in  their  respective  spaces  become 
linked  through  the  matter-field  interaction.  For  example,  accelerating  charge  in  the 
matter  space  produces  greater  field  amplitude  in  the  other  (as  discussed  in  Section  4.14). 

The  density  operator  provides  the  most  information  possible  on  the  state  of  the 
combined  system  (fields  and  matter).  This  operator  lives  in  the  direct  product  space 
consisting  of  (at  minimum)  the  product  of  the  spaces  for  the  matter  and  field.  The 
number  of  spaces  can  increase  depending  on  the  number  of  degrees  of  freedom.  For 
example,  reservoirs  that  provide  the  Langevin  (fluctuation)  and  damping  forces  each  have 
wavefunction  that  reside  in  their  own  Hilbert  space.  The  combination  of  the  matter, 
fields  and  reservoirs  is  considered  to  be  a  complete  system. 

The  motion  of  the  density  operator  in  its  direct  product  space  provides 
information  on  the  transitions  that  the  system  makes.  An  atom,  for  example,  might  have 
an  electron  in  the  first  excited  state  but,  through  the  matter-field  interaction,  it  can  make  a 
transition  to  the  lower  state  while  exciting  one  of  the  optical  modes.  The  master  equation 
(a.k.a.,  the  Liouville  equation  for  the  density  operator)  is  a  first  order  differential  equation 
that  relates  the  rate  of  change  of  the  density  operator  to  occupation  probabilities, 
transition  rates,  and  to  fluctuation  and  damping  terms.  The  motion  of  the  density 
operator  can  be  treated  in  a  fully  quantum  mechanical  way. 

The  objective  of  this  chapter  is  to  introduce  the  master  equation  without  solving  it 
for  any  specific  problems.  This  is  in  keeping  with  the  direction  chosen  for  this  book, 
namely  to  summarize  the  mathematical  apparatus  and  concepts  required  for  future 
applications.  The  primary  reason  for  studying  the  quantum  theory  to  the  depth  presented 
in  this  book  is  that  the  density  operator  method  and  dynamical  equations  are  general 
enough  to  describe  all  known  physical  situations.  The  formalism  is  easily  applied  to  the 
interaction  of  an  electromagnetic  field  as  characterized  by  one  of  the  quantum  states 
(Fock,  coherent  or  squeezed). 

The  Liouville  equation  and  its  solution  provide  a  natural  explanation  for 
Homogenous  level-broadening  due  to  “loss”  mechanisms.  If  Schrodinger’s  equation  is 
solved  for  the  complete  system  then  the  eigenfunctions  (existing  in  a  possibly  large  direct 
product  space)  are  exact.  Once  the  complete  system  collapses  into  one  of  the  eigenstates, 
it  will  remain  there.  Now,  suppose  that  a  smaller  system  is  not  complete  in  the  sense  that 
an  agent  external  to  the  system  is  capable  of  interacting  with  it.  Imagine  Schrodinger’s 
equation  is  solved  without  taking  into  account  the  interaction  (if  the  interaction  is 
included  then  the  small  system  is  identical  to  the  complete  one).  The  eigenfunction 
solutions  for  the  smaller  system  are  not  the  same  as  those  for  the  complete  system 
because  the  Hamiltonian  for  the  small  one  does  not  include  the  interaction  energy.  If  the 
small  system  collapses  to  one  of  its  eigenstates,  the  perturbing  external  agent  can  cause  it 
to  make  transitions  from  one  eigenstate  to  another.  In  particular,  external  agents  interact 
with  the  oscillating  dipole  moment  between  states.  The  lifetime  of  the  state  is 
consequently  uncertain;  the  state  no  longer  has  an  infinite  lifetime.  As  a  result  of  the 
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Heisenberg  uncertainty  relation  for  energy-time,  it  is  clear  that  the  energy  of  the  state  is 
no  longer  certain.  This  is  equivalent  to  saying  the  level  is  broadened.  For  this  argument, 
it  does  not  matter  whether  the  external  agent  is  a  “loss”  (such  as  losing  light  through  a 
mirror)  or  a  “gain”  mechanism.  It  only  matters  that  the  Hamiltonian  of  the  smaller 
system  is  not  exact  and  the  agent  interferes  with  the  coherence. 

The  density  operator  approach  for  lasers  results  in  the  laser  rate  equations.  The 
rate  equations  essentially  provide  all  of  the  information  necessary  to  model  the  matter- 
light  interaction  for  laser  operation.  There  are,  of  course,  addition  design  equations  for 
waveguiding  and  the  electrical-device  aspects. 
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Section  5.1:  Introduction  to  the  Liouville  Equation  for  the  Density  Operator 

The  master  equation  (Liouville  equation)  for  the  density  operator  is  usually  first 
encountered  in  a  semiclassical  setting  where  the  matter  is  quantized  but  the 
electromagnetic  field  is  not.  The  density  operator  p  provides  information  on  the 
occupation  and  transition  probability.  The  diagonal  elements  are  the  probability  of 
finding  the  system  in  a  given  state  whereas  the  off-diagonal  terms  are  related  to  the 
induced  polarization  (refer  to  Section  2.17).  As  the  density  operator  changes  with  time, 
the  probability  of  occupying  a  given  state  must  also  change;  consequently,  the  rate  of 
change  of  the  diagonal  elements  of  the  density  operator  must  be  related  to  the  rate  of 
transition.  Therefore,  to  predict  the  transition  rate  (related  to  the  gain  of  a  laser)  one  must 
know  the  time  rate  of  change  of  the  density  operator.  The  discussion  considers  two 
phenomenological  methods  of  finding  the  rate  equation  for  the  density  operator.  The  first 
method  uses  the  Hamiltonian  for  the  complete  system,  including  all  relevant  terms  such 
as  the  matter-light  interaction,  electrical  and  optical  pumping,  and  collisions.  The  second 
method  uses  a  restricted  Hamiltonian  that  includes  only  the  matter-light  interaction  but 
the  probability  in  the  density  matrix  becomes  time-dependent.  Subsequent  sections 
demonstrate  the  purely  quantum  mechanical  route  the  ends  with  the  same  results.  The 
discussion  is  geared  more  toward  light  generation  for  lasers  in  this  first  section. 

Topic  5.1.1:  The  Liouville  Equation  Using  the  Full  Hamiltonian 

Define  the  total  Hamiltonian  as 

ri  'H+iU.  _  (5-11) 

Assume  that  only  stimulated  emission  and  absorption  are  included  in  H  which  is  defined 
as 

H  =  H0+V 

where  H0  is  the  Hamiltonian  that  describes  the  atom  and  V  is  the  interaction  energy  that 
describes  the  interaction  between  an  applied  electromagnetic  wave  and  the  atom.  The 
laser  gain  is  related  to  H .  The  term  Hother  describes  the  effects  of  pumping  currents, 
collisions,  spontaneous  emission  and  other  terms  not  described  by  stimulated  emission 
and  absorption.  The  Hother  Hamiltonian  should  be  divided  into  separate  terms  such  as 

A  A  A  A 

^othcr  ^pump  ^coll  +  ^spont  ^  • 

These  terms  are  treated  phenomenologically  in  the  next  several  topics;  each  of  them  leads 

A 

to  a  separate  time  constant  for  the  system.  For  simplicity,  the  single  Hamiltonian  Hother 
is  retained  which  accounts  for  all  the  “non-stimulated”  terms.  There  is  a  single  time 
constant  but  the  discussion  indicates  how  others  obtain  from  the  individual  Hamiltonians 

inlW  .  . 

The  Liouville  equation  for  the  density  operator  is  found  by  differentiating  the 
density  operator  with  respect  to  time 

p(t)=2XMt))(v(t)| 
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As  discussed  later,  this  equation  assumes  that  the  wave  function  carries  all  of  the  system 
dynamics  and  that  the  probability  Pv  is  independent  of  time.  The  differentiation  provides 


(5.1.2) 


Notice  that  for  the  last  term,  the  partial  derivative  was  moved  inside  the  "bra"  which  is 
permissible  by  recalling  the  definition  for  the  bra  of  a  function 

|(v|  =  |jdVV(f,t)=Jdv|V-(f.O 

where  the  integral  is  treated  as  an  operator.  In  this  case,  the  projection  operator  is 
assumed  to  act  on  a  time-independent  basis  vector  (i.e.,  the  matrix  element  is  to  be 
calculated).  Next,  using  Schrodinger's  equation 


M.fL) 

dt  ' 


The  definition  of  adjoint  and  the  fact  that  the  Hamiltonian  is  Hermitian  provides 

/e*|  /M  ,  /hY  /JO 


If 

Inserting  these  last  two  results  into  Equation  5.1.2  provides 


^Mvl -Ip»W  ^ 

Recognizing  the  terms  in  braces  are  the  density  operator,  this  last  expression  gives  a 
commutator 

dp  =lfd  J 

Finally,  inserting  the  definition  for  the  Hamiltonian  from  Equation  5.1.1  to  obtain 
Liouville's  equation  for  the  density  operator 

f  (5-13) 

Assume  that  one  does  not  exactly  know  Hother  and  therefore  treats  it  phenomenologically 
by  replacing  the  corresponding  commutator  with 


f) 


Therefore,  an  alternate  form  for  Liouville's  equation  for  the  density  operator  is 
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f  =^[hp]41h+h<.„.p]=^M4? 


(5.1.4) 


This  equation  says  that  the  occupation  of  the  individual  atomic  states  changes  (the 

dp  1  L  -1 

—  term)  due  to  the  interaction  of  electromagnetic  field  with  the  atom  (the  — IH,p|  term) 
dt  ifi 

( i  rA  i 

and  due  to  other  sources  such  as  electrical  pump  currents  (the  —  =  —  [Hother,p] 


term).  This  last  term  is  due  to  the  relaxation  of  the  carrier  relaxation  that  brings  the 
system  back  to  equilibrium  once  the  electromagnetic  perturbation  is  removed.  Therefore, 
it  is  the  last  teim  in  Equation  5.1.4  that  leads  to  a  relaxation  time  x. 

A 

Consider  the  full  form  for  Hother 

A  A  A  A 

Mother  =  Hpump  +  +  H^,  +  . . . 

in  Equation  5.1.3.  The  Liouville  Equation  then  has  the  form 

#  -  [hp„.p]+^  [h„,„p]4  [h^,„p]+...  (5.1.5) 


dt  ih 

which  can  also  be  written  as 


=  i[H,j)]+f  SP)  +f«P)  +(-] 


(5.1.6) 


As  a  result,  there  can  be  three  or  more  time-constants  because  of  the  “pump”,  “collision” 
and  “spontaneous  emission”  Hamiltonians  in  Equation  5.1.5. 


Topic  5. 1.2:  The  Liouville  Equation  Using  a  Time-dependent  Probability 

The  second  phenomenological  method  of  demonstrating  the  Liouville  equation 
focuses  on  the  Hamiltonian  for  the  atom  and  stimulated  emission-absorption 

A  A  A 

H  =  H0  +  V  (5.1.7) 

The  interaction  energy  V  describes  the  interaction  of  light  and  matter  to  produce 
stimulated  emission  and  absorption.  As  before,  H0  is  the  atomic  Hamiltonian.  This 
time,  in  the  definition  for  the  density  operator 

p(t)=ZPv(t)|v(t))(v(t)|  (5.1.8) 

the  probability  is  allowed  to  change  with  time  (private  communication  with  Prof.  C.L. 
Tang  at  Cornell  University).  In  this  approach,  |\|/(t))  is  required  to  satisfy  the  restricted 
Shrodinger  equation 

H|vKt))  =  ifi|jv|/(t)) 

where  H  =  H0  +  V .  This  means  that  some  physical  mechanisms  capable  of  changing  the 
occupation  probabilities  are  not  included  in  the  Hamiltonian  H  and,  consequently,  they 
are  not  included  in  |  vj/(t)) .  Therefore  the  only  alternative  is  to  include  these  “other” 
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effects  by  requiring  the  probability  Pv  to  be  time-dependent;  the  probabilities  Pv  depend 

on  time  to  account  for  the  possible  relaxation  effects  not  included  in  |vy(t)) .  The  “other” 
terms  include  the  effects  of  the  pumping  currents,  spontaneous  emission,  and  non- 
radiative  decay  due  to  collisions.  The  wavefunctions  describe  the  atom  and  the  transitions 
caused  by  the  electromagnetic  interaction.  Taking  the  probability  as  a  function  of  time 
results  in  a  phenomenological  term  in  the  Liouville  equation  for  the  density  operator. 


As  an  example,  consider  a  bag  with  5  atoms. 
Assume  all  of  the  electrons  are  either  in  eigenstate  |u,)  or 


Atom  1 


Atom  2  Atom  3  Atom  4 


-  2 

1 

Atom  S 


|u2).  There  are  only  two  possible  wavefunctions  in  the 
density  operator 

P(t)  =  EPslusXus| 

S=1 

where  “S”  takes  on  values  of  S=l,2  (assuming  the  non-coherent  case  for  the  density 
operator  whereby  linear  combinations  of  the  basis  vectors  are  not  allowed).  Figure  5.1.1 
shows  that  the  probability  of  wavefunction  #2  is  P2=3/5  and  the  probability  of 
wavefunction  #1  is  P,  =  2/5 .  Now  suppose  all  of  the  optical  and  electrical  pumping  is 


Figure  5.1.1:  Five  two-level 
atoms.  The  eigenstates  are 
labeled  “1”  and  “2”. 


turned-off.  If  the  wavefunctions  |us)  are  independent  of  time  (as  is  the  case  for  basis 
vectors)  then  how  do  the  carriers  relax  to  level  #1?  In  particular,  what  allows  the 
probability  of  an  electron  occupying  level  #2,  which  is  p22 ,  to  decrease  with  time?  The 
answer  is  that  the  probability  Ps  must  depend  on  time. 

The  Liouville  equation  for  the  density  operator  is  found  by  differentiating 
Equation  5.1.2  with  respect  to  time. 


dp 

dt 


-I%MvI+Zp, 

=S%lvXv|+2X 


(5.1.9) 


Again,  using  Schrodinger’s  equation  we  can  write 

dt  in'  ' 


and  also 


Idy 

Cdt 


Hvf/ 


in 


/  A  \  + 

-W  I  -M 

W 


^  H  ^ 


\~ih J 


Inserting  these  last  two  results  into  Equation  5.1.9  provides 
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dp 

dt 


-Z^kXvl+Z',§lvXvl-SM'i'X’r|s 


=S^WW+|{IP,I^!}-{?P’WW)I 

Recognizing  the  terms  in  braces  as  the  density  operator,  we  can  write  this  last  expression 
as  a  commutator  relation 


dp 

dt 


(5.1.10) 


which  is  Liouville’s  equation  for  the  density  operator.  The  first  term  is  the  quantum 
mechanical  interaction.  The  first  term  is  specialized  to  the  interaction  necessary  to 
produce  stimulated  emission.  The  last  term  is  assumed  to  contain  the  description  of 
collisions,  pumping  currents,  and  spontaneous  emission.  Therefore  the  commutator  will 
be  related  to  the  quantum  mechanical  gain.  The  last  term  is  the  earner  relaxation  term 
that  brings  a  system  back  to  steady-state  once  the  electromagnetic  perturbation  is 
removed.  Notice  that  the  wave  function  does  change  in  Equation  5.1.10  due  to  a  change 


in  the  probability  (this  is  because  the  density  operator  itself  is  defined  in  terms  of  the 


wave  function). 


Topic  5. 1.3:  The  Relaxation  Term 


This  section  considers  the  statistical  effects  of  relaxation  on  the  density  operator 
by  working  with  “other”  terms  in  the  Liouville  equation.  A  comparison  of  Equations 
5.1.10,  5.1.3  and  5.1.4  shows 


(5.1.10) 


As  already  mentioned,  the  first  term  on  the  right  hand  side  of 


represents  (in  part)  the  quantum  mechanical  light-matter 
interaction  to  produce  stimulated  emission  or  absorption 
while  the  second  term  represents  the  “other”  influences 
that  can  change  the  occupation  number.  Figure  5.1.2 

shows  an  initial  wave  function  |v]/(o))  that  has  been 


disturbed  from  its  steady-state  position  in  Hilbert  space.  |Uj> 

Assuming  that  the  electromagnetic  perturbation  is 

turned-off,  the  wave  function  must  decay  to  some  Figure  512:  Hotber  causes  a 
steady-state  position  which  means  that  the  occupation  disturbed  wave  function  to  relax 
probability  for  atomic  levels  must  decay  to  steady  state  to  steady  state. 
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values.  Figure  5.1.2  shows  that  the  Hamiltonian  Hotheris 
responsible  for  the  decay. 

Equation  5.1.10  requires  that  a  change  in  the  initial 
wave  function  depicted  Figure  5.1.2  because  of  the  term 
a P 

involving  — — .  Assume  that  the  rate  of  decay  of  the 


2  •  •  2 

'Y/v*  l 

1 - •— ♦  1 

with  light  no  light 

Figure  5.1.3:  Cartoon 

showing  that  when  optical 


probability  is  proportional  to  the  difference  between  the  pumping  is  removed,  the 
probability  at  time  t,  denoted  by  Pv(t),  and  the  steady  atoms  relax. 

state  value  of  the  probability  which  is  denoted  by  Pv  .  Let  x  be  the  rate  of  decay  that 
primarily  describes  the  effects  of  spontaneous  emission,  nonradiative  decay  and  electrical 
pumping.  The  change  in  the  probability  can  be  taken  as 

gL  =  jyOljV  (5.LH) 

3t  x 

This  essentially  gives  the  rate  of  decay  of  the  carriers  from  one  band  to  the  other,  for 
example  without  electrical  pumping,  when  any  impressed  electromagnetic  field  is 
removed.  For  example,  Figure  5.1.3  shows  two-level  atoms;  the  atoms  decay  into  the 
lower-level  to  achieve  steady  state  which  means  that  p22  must  also  be  decaying  (since 
p22  is  the  probability  that  the  second  level  is  occupied).  Equation  5.1.11  is  a  simple  first- 
order  differential  equation  and  is  easy  to  so  ve. 

P,(t)=P,  +  [p,(0)-P,]e-''’ 

Substituting  Equation  5.1.1 1  into  the  Liouville  equation 


we  find 


§  4M-1 5%5tkX'pi 


which  gives  an  alternate  form  of  the  Liouville  equation 

|  =1[h,p)- MtP  (5.1.12) 

at  lh  x 

The  last  term  in  Equation  5.1.12  is  a  phenomenological  term  that  provides  for  carrier 
relaxation  effects.  Yariv’s  Quantum  Electronics  book  solves  the  equation  for  lasers. 


218 


Section  5.2:  Jaynes-Cummings’  Model  for  Matter-Field  Interactions 

The  Jaynes-Cummings  model  treats  the  interaction  between  a  two-level 
radiator/absorber  (atom)  and  an  electromagnetic  (EM)  field.  In  particular,  it  considers  the 
interaction  between  an  atom  and  an  optical  field  for  a  single  optical  mode.  The 
Hamiltonian  for  the  atom,  light  and  interaction  is  given  a  second  quantized  form.  The 
more  general  model  of  a  two-level  atom  interacting  with  a  large  number  of  modes  is 
considered.  Subsequent  sections  incorporate  the  effects  of  quantum  mechanical 
reservoirs  into  the  model.  When  reservoirs  are  included  in  the  theory,  the  complete 
system  is  essentially  divided  into  a  smaller  system  and  the  reservoir.  As  discussed  in  the 
introduction  to  Chapter  5,  the  smaller  system  responds  to  the  influence  of  the  reservoirs 
which,  for  lasers,  account  for  optical  loss,  pumping,  collisions  (etc).  The  reservoirs  give 
rise  to  fluctuations  and  relation  (the  “other”  part  of  the  Liouville  equation).  In  this 
section,  we  consider  the  smaller  system. 

The  system  itself  consists  of  two  parts,  namely  the  atom  and  the  field.  In  the 
absence  of  interaction  between  the  atom  and  field,  the  atom  exists  in  its  own  Hilbert 
space  while  the  light  exists  in  its  own.  Only  when  the  atom  and  light  interact  is  there  a 
connection  between  the  two  Hilbert  spaces. 

Topic  5.2. 1 :  The  Atomic  Hamiltonian 

The  Hamiltonian  for  the  system  consists  of  an  atom,  field  and  interaction 
Hamiltonian.  Consider  the  atomic  Hamiltonian  denoted  by  Ha .  Assume  a  two-level 
atom  with  energy  eigenstates  denoted  by  (|n)  =  |En)  for  n  =  1,2}.  The  atomic 
Hamiltonian  is  written  in  terms  of  projection  operators  as  if  Schrodinger’s  equation  is 
already  solved.  All  of  the  essential  information  is  embodied  in  this  abstract 
representation;  there  is  no  need  to  have  the  explicit  functional  form  of  the  wave  functions 
and  operators.  The  closure  relation  for  the  two-dimensional  space 

2»(nl=1 

11*1 

is  used  to  rewrite  the  atomic  Hamiltonian  as 

H,  =H.t|n)(n|  =  tH.I”>(n|  =  tE.l”)(n!=E,l'X1l  +  E1l2><2l  <5-2-» 

n=l  n=l  n=l 

The  Hamiltonian  consists  of  a  linear  sum  of  linear  operators  (termed  Pauli  oprators 
because  of  their  similarity  with  spin  operators).  The  Pauli  operators  can  be  given  special 
symbols 

I 

and 

az=d22-au=|2)(2|-|l)(l| 

6y  =i(6l2-62l) 

6x=612+a21 

The  operator  dz  essentially  gives  the  difference  in  population  (i.e.  probability)  between 
the  second  and  first  energy  levels. 
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Example:  Suppose 


which  says  that  a  given  atom  is  50%  in  the  first  energy  level  and  50%  in  the  second.  The 
average  difference  in  population  is 

(v|6z|m')  =  o 


Sometimes  it  is  simpler  to  compute  quantities  (such  as  commutators)  using  the 
matrix  representation  of  the  Pauli  operators.  The  matrix  equivalent  of  the  Pauli  operators 
are  easily  seen  to  be 


For  example,  the  equation  (\\i  |d2  |  vp)  =  0  (in  the  previous  example)  takes  the  form 


1/V2V  r-i  oYi/^l  0 

I/V2J  (0  1  J(l/V2 J 

The  raising  and  lowering  operators  are  perhaps  the  most  important  operators  for 
the  atomic  Hamiltonian.  The  raising  and  lowering  operators  are  defined  respectively  by 

6*  =|2)(1|  d-=|l}(2|  (5-2.2) 

For  example,  the  raising  operator  promotes  an  electron  from  the  lower  to  the  higher  level 

a+|l)  =  |2)  d+|2)  =  0 

The  raising  and  lowering  operators  have  a  matrix  representation 


The  vectors 


represent  an  electron  in  states  |2)  and  |l)  respectively.  The  commutation  relations  are 
easy  to  calculate  using  either  the  operator  or  matrix  form. 

[d“,d+]=-dz 

As  an  important  note,  these  operator  are  termed  “raising  and  lowering”  even  though  they 
are  not  necessarily  related  to  a  harmonic  oscillator.  The  basis  vector  expansion  in  5.2.2 
differs  from  that  of  the  harmonic  oscillator  ladder  operators.  The  multiplicative  constant 
in  the  equation  just  following  (5.2.2)  is  also  different. 

The  atomic  Hamiltonian  is  most  conveniently  written  as  an  operator  that  measures 
the  difference  in  population. 
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H,=E,|l>(l|+E1|2)(2|=i(E!-E1)(|2>(2|-|l)(l|)+^(E!+E,)=5^®!-SI+5l|®l 

The  difference  in  energy  between  levels  is  usually  defined  in  terms  of  an  atomic 

resonance  frequency  to0  as  _ 

to o=E2-E,  HcOq  E2  a  7—7- . 


The  atomic  Hamiltonian  is  then  Ej  — -  1 - 0  — * - 

»  1  „  e2+e,  E, 

Ha  =  j +  0  - 

The  energy  scale  for  the  atom  can  be  reset  so  Figure  5.2.1 :  Redefining  the  zero  of  energy  for 
that  the  zero-energy  lies  midway  between  E2  the  atom, 
and  Ei  which  makes  the  last  term  in 

Ha  equal  to  zero.  The  last  term  (whether  it’s  zero  or  not)  has  no  effect  on  the  rate  of 
change  of  a  density  operator  (for  example)  since  that  last  term  commutes  with  all  other 
operators  (and  c-numbers).  If  pa  is  the  atomic  density  operator  then 

which  is  obviously  independent  of  the  additive  c-number  term  in  the  atomic  Hamiltonian. 
Either  by  resetting  the  energy  scale  or  for  the  reason  of  computing  rates  of  change,  the 
added  c-number  constant  term  is  typically  dropped  from  the  Hamiltonian.  The  final 
version  of  the  atomic  Hamiltonian  is 


H,=-ft<o0CT2 


(5.2.3) 


Topic  5.2.2:  The  Free-Field  Hamiltonian 

The  Hamiltonian  for  the  free  electromagnetic  field  is  discussed  in  Chapter  3.  The 
classical  Hamiltonian 

Hf  =  f  dV  [ ^EE  +  -^-BB 

f  *  1 2  2p0 

is  replaced  by  the  quantum  mechanical  one 

where  b-  b-  are  the  creation  and  annihilation  operators,  respectively.  Recall  that  the 

k,s  ’  k,s  _ 

“creation  operator”  creates  a  particle  in  the  electromagnetic  mode  represented  by  k  with 
one  of  two  polarizations  represented  by  “s”.  The  creation  and  annihilation  operators 
satisfy  the  commutation  relations 

.  .  (5-24) 

The  electromagnetic  creation  and  annihilation  operators  (in  either  the  Schrodinger  or  the 
interaction  representation)  commute  for  all  times  with  the  atomic  raising  and  lowering 
operators  (in  either  the  Schrodinger  or  the  interaction  representation).  The  Heisenberg 
representation  is  another  story.  The  Heisenberg  representation  mixes  all  of  the  dynamics 
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into  the  operators  including  the  interaction  between  the  atom  and  field.  As  a  result,  the 
Heisenberg  operators  do  not  necessarily  commute  with  themselves  at  different  times. 

Topic  5.2.3:  The  Interaction  Hamiltonian 

The  interaction  Hamiltonian  links  the  atomic  subsystem  with  the  EM  subsystem. 
It  is  the  interaction  Hamiltonian  that  correlates  the  motion  of  the  EM  wave  functions  and 
the  atomic  wave  functions  in  their  respective  Hilbert  spaces.  It  is  the  interaction 
Hamiltonian  that  drives  the  motion  of  the  wave  functions  in  the  interaction 
representation. 

The  basic  requirement  is  that  a  unit  of  energy  removed  from  the  field  must  appear 
in  the  atom  and  vice  versa.  Therefore  we  expect  to  find  terms  of  the  form 

b"a+  and  b+c~ 

These  terms  link  the  two  Hilbert  spaces  (i.e.,  link  the  two  subspaces  in  the  larger  direct 
product  space).  For  a  single  optical  mode  and  a  two-level  atom,  the  basis  vectors  in  the 
direct  product  space  have  the  form 

{|a,n)  =  |a)|n)  a  =  l,2  n  =  0,l,2...} 

where  “a”  stands  for  the  atomic  state  and  “n”  stands  for  the  number  of  photons  in  the 
electromagnetic  mode  (assuming  Fock  states  for  the  EM  basis  set).  For  example, 

b"dr+|a  =  l,n  =  5)=  6+|a  =  l)b”|n  =  5)  =  |a  =  2)V5|4) 

A  general  wave  vector  in  the  direct  product  space  has  the  form 

k(t))=2P»(t>la)ln) 

a,n 

For  multiple  optical  modes,  the  interaction  Hamiltonian  Haf  to  contains  terms  such  as 

and 

k,s  k,s 

The  basis  vectors  in  the  direct  product  space  consist  of  the  direct  product  of  the  atomic 
basis  set  with  the  EM  Fock  set  (for  example) 

{  |a)|m,,m2...)  =  |a)|{m})  a  =  1,2  ms  =0,1,...} 

where  m,  is  the  number  of  photons  in  the  ith  mode. 

We  can  find  the  second  quantized  form  of  the  Hamiltonian  by  starting  with 

A  A 

Haf=p-B 

where  |i  is  the  dipole  moment  operator  and  E  is  the  electric  field  operator.  Both 
operators  are  vectors  in  the  physical  three-dimensional  space.  The  dipole  moment 
operator  can  be  written  as  a  basis  vector  expansion 

A = A  f  SI  j)(j|l  =  S  Aij  1001 

\  1=1  /  \  j=l  /  'j 

Typically,  The  atom  is  assumed  not  to  have  a  permanent  dipole  moment  pu  =  0  and  that 
the  induced  dipole  moment  has  the  property  that  p12  =  p21 .  The  dipole  operator  reduces 
to 

M  =  P1J[|1)(2|+|2>(1|]=(6-  +a*)ji1, 
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where  the  physical  size  of  the  dipole  is  assumed  small  compared  to  the  electromagnetic 
wavelength  (dipole  approximation)  and  where 

P-i2  =  Jd3r  u|(r)(-er)u2(r) 

The  electric  field  operator  is 

where  e^  is  the  polarization  vector.  The  mode  functions  satisfy  the  classical  Maxwell 
equations  with  specified  boundary  conditions  (see  Topics  3.3.2  and  3.5.3)  and  they  are 
normalized  according  to 

JdVfj(f)f,(f)  =  8ai 

V 

For  plane  waves  with  periodic  boundary  conditions,  the  mode  function  is 


Example:  Orthonormality  of  “f*  for  plane  waves.  The  orthonormality  can  easily  be 
shown  by  considering  the  integral  for  the  1-D  case 

I  =  Jdx  fk*  (x)  fK  (x)  =  -p  Jdx  e‘*k"K^ 

0  Lo 

where,  for  periodic  boundary  conditions,  k  =  2rai  /L .  If  k=K  then  the  integral  becomes 


1  L 

I  =  —  Jdx  1  =  1 


For  k  *  K ,  the  integral  is 


T  lLfj  f.27t(n-m)  1  g2>ri(n-m)  _f 

I  =  —  dx  expo — - n  =0 

L  •  l  L  J  2ra(n  -  m) 

where  the  last  step  follows  because  (n-m)  is  an  integer.  Putting  the  two  results  together 
gives  the  orthonormality  relation. 


The  interaction  Hamiltonian  can  be  rewritten  by  combining  the  operator 
expressions  for  the  dipole  moment  and  the  electric  field. 

H„  =A-E(r,t)=  (5.2.5) 

its  V 

where  the  raising,  lowering,  creation  and  annihilation  operators  are  all  written  in  the 
interaction  representation  (refer  to  the  following  topics).  The  rotating  wave 
approximation  (RWA)  allows  us  to  drop  the  terms 

a”b  and  6+b+ 

The  rotating  wave  approximation  is  equivalent  to  dropping  terms  that  do  not  conserve 

energy.  For  example,  cTb  removes  a  photon  from  the  EM  field  and  also  a  unit  of  energy 
from  the  atom  without  placing  the  extra  energy  anywhere.  The  RWA  is  usually 
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associated  with  an  integral  over  time;  this  turns  out  to  be  the  case  when  we  calculate  the 
integral  of  the  rate  of  change  of  the  density  operator.  The  final  form  of  the  interaction 
Hamiltonian  is 


Topic  5.2.4:  Atomic  and  Interaction  Hamiltonians  using  Fermion  Operators 


Some  books  (e.g.,  Haken)  write  the  atomic  and  interaction  Hamiltonian  in  terms 
of  Fermion  creation  and  annihilation  operators.  Rather  than  the  two  vectors  used  for  the 
atomic  states,  there  are  now  the  following  three  Fermion  Fock  states. 

|0,0)  is  the  vacuum  state 

|l,0)  specifies  an  electron  in  the  lowest  energy  level 
|0,l)  specifies  an  electron  in  the  highest  energy  level 

The  Fermion  creation  fn+  and  annihilation  fn~  operators  add  or  subtract  a  particle  from 
energy  level  En,  respectively.  These  operators  have  the  following  effect. 

f1+|0,0)  =  |l,0)  f,+|l,0)  =  0 


with  similar  results  for  f2+  etc.  These  operators  satisfy  the  anticommutation  relations 
which  allow  only  one  electron  per  state  (Pauli  exclusion  principle). 

{f-.fb*}=s.h  {f.-.f;  }=o  {cA}=° 

where  the  anticommutator  is  defined  by 

{A  A  I  A  A  A  A 

A,B}=  AB  +  BA 

For  example,  the  anticommutation  relation 

{f.*.C  }=o 

yields  the  Pauli  exclusion  principle 

CC|o> = \  2f.T|o) = =|°l°>=° 

So  it  is  not  possible  to  create  two  particles  in  a  single  energy  state.  The  atomic  raising 
and  lowering  operators  are  replaced  as  follows 

ct+  -►  f2+f‘  and  a'  -»  f,+f2~ 

This  book  uses  the  raising  and  lowering  operators  rather  than  the  creation  and 


annihilation  operators. 
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Section  5.3:  The  Interaction  Representation  for  the  Jaynes-Cummings’  Model 

The  master  equation  for  the  density  operator  is  usually  presented  in  the  interaction 
representation.  As  discussed  in  Chapter  2,  the  interaction  representation  is  characterized 
by  wavefunctions  and  density  operators  that  move  through  Hilbert  space  as  a  result  of  an 
interaction  Hamiltonian  (that  describes  the  interaction  energy).  The  ladder,  creation  and 
annihilation  operators  assume  a  simple  exponential  time  dependence.  This  Section 
discusses  the  interaction  representation  for  the  wave  functions,  operators  and 
Hamiltonians. 


Topic  5.3.1:  Atomic  Creation  and  Annihilation  Operators 

The  remainder  of  Chapter  5  is  concerned  with  the  interaction  representation  for 
both  the  atom  and  the  electromagnetic  field.  Consider  the  atom  first.  Chapter  2  shows 
that  the  wavefunction  |\|/)  in  the  Schrodinger  representation  is  related  to  the  wave 

function  |  vj))  in  the  interaction  representation  by 


(5.3.1) 


The  operator 


ua  =  exp 


is  unitary. 

The  interaction  representation  of  the  lowering  operator  a  is  found  by  requiring 
expectation  values  for  the  Schrodinger  and  Interaction  representation  to  agree. 

(v|6~|  v)  =  (vK^u,  |  v)  =  (v|»1  V) 

so  that 

a"=uaa"ua  (5.3.2) 

The  operator  expansion  theorem  provides  the  explicit  time-dependent  form  of  the 
interaction  lowering  operator.  The  operator  expansion  theorem  is 

eABe'A  =B  +  [A,b]+I[a,[a,b]]+... 

The  interaction  representation  of  the  lowering  operator  is 


c~  =  ua  a"  ua  =  exp<^  -  —4 


c  exp 


24  =r- 


,a  +... 


=  -fcC0oCT~ 


Using  Equation  5.2.3,  the  commutator  becomes 

‘  2  1  *’  1  2  0  lJ(o  oj  (o  0j(0  ljj  0  lj 

Therefore,  the  interaction  representation  for  the  lowering  operator  is 

CT-(t)  =  c-e-i<M  (5.3.3) 

where  a'  is  the  Schrodinger  representation  for  the  atomic  lower  operator.  The  adjoint  of 
Equation  5.3.3  provides 
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5+(t)  =  ct+  e+i“0' 

The  Hamiltonian  has  the  same  form  in  either  the  interaction  or  Schrodinger 
representation 

H,t  H,t  ^  Hjt  Hjt 

Ha  =  uaHaua  =  e" Hae  ’*  =Hae  *e“  =Ha 
where  the  third  equality  follows  since  an  operator  always  commutes  with  a  function  of 
that  operator. 

Topic  5.3.2:  The  Boson  Creation  and  Annihilation  Operators 

We  can  find  the  interaction  representation  variables  for  the  electromagnetic 
operators.  The  EM-field  evolution  operator  is 


where 


uf  =expi^r- 


a, -£»•«(*&  4) 


and  the  creation/annihilation  operators  in  this  Hamiltonian  are  independent  of  time.  The 
operator  expansion  theorem 

eABe"A  =B  +  [a,b]+^j[a,[a,b]]+... 

provides  the  interaction  representation  of  the  EM-field  creation  and  annihilation  operators 
b^t) = a;bfcaf  =  exp{-  |i}b„  expjl^  j = ih  +  -h  [^(b^,  4),bk]+ . .. 
The  commutator  has  reduces  to 

S*®£/fi|¥bty+i').bSl]-2;»»J65v6IV+i. 

kv  V  J  kV  L  *  J  k’s’ 

where  Equation  5.2.3  is  used  for  the  commutator.  Working  out  all  of  the  commutators  in 

the  expression  for  and  collecting  terms  provides 

The  adjoint  of  this  expression  provides  the  interaction  representation  of  the  boson 
creation  operator 

K(t)=bic-^ 

where 

bt=bt(0)  and  bj,«b£(0) 

The  Hamiltonian  for  the  free  fields  has  the  same  form  in  either  the  Schrodinger  or 
interaction  representation 

H,  =2>i  bbe-  ^4)“®* 
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Topic  5.3.3:  Interaction  Representation  of  the  Density  Operators 

We  start  the  discussion  of  the  interaction  representation  of  the  density  operator 
with  the  atom  density  operator.  Let  |vj/)  be  a  Schrodinger  wave  function  for  an  isolated 
atom.  Let  | vj>)  be  the  interaction  representation  of  the  same  wave  function.  The  two 
wavefunctions  are  related  by 

|i|/)  =  exp|^j|vj/)  (5.3.4) 

with 

u,=exp>^i^>  and  Ha=— ^co06z 
ih  J  4 


a  unitary  operator.  The  Schrodinger  atomic  density  operator  pa 

p.-2»r>l  (5-3-5) 

V 

obtains  from  the  interaction  density  operator  pa  by  substituting  Equation  5.3.4  into 
Equation  5.3.5 


Pa=Sk)P¥<V|=X 


exp 


i  h 


exp 


tA 


ih 

v  v  i  v  *'*  y  j  i  v  j  j 

This  equation  simplifies  upon  use  of  the  Hermitian  property  of  the  atomic  Hamiltonian 
Ha  =  Ha  to  get 

Pa  =  ^ Trl  j  X  I  V)PV  (V|  |  eXP 


v  m  j 


(  HatN 


ih 


=  UapaUa 


The  final  form  of  the  interaction  density  operator  is 

w  A  J.  «  A 

Pa  =UaPaUa 


(5.3.6) 


The  free  field  density  operator  is  found  similarly  to  be 

w  A  +  A  A 

Pf  =ufpfuf 

with 

uf  =  exp  j  ^d  Hf  =  +  2] 

We  could  have  alternatively  obtained  Equation  5.3.6  by  following  a  procedure  similar  to 

that  for  Equation  5.3.2.  .  . 

The  next  several  sections  are  primarily  concerned  with  the  density  operator  in  a 
direct  product  space  and  how  it  is  related  to  the  density  operators  for  the  atom  and  EM 
fields.  The  maser  equation  (i.e.,  rate  equation)  for  the  density  operator  is  obtained  m  die 
interaction  representation.  For  this  reason,  it  is  important  to  make  a  few  comments  on  the 
interaction  representation  of  the  density  operator  for  the  direct  product  space. 
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The  wave  functions  used  in  the  Jaynes-Cummings’  model  reside  in  a  direct 
product  space  Va  0  Vf  where  Va  and  Vf  are  the  Hilbert  spaces  for  the  atom  and  the  field 
respectively.  For  a  single  optical  mode,  the  general  wave  function  in  the  direct  product 
space  has  the  form 

nm 

where  |n)  is  the  atomic  state  (n=l,2)  and  |m)  is  the  Fock  electromagnetic  state 
(m=0,l,...).  The  density  operator  is  given  by 

p-ZMM'J'l 

T 

Only  under  special  circumstances  (e.g.,  without  interaction  between  the  atomic  and 
optical  subsystems)  can  the  density  operator  be  written  as  the  direct  product  p  =  papf . 

Usually  it  is  assumed  that  just  prior  to  initiating  the  interaction  between  the  EM  fields 
and  matter  (t=0),  that  the  density  operator  can  be  factored  according  to 

P(0)  =  P,(0)P,(0) 

However,  it  is  always  possible  to  write 

Pa  =Trf(p)=£{m|p|m)  or  Pf  =Tra(p)  =  £(n|p|n) 

m  n 

where  Trf  and  Tra  means  to  trace  over  the  field  modes  or  the  atomic  states  respectively. 

The  interaction  representation  of  the  direct-product  density  operator  is  defined 
analogously  to  that  for  the  atom  or  EM  density  operators.  The  unitary  operator  is 

u  =  exp{Sf4  (5.3.7) 


where  the  Hamiltonian  H0  does  not  contain  the  matter-light  interaction  Hamiltonian 

H0=Ha+Hf  (5.3.8) 

A  A 

Because  Ha  and  Hf  contain  dynamical  variables  (operators)  in  distinct/disjoint  spaces, 
the  two  Hamiltonians  commute.  The  Campbell-Baker-Hausdorff  theorem  says 

eA+B=eAeBe[A,B]/2 

so  long  as  [a,[a,b]J  =  [b, [A,bJ j .  Therefore  the  unitary  operators  can  be  written  as 

i__jH.tl__jH.tl  fHrtl  .  ,„os 


H  t  I  H  t 
u  =  exp<  — —  >  =  exp-1  — —  exp 
i/z  i  h 


(5.3.9) 


where  ua  operates  only  in  atom-space  and  uf  operates  only  in  light-space.  As  a  note,  ua 
and  uf  commute  and  can  be  arranged  as  either  uauf  or  ufua . 

The  interaction  representation  of  the  density  operator  can  be  written  as 

p  =  u  pu  =  uaufpuauf  (5.3.10) 

Under  special  circumstances  when  p  =  papf ,  the  interaction  density  operator  can  then  be 


written  as 


w  A  X  A  A  A  X  A  X  A  A  A  A  • — •  — • 

p  =  u  pu  =  uaufpapfuauf  =papf 
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Topic  5.3.4:  Rate  Equation  for  the  Density  Operator  in  the  Interaction  Representation 


The  motion  of  the  density  operator  in  the  interaction  representation  is  important 
for  the  master  equation.  In  fact,  the  equation  of  motion  is  the  master  equation  without  the 
fluctuation  and  damping  terms  characteristic  of  an  interaction  between  a  system  and 
reservoir.  In  this  topic  and  ensuing  topics  the  probability  in  the  density  operator  is 
assumed  to  be  independent  of  time.  This  section  demonstrates  two  alternative  forms  for 
the  equation  of  motion. 

Starting  with  Schrodiner  representation  p~|v(t))(v(t)| ,  and  using  the 


Schrodinger  equation 

H|v}/)  =  ift^|v|/)  with  H  =  H0+V 

where  V  is  an  interaction  potential.  Subsequent  sections  write  H0  =  Hs  +Hr  as  the  sum 

A  . 

of  the  system  and  reservoir  Hamiltonians.  The  interaction  potential  V  is  the  interaction 
energy  between  the  system  and  reservoir.  The  derivative  of  the  density  operator  gives 

+Mt))(f  M«»J  -£M 

This  is  the  equation  of  motion  of  the  density  operator  in  the  Schrodinger  Representation 
Next,  to  find  one  form  of  the  equation  of  motion  in  the  interaction  representation, 
differentiate  the  interaction  representation  of  the  density  operator 


with 


u  =  exp 


to  get 

^Au*p4+r®i+u*puS.=-i[H..p]+i*f»  (5.3.12) 

i  h  dt  in  in  ot 

To  arrive  at  this  result,  the  fact  that  [ho,u]=  0  is  used. 

The  second  form  of  the  equation  comes  from  (5.3.12)  by  rearranging  terms. 
Factoring  out  the  unitary  operators  provides 

^.|r?a+rf  »+u*p4=u*{-IM+f  jo 

Substituting  Equation  5.3.1 1  gives  the  second  form  of  the  equation  of  motion 


*4M 


(5.3.13) 


since  u+(h-H0)u  =  u+Vu  =  V .  Equation  5.3.13  clearly  shows  that  the  motion  of  the 
density  operator  in  the  interaction  representation  is  completely  controlled  by  the 
interaction  Hamiltonian  (also  in  the  interaction  representation). 
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Section  5.4:  Introduction  to  Reservoirs  for  Semiconductor  Lasers 


A  typical  course  in  lasers  uses  semiclassical  theory  (quantized  matter  but  classical 
electromagnetic  fields)  to  determine  the  rate  of  stimulated  emission  from  a  group  of 
atoms.  The  procedure  finds  a  solution  to  the  Liouville  equation 


3pr 


dt 


=^[h„.pL-- 


-Pr 


(5.4.1) 


where  =  t  is  the  population  relaxation  time  and  Tm  =  T2  is  the  dipole  dephasing  time 
which  leads  to  a  non-zero  width  for  the  gain  curve.  The  Hamiltonian 

Ho  =  Ha  +V consists  of  the  ffee-atom  Hamiltonian  Ha  and  the  semi-classical  matter- 

light  interaction  V .  The  classical  theory  of  EM  fields  does  not  recognize  the  inherent 
uncertainty  in  conjugate  variables  such  as  amplitude  and  phase.  The  classical  theory 
obtains  from  the  quantum  theory  by  allowing  the  number  of  photons  (or  equivalently, 
amplitude)  to  be  very  large.  However  the  semiclassical  theory  assumes  that  the  conjugate 
variables  commute  even  at  low  field  levels,  clearly  contrary  to  the  quantum  theory. 

Recall  that  the  Liouville  equation  (5.4.1)  is  a  result  of  writing  the  Hamiltonian  as 

H  =  H0  +Hother  =  Ha  +V  +  Holher 


which  leads  to 


dp 

dt 


=  i[H0,p]+f^l  =1UH„,p]+f^' 

ift  V  /other  tft  \  / pump 


''dp'' 

^dtj 


spont 


The  density  operator  provides  both  a  macroscopic  statistical  average  and  the  microscopic 
quantum  mechanical  average.  The  HothCT  term  indicates  that  an  “external”  agent  acts  on 


the  system.  These  external  agents  cause  the  relaxation  effects.  The  external  agents  can 
be  modeled  as  “reservoirs”  (similar  concept  to  thermal  reservoirs).  Subsequent  sections 
show  that  a  reservoir  induces  rapid  fluctuations  (Langevin  noise)  as  well  as  damping. 

This  section  introduces  the  notion  of  a  reservoir  and  discusses  the  associated  fluctuation- 
dissipation  theorem. 


Topic  5.4.1:  Definition  of  Reservoir 

The  complete  system  is  divided  into  a  small  system  under 
study  and  a  collection  of  reservoirs.  The  reservoirs  are  large 
systems  that  provide  equilibrium  for  the  smaller  system.  A 
reservoir  is  a  system  with  an  extremely  large  number  of  degrees 
of  freedom.  For  example,  a  reservoir  of  two-level  atoms  or 
harmonic  oscillators  necessarily  contains  a  large  number  of  atoms 
or  oscillators.  A  reservoir  of  light  consists  of  a  set  of  modes 
where  the  number  of  such  modes  is  extremely  large.  Typically,  a 
specific  energy  distribution  is  assumed  to  exist  in  the  reservoir. 
For  example,  if  the  reservoir  consists  of  point  particles  (such  as 
gas  molecules)  then  one  might  assume  a  Boltzmann  distribution 
for  the  energy. 

The  reservoir  is  brought  into  contact  with  the  small 
system  so  that  energy  can  flow  between  the  system  and  the 


Isolation 


System 


Figure  5.4.1:  The 

reservoir  can  exchange 
energy  with  the  system 
under  study. 
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reservoir.  The  reservoir  has  such  a  large  number  of  degrees-of- freedom  that  any  energy 
transferred  from  the  small  system  has  negligible  affect  on  the  reservoir  energy 
distribution.  For  a  concrete  example,  suppose  the  small  system  consists  of  a  single  gas 
molecule  and  the  reservoir  has  a  large  number  of  molecules  all  at  thermal  equilibrium 
(i  e  a  Boltzmann  energy  distribution).  The  temperature  of  the  small  system  will 
eventually  match  the  temperature  of  the  larger  system.  However,  temperature  is  a 
measure  of  kinetic  energy.  Therefore,  to  say  that  the  temperatures  are  the  same  is  to  say 
that  the  average  kinetic  energy  of  the  single  molecule  is  the  same  the  average  kme  ic 
enerev  of  all  the  molecules  in  the  reservoir  (some  move  faster  than  others). 

*  Suppose  the  molecule  in  the  small  system  has  a  much  larger  than  average  kinetic 
energy  (maybe  a  factor  of  10).  The  extra  energy  is  eventually  transferred  to  the  reservoir. 
This  extra  energy  is  distributed  to  all  of  the  molecules  in  the  reservoir,  which  makes 
negligible  changes  in  the  total  reservoir  distribution.  Essentially  the  initial  packe  o 
transferred  energy  is  lost  from  the  small  system— never  to  return— because  it  is 
distributed  over  so  many  degrees  of  freedom  in  the  large  system.  In  effect,  the  reservoir 
has  “absorbed”  the  “extra”  system  energy  and  the  motion  of  single  molecule  is 

damped^  energy  attribution  defines  average  quantities  for  the  reservoir. 

The  contact  between  the  two  systems  brings  the  small  system  into  equilibrium  with  the 
reservoir,  which  therefore  defines  the  average  quantities  for  the  small  system.  Suppose 
the  single  atom  in  the  small  system  is  initially  in  equilibrium  with  the  reservoir 
Occasionally,  a  large  chunk  of  energy  will  be  transferred  from  the  reservoir  to  the  smaU 
system  as  a  thermal  fluctuation.  As  a  result,  the  single  atom  will  have  more  energy  than 
its  equilibrium  value.  Eventually  this  extra  energy  will  be  damped  out.  The  correlation 
between  fluctuations  is  assumed  to  occur  on  such  short  times  scales  as  to  be  negligib  e. 
The  process  of  transferring  energy  between  the  small  system  and  the  reservoir  is  an 
example  application  of  the  fluctuation-dissipation  theorem.  The  theorem  basically  states 
that  a  reservoir  (or  other  system)  both  damps  the  small  system  and  induces  fluctuations  in 
the  small  system.  The  two  processes  go  together  and  cannot  be  separated.  Often,  on  a 
phenomenological  level,  the  fluctuations  are  included  in  rate  equations  through  a 

Langevin  function. 

Topic  5.4.2:  An  example  for  the  Fluctuation-Dissipation  Theorem 

For  example,  Brownian  motion  of  a  small  particle  in  a  liquid  consists  of  rapid, 
uncorrelated  movements.  The  motion  of  the  small  particle  is  a  result  of  the  interaction 
between  the  particle  and  its  liquid  environment,  which  acts  as  a  reservoir.  The 
phenomenological  equations  are  derived  from  Newton’s  second  law.  For  one¬ 
dimensional  motion 

mx  =  -myx  +  f(t)  (5-4.2) 

where  the  term  proportional  to  the  velocity  is  the  damping  term.  The  damping  is 
intimately  related  to  the  Langevin  force  f(t)  even  though  the  above  phenomenological 
equation  suggests  that  they  are  separate  issues.  When  one  term  is  present,  the  other  one 
mUst  likewise  be  there.  The  Langevin  force  f(t)  is  rapidly  varying  with  the  average  value 

of  (f)  =  0. 
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The  fluctuations  associated  with  the  Langevin  force  are  “stationary”  with 
exceedingly  small  correlation  times.  Stationary  means  that  the  probability  distribution 
P  for  the  fluctuations  does  not  change  with  time.  An  ergodic  process  assumes  that  the 
average  of  a  function  f(t)  can  be  computed  by  either 


(y(t)}  =  -  jdt  y(t)  (for  sufficiently  large  x) 

T  0 

or  by  using  the  notion  of  ensemble 

(y)  =  Jdy  y  P(y) 

where  P(y)  is  the  probability  density.  The  average  of  Equation  5.4.2  can  be  handled  by 
either  method.  To  use  the  time  average,  the  time  interval  x  is  assumed  long  compared 
with  the  correlation  time  but  short  compared  with  the  time  scale  of  interest.  In  this  way, 

(f)  =  0  but  (x)  can  still  depend  on  time  x. 

Taking  the  average  of  Equation  5.4.2  gives 


or  equivalently 


m — v  +  myv  =  0  where 
dt 


Therefore,  the  simple  differential  equation  has  the  solution 

v(t)  =  v(0)  exp(-  yt) 

Likewise,  it  is  possible  to  show  that  the  variance  of  the  motion  is  not  zero  even  though 
the  initial  macroscopic  velocity  is  zero.  The  variance  is  nonzero  because  of  the 
fluctuations  induced  in  the  velocity  of  the  particle  by  the  reservoir. 


Topic  5.4.3:  Reservoirs  for  a  Laser 

What  are  the  reservoirs  for  the  laser?  First  consider  collisions.  For  simplicity, 
consider  a  laser  with  a  single  atom.  Assume  the  single  atom  is  embedded  in  a 
“background  material”  such  as  a  crystal.  The  reservoir  might  consists  of  phonons  that 
exist  on  the  lattice  or  free  electrons  that  can  participate  in  collisions.  The  “background 
material”  as  part  of  the  laser  has  a  specified  temperature  and  composition.  This  means 
that  the  reservoir  can  be  assumed  to  have  a  Boltzmann  distribution  characterized  by  a 
certain  temperature  T. 

The  reservoir  for  spontaneous  emission  is  the  collection  of  all  optical  modes  in 
space — an  extremely  large  number.  The  mode  is  though  of  as  a  place  to  dump  photons. 
A  mode  is  characterized  by  a  given  wave  vector  and  polarization.  They  are  typically 
pictured  as  “empty”  travelling  waves  (the  quantum  vacuum);  that  is,  there  are  no  photons 
in  the  mode.  When  an  excited  single  atom  emits  a  photon,  the  photon  is  “absorbed”  by 
the  reservoir  and  never  allowed  to  interact  with  the  atom  again.  For  this  reason,  people 
refer  to  the  interaction  of  the  (spontaneous  emission)  reservoir  and  atom  as  an  irreversible 
process.  The  spontaneous  emission  process  can  be  reversed  only  if  the  emitted  photon 
can  interact  with  the  atom  again.  The  re-absorption  of  the  photon  by  the  atom  can  be 
accomplished  if  the  atom  is  in  a  Fabry-Perot  cavity,  for  example. 
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Topic  5.4.4:  Comment 


The  Liouville  equation  for  the  density  operator  is  essentially  a  differential 
equation  for  the  energy  level  occupation  number  (i.e.,  (n|p|n)  )  and  the  induced 

polarization  (off-diagonal  terms).  The  following  sections  show  how  a  quantum 
mechanical  reservoir  gives  rise  to  damping  and  fluctuation  terms  in  the  Liouville 
equation  (a.k.a.,  master  equation).  The  damping  term  appears  as 

dpi 


8t 


I  other 


while,  as  expected,  the  average  of  the  fluctuations  disappears.  The  next  sections  will  use 
the  trace  over  the  reservoir  states  to  calculate  the  average.  The  tracing  operation 
produces  a  zero  average  for  the  fluctuations  and  removes  the  reservoir  degrees  of 
freedom  from  the  differential  equation. 

The  formalism  can  be  applied  to  spontaneous  and  stimulated  emission  from 
atoms.  The  density  operator  is  used  so  that  various  types  of  EM  states  (Fock,  coherent 
and  squeezed)  can  be  used  as  well  as  various  atomic  states.  The  density  operator/matrix 
accounts  for  all  possible  knowledge  of  the  system. 
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Section  5.5:  Quantum  Mechanical  Fluctuation-Dissipation  Theorem 


The  fluctuation-dissipation  theorem  incorporates  the  role  of  the  reservoir  in  the 
master  equation.  The  influence  of  the  reservoirs  become  apparent  for  the  applications  of 
the  density  operator.  The  laser  rate  equations  provide  one  example  where  relaxation 
terms  describe  the  decay  of  the  carrier  and  lead  to  a  cavity  lifetime.  Haken  (and  others) 
clearly  show  how  the  dissipation-fluctuations  arise  from  quantum  mechanical  interactions 
between  a  system  and  reservoir.  In  particular,  the  Langevin  source  terms  appear  as  the 
Fourier  transforms  of  the  reservoir-system  coupling  coefficients.  For  the  Langevin  forces 
to  be  truly  delta-function  correlated,  the  coupling  strengths  (as  a  function  of  frequency) 
must  be  broadband  (approximately  independent  of  frequency).  The  jitter  and  relaxation 
effects  are  most  clearly  seen  in  the  Hesienberg  representation  of  the  raising/lowering 
operators;  this  is  probably  because  of  the  close  relation  between  operators  in  the 
Heisenberg  picture  and  the  classical  counterparts. 

Consider  a  small  system  with  a  single  harmonic  oscillator  and  a  reservoir  with  a 

very  large  number  of  harmonic  oscillators.  Let  {r*  }  and  {r~  }be  the  creation  and 
annihilation  operators  for  mode  co  in  the  reservoir  (in  the  Schrodinger  representation). 
Let  S+  and  S'  be  the  raising  and  lowering  operators  for  the  harmonic  oscillator  in  the 

A  A  A  A  t 

small  system.  The  Hamiltonian  for  the  system  and  reservoir  H  =  Hs  +  Hr  +  Hsr  consist  of 
the  Hamiltonians  for  the  system,  reservoir  and  system-reservoir  interaction 


Hs=fc©s 


«  «  1 
S+S"  +- 
2 


f  *  „  \\ 

V  2) 


Hr=2>( 

Hsr = IXs+r; + £p:s-r; = + s-  £p;r; 

to  (0  to  CO 

The  system-reservoir  interaction  Hamiltonian  consists  of  terms  that  explicitly  conserve 
energy.  For  example,  the  annihilation  operator  |r'  }  removes  a  quantum  of  energy  from 

the  reservoir  and  the  raising  operator  S+  increase  the  energy  of  the  system.  The  P0)  are 
the  coupling  strength  of  a  reservoir  oscillator  with  angular  frequency  ©  to  the  system. 
The  operators  obey  the  following  commutation  relations. 


I  A  A 

[R^RI 


=  0  = 

A  A  1  1  A  A 

S+,S+J  [S',S+ 

=  0  = 

R*,R*]  [r-,R* 

=  i 


which  also  apply  for  equal-time  commutators  in  the  Heisenberg  representation.  The 

A 

Heisenberg  representation  of  an  operator  O  is  given  by 

6  =  u+0u 

where 


u  =  exp 


\ih ) 


Note  the  use  of  the  symbol  over  the  operator  “6”  to  indicate  the  Heisenberg 
representation.  The  total  Hamiltonian  in  the  Schrodinger  and  Heisenberg  representations 

A 

is  the  same  since  u  and  H  commute 

H  =  u+Hu  =  u+uH  =  H 
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However,  this  is  not  necessarily  true  for  each  individual  Hamiltonian  such  as  Hsr .  The 
Heisenberg  Hamiltonians  are  obtained  just  by  adding  the  “inverted  carat  to  each 
operator.  The  equation  of  motion  for  a  Heisenberg  operator  O  is 

d5=i[fl,6]+r^u 


dt  h 


Usually  the  last  term  is  zero  for  most  operators  (except  possibly  the  density  operator). 
The  operators  of  the  theory  therefore  satisfy  the  following  rate  equations 


i-=i[H,S-]=i[H!+H1+H„,S-]=^[H,+H„.S-]  (5.5.1) 


The  first  commutator  is 


[hs,s-]=  /kds(Vs-+^,s-  =k[s+s-,s-]=k[s+,s'^"=-^sS' 


The  second  commutator  is 


[H„.s-]=rs*yp„R-.+s-2:p'.R:.s-l=fs*SP.R;.s-]=|*.s-]Ei3.R;=-EP.R; 
L  L  *  a.  J  L  co  J 


(5.5.3) 


Combining  the  commutators  into  Equation  5.5.1  yields 

S-=-i®,s--i£p.R;  <5-5-2) 

**'  (0 

The  adjoint  of  Equation  5.5.2  provides  a  similar  equation  for  the  raising  operator. 

§+ =*>.§*  4ip:r:  (5-5-3) 

Q) 

It  is  also  necessary  to  find  the  equations  of  motion  for  the  reservoir  operators. 

R;  =^[H,R-]=i[Hs+Hr+H„.R;]=i[H. +H„,R;]  (5.5.4) 

The  first  commutator  provides 

[h„r;]= [2>(  r;r;. +ij.R:l = I  = Z-to'8.«R» = -*“*• 

L  o'  v  J  o'  “ 

The  second  commutator  gives 

[hs„r;]=  s+XP<o  =-f^~ 

<o'  (O'  J  L  to’ 

Combining  the  last  two  commutators  into  Equation  5.5.4  gives 


The  adjoint  gives 


=  -i©R;-“P*»S‘ 


i:=icoR;+^pffis+ 


(5.5.5) 


(5.5.6) 


An  equation  for  the  lowering  operator  (for  the  system)  can  be  found  by  combining 
Equations  5.5.5  and  5.5.2.  First,  formally  solve  equation  5.5.5  by  using  an  integrating 
factor.  As  reviewed  in  Appendix  1,  a  first  order  differential  equation  y-ay  =  f(t)  has 
the  solution 
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y(t)  =  ^(0)^(Q)- + -j- 1  ■ &  nWf  W 
p(t)  n(t)  * 

with  p(t)  =  e'at .  Equation  5.5.5  has  the  integrating  factor  p  =  e'“‘  and  the  formal  solution 

R;(t)  -  e-“,R"(0)+“-  Jdx  e-“"-'>S-(t)  (5.5.7) 

"  0 

Substituting  Equation  5.5.7  into  Equation  5.5.2  provides 

§-  +  i<D,S-  +  S |p«r  (t)  =  - ^  s P„e-‘“R;  (°) 

^  ©  0  ^  co 

which  can  be  rewritten  as 

S-  +i<D.S-  +-UdT  S-(t)XlP.|,e-”«'-'>  =  <5-5-8) 

o  o)  ^  to 

The  integral  in  Equation  5.5.8  gives  the  damping  whereas  the  summation  is  the 
Langevin  fluctuation.  First  evaluate  the  integral.  The  summation  in  the  integrand  can  be 
evaluated.  Let  g(co)  be  the  density  of  states  (i.e.,  the  number  of  Pffi  per  unit  frequency 
range). 


2  -im(t-t) 


=  Jdco  g((o)  |pc 


|2e-id)(t-T) 


(5.5.9) 


where  x,y  are  the  smallest  and  largest  allowed  frequencies,  respectively.  A  typical 
assumption  is  that  g(co)|pJ2  is  essentially  independent  of  frequency,  which  is  usually 

stated  as  the  coupling  strength  pa  being  relatively  constant.  For  a  number  of 
calculations,  the  upper  limit  on  the  integral  remains  finite,  which  avoids  pesky  infinities. 
A  good  example  is  for  the  Casimir  effect  (refer  to  Milonni’s  book  on  the  Quantum 
Vacuum).  We  take  the  upper  limit  to  be  infinity  for  simplicity.  The  summation  becomes 

ElP.f*'**"  =]da>g(a>)|p.j!e-‘'"-’1  -g|pf  jdee-1*"-’)  (5.5.10) 

“is  x 

Several  texts  and  papers  handle  the  integral  differently.  Some  authors  include  negative 
frequencies  in  the  integral  to  obtain  a  Dirac  delta  function;  however,  it  is  non-physical  to 
have  negative  frequencies  since  this  corresponds  to  negative  energies  for  the  system 
harmonic  oscillator. 

*>  f  2n  5(t  -  t)  x  =  -oo 


Jdco  e~" 


— ico(t— t)  _ 


7tg|p|25(t-T)-ig|p|2^-  x  =  0 


(5.5.11) 


The  “P”  in  the  above  relation  refers  to  the  principal  part.  The  development  in  this  book 
uses  the  non-physical  expression  with  the  negative  frequencies. 

We  obtain  the  fluctuation-damping  expression  for  the  system  operators  by 
substituting  Equations  10.43.3-5  into  Equation  10.32.2. 

S-  +io>.S-  +  jdx  S-(x)6(t-T)=-iXP«e"",R;(0)  (5-5.12) 


The  definition  of  the  Dirac  delta  function 


236 


b  1  a  e  (0,b) 

Jdx  8(t-a)=  •  1/2  a  =  b,0 
0  a  g  [a,b] 

the  equation  of  motion  becomes 

§-+i<o,s-+^s-(t)=42p.e-“R;(o) 


(5.5.13) 


The  frequency  of  oscillation  is  controlled  by  the  second  term  which  is  icosS  .  The 
damping/relaxation  is  controlled  by  the  third  term 


The  damping  coefficient  is 


5*Ls-(.) 
n2  w 


The  adjoint  of  Equation  5.5.12  provides  the  equation  of  motion  for  the  raising  operator. 


§*  -msS*  +  S* (t)=  ^ X P»e ‘"‘R i <°> 

h  ft* 


(5.5.14) 


The  last  term  in  Equation  5.5.13  is  the  Langevin  “force”  describing  the  random 
fluctuations  that  the  reservoir  induces  in  the  system.  The  Langevin  force  term 

r(t)=42X=~“iy°) 

averages  to  zero.  The  average  can  be  calculated  by  either  taking  the  time  average  or  the 
ensemble  average.  For  ergodic  systems,  the  averages  are  the  same.  The  fluctuations 
induced  by  the  reservoir  are  stationary  and  ergodic.  A  time  average  must  be  over  a 
sufficiently  long  time  that  any  correlation  in  the  fluctuations  of  the  reservoir  has  died  out. 
An  “ensemble  of  reservoirs”  has  reservoirs  in  every  possible  internal  configuration.  This 
means  that  there  is  a  reservoir  in  the  system  with  any  particular  value  of  Y .  The 
ensemble  average  is 

<r(t)>_  =Tr(p,r(t)) 

The  density  operator  pr  is  defined  through  a  Boltzmann  distribution 


-  1  Hr 

Pr  =-exp  ~  — 


where  Z  is  the  normalization 


Z  =  Trr  exp \--j- 


Appendix  6  shows  how  the  reservoir  density  operator  is  related  to  the  Boltzmann 
distribution.  Actually,  for  this  calculation,  we  really  only  require  that  the  density  operator 
be  diagonal  (a  pure  state).  For  a  reservoir  consisting  of  a  very  large  number  of  Harmonic 
oscillators  with  many  possible  frequencies,  the  Hamiltonian  is 
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and  a  Fock  state  is  denoted  by 


Hr=2>(R;R;;+i 


I  {n })  =  |n1,n2,n3,...) 

The  average  of  the  fluctuation  term  becomes  (similar  to  Appendix  6) 

(r(0}_  =Tr(pj(t))=-iTrfp,2P„e-“R;(0)|  =  -i|^El5.Tri  exp(-|yV» 


Notice  the  notation  of  R'  =  R~  (o)  is  used.  The  trace  is  easy  to  calculate  to  find 

TV  6XP  "Ft  CXp 

Inserting  the  closure  relation  provides 

Trr { expf- -~irl 1=  X(M|  expf“^%l  I  {m}>(fm}|^  IM) 

[  V  kBTJ  J  { n },{ m }  V  kBlj 

Here’s  where  the  fact  that  pr  is  diagonal  becomes  important. 

Trr | expf- 77“irl j =  X  expf_ 52E{m >1  ({n}|{m})<{m}|R'  |{n}) 

[  l  kBT )  J  {„},{„}  ^  kBT(m} 

where  E{m}  is  an  obvious  notation.  The  orthonormality  of  the  Fock  states  provides 

({n}|{m})  =  8M>{m} 

The  trace  becomes 


Tr,  exP-r~b  K\=  X 

y  kB^  J  blr™ } 


eTv6“w 


<{n}|R;  I  (n }> 


Now  its  clear  that  the  trace  operation  gives  zero  because  the  annihilation  operator 
removes  a  quanta  of  energy  from  the  ket .  For  example 

(n1,n2...|R~|n1,n2...)  =  (n,,n2...|nI  -l,n2...)  =  0 
since  Fock  states  with  unequal  occupation  numbers  are  orthogonal.  Therefore  the 
expectation  value  of  the  Langevin  fluctuation  is 

<r(0)**„=Tr(p,r(t))=O 

At  this  point  we  can  illustrate  how  the  correlation  function  plays  a  pivotal  role  for 
the  population  number  (population  inversion)  and  the  polarization  (gain). 
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Section  5.6:  The  Master  Equation 

This  section  shows  how  a  group  of  reservoirs  can  be  used  to  determine  the  steady- 
state  for  a  quantum  mechanical  system.  It  shows  how  the  damping  and  fluctuation  terms 
arise  in  the  rate  equation  for  the  density  operator.  There  are  three  approaches  to  the  fully 
quantum  mechanical  rate  equations.  (1)  The  Heisenberg  equations  for  the  creation  and 
annihilation  operators  is  perhaps  the  most  easily  compared  with  the  classical  rate 
equation  with  the  damping  and  Langevin  terms.  (2)  The  density  operator  approach  is 
most  appropriate  for  applying  quantum  mechanical  fields  to  a  collection  of  atoms.  The 
density  operator  is  adjusted  to  the  type  of  applied  field.  (3)  A  distribution  approach.  The 
previous  section  discusses  the  results  for  the  Heisenberg  representation  and  this  one 
discusses  the  density  operator  approach. 


Topic  5. 6. 1 :  Brief  Plan  of  Approach 

The  complete  system  is  divided  into  a  small  system  and  a  number  of  reservoirs. 
The  discussion  in  this  section  assumes  a  two-level  atom  capable  of  interacting  with  an 
EM  field  and  a  set  of  reservoirs.  The  system  consists  of  the  two-level  atom  and  the 
interacting  optical  field.  The  Hamiltonian  for  the  system  and  reservoirs  can  be  written  as 
H  =  Hatom  +  Hlight  +  Hatom  +  Hatom  +  Hlight  +HmuIt  =Hs+Hsr+Hr 

lite  reserv  reserv  reserv 

where  H.  =H„  +HW.  +H„,  +H,,,  .  The  various  Hamiltonians  H„, 

light  reserv  reserv 

u  tj  h  H  Hr  ,  H  ,,  are  for  the  free  atom  (i.e.,  atom  by  itself),  free 

light  s  “atom  »  “sr  r  “atom  ’  11  light  *  “mult 
light  reserv  reserv  reserv 

light  (i.e.,  a  light  field  by  itself),  atom-light  interaction  (stimulated  or  spontaneous 
emission),  atom-reservoir  interaction,  light-reservoir  interaction,  and  the  free 
Hamiltonian  for  the  group  of  reservoirs,  respectively.  The  atom-light  interaction  is 
initiated  at  time  to.  The  density  operator  exists  in  a  direct  product  space.  Up  to  and 
including  this  time  to,  the  density  operator  can  be  written  as  p  =  P  atom  P  light  P  resl  P  res2 

The  rate  equation  for  the  density  operator  using  the  total  Hamiltonian  can  be 
written  as 

where  Hs  does  not  involve  any  of  the  reservoir  operators.  Taking  the  trace  of  Equation 
5.6.1  over  the  reservoir  states  then  reduces  pand  [h,p]  to  terms  involving  only  the 
system  density  operator  ps.  The  last  two  terms,  previously  called  “other”,  provide  the 
“relaxation”  effects.  Equation  5.6.1  becomes 

p,=1k.p.]+%  <5-6-2> 

Hs  s’HsJ  ^ 


where 


dps  __  y1  dPs 

pft  •  dt  r*serv 

01  other  '  #; 
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Equation  5.6.2  is  similar  to  the  Liouville  equation  discussed  in  the  first  two  sections  of 
this  chapter. 


Topic  5.6.2:  Multiple  Reservoirs 

Consider  the  multiple  reservoirs  interacting  with  a  single  system.  Let  the 
operators  corresponding  to  the  ath  reservoir  be  R(a  -  {r|s)  } .  Each  reservoir  can  have  a 

different  temperature.  Segregate  the  operators  for  the  system  so  that  S(a)=  {sja) }  are  linked 
with  the  ath  reservoir;  i.e.,  the  degrees  of  freedom  represented  by  set  S(a)  interact  with  the 
ath  reservoir.  All  of  the  reservoir  operators  commute  with  the  system  operators  for  all 
times  in  the  Schrodinger  and  interaction  representations. 

[s[a),R[b)]=0 

However,  by  necessity,  each  individual  set  contains  non-commuting  operators.  For 
example,  there  are  indices  “i”  and  “j”  such  that 

[sja),s;b)]*o 

and  something  similar  for  the  set  R.  Assume  that  there  is  a  total  of  “N”  reservoirs.  The 
interaction  Hamiltonian  is  assumed  to  be 

a  i 

Notice  that  in  this  topic  there  is  no  distinction  made  between  raising  and  lowering 
operators. 

Example:  Suppose  the  system  consists  of  an  atom  and  the  spontaneous  emission 

electromagnetic  field,  which  interacts  with  the  vacuum  (as  a  reservoir  #1).  The  “free” 
field  Hamiltonian  is 

There  are  two  operators  S?0  and  S-0  in  the  set  “S”  such  that,  for  each  k, 

Sf)  =  b£  and  sf}=b~ 


Assume  that  the  system  and  reservoir  are  not  correlated  at  t=0  when  the 
interaction  begins.  The  density  operator  at  t=0  can  be  written  as 

p(0)  =  p(s){0)p(l)(0)p(2)(0)...p(N)(0)  =  p(5)(0)(g)p(r)(0)  =  p(s)  (0)  p(1  N)(0) 

r-1 

where  p^(0)  is  the  system  density  operator  and  p^'N^(o)  is  defined  to  be  the  density 
operator  of  the  “N”  reservoirs  at  t=0.  For  all  times  (not  just  t=0)  it  is  permissible  to  write 

pw(t)  =  Tr.Tr,  -TrNp(t)  -Tr,...Np(t) 
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Topic  5.6.3:  Dynamics  and  the  Perturbation  Expansion 


The  total  density  operator  p  in  the  Schrodinger  representation  satisfies 


(5.6.3) 


as  discussed  in  Topic  5.3.4.  In  this  section,  symbols  such  as  O  are  operators  in 

Schrodinger  representation,  and  6  are  operators  in  the  interaction  representation.  It 
would  be  nice  to  use  a  perturbation  expansion  to  find  the  density  operator  in  Equation 
5.6.3  by  treating  the  right-hand  side  as  small.  Working  in  the  interaction  representation 
facilitates  the  procedure.  Equation  5.3.13  in  Topic  5.3.4  says  the  motion  of  p  in  Hilbert 
space  is  controlled  by  the  interaction  Hamiltonian  in  the  interaction  representation 
according  to 

i5  =  ^[fi„,p]  <5'6'4> 

The  interaction  representation  quantities  are 


p  =  u+pu 


Hot  =  u+Hir  u 


where  the  explicit  form  of  the  unitary  operator  u  =  exp  assumes  the  reservoir- 


system  interaction  starts  at  t0  =  0.  The  “free”  Hamiltonian  is  H0  =HS+Hr,  which 
consists  of  the  evolution  of  the  system  and  reservoirs  without  any  interaction  between 
them.  The  evolution  operator  can  be  written  as  u  =  usur  since  the  two  Hamiltonians 

commute  [Hs,Hr]=0  and  the  exponential  can  therefore  be  divided  into  two  pieces. 
Equation  5.6.4  can  be  integrated  to  give 

«t)  =  p(0)  +  i  fdt  [h„(t),pM]  (5.6.5) 

^0 

Assume  that  Hsr  is  small.  Equation  5.6.5  can  be  repeatedly  substituted  into  Equation 
5.6.4  to  get 

p(t)  =  ^[Hlr(t),p(0)]+7^W  Jdx  [h^O.Kw.pW]]  +...  (5.6.6) 

(i h)  ; 

Again  it  is  apparent  that  the  interaction  Hamiltonian  is  the  sole  motivator  for  the 
evolution  of  the  density  operator  in  the  interaction  representation.  For  convenience  of 

notation,  substitute  V  =  HCT 

S4[v.«°>]+7^  'K  [v(t),[v(t').p(0)ll+...  (5-6-7) 

l£  (lfi)  0 

It  is  necessary  to  take  the  trace  of  Equation  5.6.7  over  the  reservoir  states  to  find 
the  equation  of  motion  for  the  system  density  operator.  There  are  two  ways  to 
accomplish  the  task.  First  consider  that  the  eigenvector  are  always  independent  of  time. 

If  (|n) }  are  the  reservoir  eigenstates  then 
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Tr(^)= Knlp|n) = -|Z(nlp!n> = f Tr  p = & 

As  a  second  method,  the  same  expression  is  easily  seen  to  hold  by  using  the  definition  of 
derivative 


Tr,  |5(t)  s  Tr,  ^  P(0  =  -J- {Tr,  p(t  +  At) - Tr,  p(t)  }=  J-  { p,(t  +  At)  -  p, (t)  }=  f>, (t) 
At  At  At 

Either  way,  taking  the  trace  over  all  of  the  reservoirs  gives  (refer  to  the  next  paragraph) 
i5.=^Tri  N [v,p(0)]+  ^y-Tr,  w  jdt' [v{t),[v(f),p(0)]]+ ...  (5.6.8) 

Generally  the  derivative  in  Equation  5.6.8  is  taken  to  be  the  “course-grain  derivative” 
which  means  that  the  times  involved  are  longer  than  the  correlation  times  of  the  reservoir. 

Finally  for  this  topic,  the  interaction  representation  of  the  density  operator  at  t=0 
can  be  replaced  by  the  Schrodinger  representation  since 


p(t)  =  u+(t)  p(t)  u(t) 

Setting  t=0  provides 

u(0)  =  1  and  therefore 
Equation  5.6.8  becomes 


with  u  =  exp 


p(0)  =  u+(0)  p(o)  u(o)=  p(o) 


k  =^Tr,...N[v,p(0)]+7ri-Trl ...B  fdf[v(t),[v(t'),p(0)]]+...  (5.6.9) 

in  (l  h)  0J 


Topic  5.6.4:  The  Langevin  Displacement  Term 

The  first  term  in  Equation  5.6.9  gives 

Tri...N[v,p(0)]  =  Tr,...N^^[*,R[i),p(o)]=Tr1,..N^^j,)R*,>,p<*>(0)p^1 'N^(0)] 

ai  ai 

=  Tr,  ..N2{P<’>(0)S!*>  [R^'.p0  n,(0)]+  [s!‘>,p<->(0)]r;'>p<1  n>(0)  } 

ai 

The  trace  refers  to  the  reservoir  degrees  of  freedom.  The  terms  in  the  last  equation  are  all 
similar. 

Tr1.NR!-V,',,>(0)  =  Tr1p«(0)...Tr..1p<-'<(0)  Tr.RjV’CO)  Tr.„p<",)(0)...TrNp<N>(0) 

(5.6.10) 

Factors  without  the  reservoir  variable  R.|a^  are  evaluated  similar  to 

Tr,p<l)(0)  =  l 

by  definition  of  the  density  operator.  The  factors  with  the  reservoir  variable  give 

TraRja)p(l)(0)  =  Trap(a)(0)RSa)  =  (Rja))res  =  0 

'  'a 

since  the  R  are  either  creation  or  annihilation  operators  and  (n|R|n}~(n|n±l)  =  0. 
Also  notice  that  the  cyclic  property  of  the  trace  was  used  to  rearrange  the  order  of  “R” 
and  “p”  as  necessary.  Therefore,  the  Langevin  displacement  term  is 
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Tr,.„[v,p(0)]=0 

where  the  last  equality  follows  from  the  cyclic  property  of  the  trace  operation. 

Taking  the  trace  over  the  reservoir  states  is  equivalent  to  finding  the  ensemble 

average  of  Rj.  The  ensemble  average  is  equivalent  to  an  average  taken  over  a 
sufficiently  long  time  interval  (for  an  ergodic  process).  This  is  where  the  question  of  the 
interval  of  integration  becomes  important  and  why  the  time  derivative  in  Equation  5.6.7 
is  usually  called  the  “course  grain  derivative”.  If  the  values  of  the  random  variables 
fluctuate  and  are  correlated  over  a  small  time  interval,  then  the  time  average  of  the 
random  variable  might  depend  on  the  length  of  the  time  interval.  The  figure  for  example 
shows  that  the  average  of  some  variable  R  over  the  time  interval  [0,1]  is  nonzero  while 
over  [0,2]  it  is  zero.  Presumably,  with  long  enough  integration  time,  the  average  is  zero. 


Figure  5.6.1:  The 

average  of  R  over  the 
interval  (0,2)  is  zero 
whereas  it  is  nonzero 
on  (0,1). 


This  time  average  (over  sufficiently  long  times)  matches  the 
ensemble  average  since  every  duplicate  system  in  the  ensemble  is 
in  a  different  possible  state.  These  considerations  are  important 
for  the  course-grain  derivative  in  Equation  5.6.7.  The  time 
interval  At  is  assumed  to  be  longer  than  any  correlation  time  of 
the  reservoir.  These  comments  apply  to  any  of  the  integrals  over 
time.  In  this  way,  the  average  values  can  be  replaced  with  a 
definite  value.  The  mutliple  reservoir  theory  assumes  that  the 
average  of  the  operators  R  is  zero;  however,  the  zero-value  of 
(r)  is  rigorously  true  when  R,  are  creation  and  annihilation 
operators.  Quantum  mechanical  expectation  values  of  creation  or 
annihilation  operators  provide  (n|b|n)  =  0 . 


Topic  5.6.5:  The  Relaxation  Term 


The  second  term  in  Equation  5.6.9  gives  the  relaxation  effects 

Term  2  =  Tr,..N  jdt’[v(t),[v(t’),p(0)]] 

0 

Expanding  the  commutators  provide 
Term  2  =  Tr,..N  Jdt'  [v(t),  V(t')p(0)  -  p(0)  V(t')] 


V(t)V(t’)p(0)- V(t)p(0)V(t’)-  V(t’)p(0)V(t)+  p(0)V(t')V(t) 
<-Term2.1-»  <- Term 2.2 -(-Term 2.3 -»  <- Term 2.4-^- 


(5.6.11) 

Examine  each  sub-term  in  Equation  5.6.11.  Substitute  expressions  for  the  interaction 
Hamiltonian  in  each  one. 
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Terni2.1=Tr,  N  jdt’V(t)V(t')p(0)  =  Tr,  N  ifdt' J]S!,>(t)Rj,)(t)j;Sjb’(t')RSl’)(t,)p(0) 

0  0  ai  >>j 

=  Tr,  N  Jdt*  ^ Sja)  (t)R ja)(t)  Sjb)  (t')R^(t')  p(s) (0)  p(1"N)(0) 

0  ij 

ab 

where  the  summation  was  moved  to  the  left  and  the  expression  for  the  density  operator 
was  substituted.  Moving  the  trace  inside  the  summation  and  commuting  system 
operators  with  reservoir  operators  provides 

Term2.1  =  Jdt'  2S{,)(t)Sf)(t)p(,,(0)TrL..N[Ria)(t)Rjb)(tV,'''N)(0)] 

0  « 
ab 

Following  the  procedure  outlined  in  the  previous  subtopic  (see  Equation  5.6.10),  the  trace 
factor  can  be  rewritten  to  provide 

Term2.1  =  jdt'  ^ §<‘>(1) Sf  >(t’) p<s> (0) 5lb 
0  ij 

ab 

=  jdt*  2^sja)(t)s;a)(f)  p<s)(o>  (RSa)(t)R;a)(t’)) 

0  «ja 

since  for  a  *  b  the  fluctuations  average  to  zero 

Tr,  j,  [Ri1'(t)RSi|(l')P<"‘>(0)  ]=  (R^W)  {R<jb)(t’)}=  0 

Similar  reasoning  applies  to  the  other  parts  of  “term  2”. 

Term 2.2  =  Jdt’  ^S[a)(t)  p(s) (0)  Sja)  (f)  (R5a)(t’)Rfa)(t)) 

0  ija 

Term 2.3  =  Jdt’  £S<a)(t’)p(s)(0)  S5a)(t)(Rja)(t)RSa)(t')) 

0  ija 

Term  2.4  =  Jdt’  P<s)  (0)  S^a)  (t*)  Sja)  (t)(RSa)(f)R$a)(t)) 

0  ija 

Where  the  cyclic  property  of  the  trace  is  used  to  obtain  the  results  for  Terms  2.2  and  2.3. 
For  terms  2.3  and  2.4,  interchange  the  dummy  indices  “i”  and  “j”.  For  all  terms,  the 
fluctuations  are  stationary  so  that,  for  example,  we  can  write 

(Rja)(t')R5a)(t))  =  (Rja)  Rja)(t  - t')) 

We  therefore  find 

Term2.1  =  Jdt'  JS^Ws^Mp^^^^ft-t'jRf^ 

0  ija 

.  Term  2.2  =  jdt’  £ S[a)  (t)  p(s)  (0)  S<a)  (t') (R<a)R  ja)(t  - 1’)) 

0  ija 

Term 2.3  =  Jdt'  p(s) (0)  S^a>(t)(RSa)(t  -  t’)R.5a)) 

0  ija 
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Temi2.4  -  Jdf  ^  p"'  (0)S<-'  (f)  §<■>  (t)  (r  >  (t  - 1*)) 

0  'Ja 

Changing  the  variable  of  integration  for  all  terms  from  t'  to  x  =  t  - 1'  provides 
Teim2.1  -  jdt  2s!‘>(t)Sj'>(t-T)p®(0)(R!,)WRi,)) 

0  Ua 

Term 2.2  =  Jdt  £S?»(t)p»>(0) 

0  *ja 

Term2.3  =  jdx  £s“(t-T)p°>(0)  S^RI'W) 

0  >Ja 

Tem.2,4  =  Jdt  £pw(0)Sf  (t-t)S«(t)(RS‘)Ri°W) 

0  >Ja 

The  sub-terms  can  all  be  recombined  into 

p(s)(t)  =  O  +  Term  2  =  Tr,...N  Jdt’  [v(t),[v(t'),p(0)]] 

o 

The  density  operator  evolves  according  to 

p'-'W — p-S  JdT  t  [sS*,co,s<*,(t-x)p,*,(t)]{R‘->(x)Rj*))+  (j6i2) 

-  [s«(t),  - 1)]  (r?1  rS*>  (t)}  } 

The  limit  “t”  on  the  integral  is  replaced  by  oo  since  the  correlation  functions  are  non-zero 
only  for  very  small  times.  Equation  5.6.12  also  contains  the  Markov  approximation 

p(s)(0)=p(s)(0)-^P(5)(t) 


Topic  5.6.6:  The  Pauli  Master  Equation 

The  development  in  this  topic  follows  Weissbluth’s  approach  for  a  single 
reservoir;  however,  here  multiple  reservoirs  are  included.  Let  {|k) }  be  eigenvectors  of 


Hs ,  the  system  Hamiltonian. 


(5.6.13) 

After  considerable  algebraic  manipulation,  Term  3.1  in  p(s)(t)  can  be  rewritten  using  the 


closure  relation  for  the  system  eigenstates 

(k|[s<'>(t),Sf)(t-t)pW(t)]|l)=L(In|P<‘l(t)l”>{5-L(klS‘‘,|r><rls</)lnl>e'""‘  + 

nm  t  r 

-  (n|s!‘)|l)(k|S<*>|m>e-|““* 

Term  3.2  becomes 
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(k|[s!-)(t),p«-,(.)sW(t-,)]|l>=2;(in|PW(')l>>>  !(”iS(/)|l>(k|S<‘)|m)''“‘'  + 

nm 

-  Z(n|Sja)|  r)(r |sSa)|  l)e'i‘fl“t }  ei(“to+“Jt 

r 

where  “1”  is  lower  case  “L”.  The  difference  in  angular  frequency  is 

n 

where  E„  (etc.)  refers  to  the  energy  of  nth  level  of  the  system.  Notice  that  conl  can  be 
negative. 

Define  matrix  elements 

”  >j  0 

rii;  =  il(”|Si‘)|l)(k|s!-)|m))dte-i-’(RWR<-l(T)) 

n  ij  0 

and  also  the  relaxation  matrix  elements 

t?  (a)  =  Vr^xr^+r^-fi 

klmn  uln  /  .«  knm  *  1  nllm  '  1  nlkm  °km  /  x  nrrl 
t  t 

Substitute  all  five  of  the  previous  expressions  into  Equation  5.6.13  to  find 

(kliMOIlHEWp.MInjRlle*"-™-1'  (5.6.14) 

nma 

Applying  the  rotating  wave  approximation  (RWA)  requires 

®tan+®nl  =0 

There  are  three  cases  implied  by  the  RWA 

(k=m, l=n,  k *  1 )  (k=l, m=n,  k*n)  (k=l=n=m) 

From  these,  two  separate  equations  can  be  found 

(kl^(t)|l)  =  2(k|ps(t)il>R(^ 

(k|p|k>  =  ZZ<n|Ps(t)|n)R[L) 

a  n 

n#k 

Define 

B  _VrW 

lvijkl  ~  /  . -^iikl 

a 

and  combine  the  previous  two  equations  to  obtain 

(k|p.(t)|l)“{k|P.(t)|l)RHH+duX(n|P*<t)|n)  R,tai  (5.6.15) 

n 

n*k 

Notice  that  the  effect  of  all  the  reservoirs  combines  into  a  single  constant.  This  equation 
clearly  show  that  the  reservoir  causes  a  relaxation  of  the  density  operator  (the  system 
changes  state  due  to  the  reservoir  interaction). 

Equation  5.6.15  shows  how  the  density  operator  changes  due  to  the  interaction 
between  the  reservoir  and  system.  However,  the  equation  does  not  explicitly  show  the 
change  in  the  density  operator  due  to  interaction  within  the  system  (such  as  interaction 
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between  the  system  atom  and  light).  The  equation  that  describes  the  total  motion  of  the 
density  operator  can  be  demonstrated  by  using  the  equation  of  motion  for  the  system 
density  operator  in  the  Schrodinger  representation.  Equation  5.3.12  in  Topic  5.3.4  is 
repeated  here  as 

M-)=uA(t)u;+i[ft.,pI(t)]  (5.6.16) 

at  in 

To  combine  Equations  5.6.15  and  5.6.16,  requires  that  we  take  the  kl  matrix 
element  of  Equation  5.6.16. 


®^^=(k|[uA(t)c:]|i>+i[H.,p.(t)L 

Hjt  Hjt  -ir  1 

=  <k|  e7P.(t)e'*  lO  +  jjP.-P.WL 


(5.6.17) 


Operating  with  the  unitary  operators  inside  the  first  expectation  value  on  the  right-hand 
side  provides 


(k|  e*j5,(t)e'“  |l)  =  e‘-'(k|i5,(t)|]) 


(5.6.18) 


so  that  Equation  5.6.161  becomes 

=e-..(k|i^,)|l)  +  ±[HI,p,(t)l1  (5.6.18) 

Ot  Jy  in 

Combining  Equations  5.6.15  and  5.6.18  provides 
^1  4[ft..P.(t)i+e‘-'(k|p.(t)|l)Ruld+e'-8uI(n|p!(t)|n)Ru„ 

a  J„  i h 

Writing  the  interaction  density  operator  in  terms  of  the  Schrodinger  operator,  yields 

=l[Hs,ps(t)]u+eto'^k|u:ps(t)uJl)Ruu+ei“‘*8w2(n|u:ps(t)us|n)R^ 

a  Ju  lh 

The  equation  can  be  rewritten  by  substituting  the  exponential  form  of  the  unitary 
operators 

f 

u»  =  exP 


which  operate  on  the  basis  vectors.  The  operation  yields  a  factor  of  e"“°lkt  to  yield 

-Ifo.P.WL,  +ei“'l‘e'i““,(k|p!(t)|l)Rldld  +ei““'6kJ^e'““l'k,*l(n|ps(t)|n)  R, 
dtih  n 


Canceling  exponential  terms  and  noting  that  the  factor  5U  results  in  co^.  -  co,  cok  0 , 
we  end  up  with 

^^.  =  ^-[Hs,pw(t)ld  +{k|p(,)(t)|l)Rklld  +6w^]{n|pts)(t)|n)RW(nJ1  (5.6.19) 

dt  In  n 
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Equation  5.6.19  is  the  Liouville  equation  for 
the  density  matrix  as  discussed  in  the  first  several 
sections  of  this  chapter.  The  commutator  provides 
the  dynamics  internal  to  the  system  itself.  As  a  very 
important  point,  the  exact  composition  of  the 
“system”  is  unspecified;  it  can  be  composed  of  an 
atom  and  an  electromagnetic  wave  interacting  with 
the  atom.  Using  notation  previously  employed,  the 
last  two  terms  in  Equation  5.6.19,  can  be  written  as 


8t 


other 


(k|pw(t)|l)Rm+5k,2(n|p(‘)(t)|n>RUm 

n 

n*k 


Figure  5.6.2:  The  rates  of 

transition  “W”  between  energy 
levels  “E”.  The  diagonal  density 
matrix  elements  give  the  population 
of  each  level. 


The  rate  of  change  of  the  diagonal  elements  are 


5pg 


dt 


=  (k  |  p(s)(t)|k)Rkkkk  +X(n|p(s)(t)ln)  Rkta  The  first  term  is  the  transition  out  of 


other 


n 

n*k 


level  “k”  and  the  second  term  is  the  transition  rate  into  level  “k”  from  other  levels  “n”. 
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Chapter  6:  The  Wavelength-Dependent  Transfer  Function  for  Optically-Controlled 
Semiconductor  Lasers 

The  optically  controlled  laser,  consisting  of  a  main  semiconductor  laser  with  an 
associated  control  beam,  is  important  for  integrated  high-speed  optical  signal  processing 
and  for  optical  communications.  The  optically-controlled  laser  rate  equations,  the  gain, 
and  the  wavelength  dependent  transfer  function  are  derived  from  the  Liouville  Equation 
for  the  density  matrix  describing  a  system  with  multiple  perturbing  optical  fields.  The 
results  explain  the  primary  effects  of  coherent  and  non-coherent  control  signals  upon  the 
output  of  the  main  laser  (illustrated  with  experimental  data).  New  predictions  are 
obtained  for  optical  gain,  wavelength  conversion  and  FM  to  AM  demodulation.  This 
chapter  is  a  reprint  of  the  Parker  et.  al.  publication  in  J.  Appl.  Phys.  83,  5056  (1998). 


Section  6.1  Introduction 


Lasers  with  optical  gain  control  are 
important  due  to  the  possibility  of  integrated  all- 
optical  high-speed  communications  and  signal 
processing.  Recent  publications  discuss  optically- 
controlled  lasers  that  are  capable  of  signal  routing 
and  logic  functions.  These  reported  devices  have  a 
variety  of  configurations  but  generally,  they 
consist  of  a  semiconductor  main  laser  with  a 
control  beam  entering  the  side  of  the  cavity  at  right 
angles  (refer  to  Figure  6.1).  The  main  laser  can  be 
an  in-plane  laser  (IPL)  or  a  vertical  cavity  laser 
(VCSEL).  For  the  reported  GaAs-based  devices, 
the  source  of  the  control  beam  is  another 
semiconductor  laser  monolithically  integrated  with 
the  main  laser.  However,  the  control  beam  can  also 
originate  in  a  monolithically  integrated  laser 
amplifier  or  a  fiber/waveguide  that  is  butt-coupled 
to  the  side  of  the  main  laser.  In  operation,  an 
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Figure  6.1:  Block  diagram  of  a 
Laser  with  Optical  Gain  Control. 
The  semiconductor  forms  the 
cavity  of  “main  laser”  which  can 
be  either  an  edge-emitting  laser  or 
a  VCSEL. 


increase  of  the  control-beam  power  Pc  (with 

angular  frequency  coc)  causes  the  output-beam  power  P  (with  angular  frequency  to)  to 
decrease.  Similar  optical  modulation  effects  are  seen  for  fiber  lasers  using  DBR  mirrors 


and  two  longitudinal  modes. 

Although  these  publications  show  the  operation  of  the  optically-controlled  lasers, 
many  features  remain  to  be  explained.  Both  bistable  and  linear  switching  characteristics 
are  observed.  Experimentally,  three  distinct  regions  of  non-bistable  operation  are  reported 
for  devices  with  integrated  control  lasers  (see  the  top  curve  in  Figure  6.2).  The 
spontaneous  emission  region  (SER)  corresponds  to  low  values  of  bias  current  Ic  applied 

to  the  integrated  control  laser.  The  slope  Jp  is  relatively  small  but  it  can  be  positive, 
negative  or  zero.  The  SER  describes  the  transfer  function  when  the  control  laser  is 
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operated  below  threshold;  apparently,  spontaneous  emission  is  ineffective  for  quenching 
or  pumping  the  main  laser.  In  some  cases,  the  main-laser  threshold  current  I*,  is 
observed  to  decrease  as  Ic  increases.  The  linear  region  (LR),  as  shown  for  mid-range 


values  of  bias  current,  has  a  slope  -  (and 

SIC 

dP 

also - )  that  is  relatively  constant  and 

dPc' 

negative;  this  region  marks  one  of  the  most 
distinctive  features  of  the  optically-controlled 
laser  (see  also  curves  Q  and  H  in  Figure  6.2). 
For  the  LR,  the  main-laser  threshold  current 
1^.  is  observed  to  increase  linearly  as  Pc 
increases.  Of  the  three  regions,  the  LR  has 
the  largest  magnitude  for  the  optical  gain  as 

dP 

defined  by  Gopt  = - .  Interestingly,  the 

dPr 
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values  of  the  optical  gain  have  never  been 
observed  to  be  larger  than  one.  For  the 
saturation  region  (SR),  increasing  the 
control  laser  bias  current  results  in  little 
change  of  the  main-laser  output  power 

( —  and -  are  nearly  zero).  Often  the 

dlc  dPc 

magnitude  of  the  slope  of  the  SR  rapidly 
decreases  and  the  curve  approaches  a  clear 
nonzero  asymptote  (within  a  span  of  10  to 


Figure  6.2:  Experimental  transfer 

characteristics  for  (Q)  an  edge-emitting  multiple 
quantum  well  laser  with  ridge  waveguiding  and 
(H)  a  homojunction  laser  (see  Ref.  7,8).  The 
bias  current  to  the  quanum  well  laser  is  34  mA 
while  that  to  the  homojunction  laser  is  2.4 
Amps  The  power  P  from  the  main  laser  and 
the  power  Pc  of  the  control  beam  are  normalized 
by  the  “unquenched”  power  Pu  for  the  main- 
laser.  The  top  curve  (a  P-Ic  plot)  refers  to  the  Q 
laser  (37  mA  bias  current)  and  shows  three 
regions  of  non-bistable  operation. 


20  mA  for  Ic). 

Of  primary  importance  for  understanding  these  observations  and  applying  the 
optically-controlled  laser  is  the  transfer  function  that  describes  the  main  laser  output 
power  P  as  a  function  of  the  main  laser  bias  current  I  and  angular  frequency  to,  the  control 


source  power  Pc,  the  control  beam  wavelength  Xc  (angular  frequency  toc ),  and  the  device 


geometry.  In  section  6.2,  we  derive  the  wavelength-dependent  quenched-laser  rate 
equations  and  material  gain.  The  transfer  function  is  derived  in  Section  6.3.  The  theory  is 
applied  in  Section  6.4  to  the  observed  operating  characteristics.  Besides  signal  routing 
and  optical  logic  functions,  the  optically  controlled  lasers  are  desirable  for  low-noise 
optical  amplification,  wavelength  conversion  and  FM  demodulation  as  will  be  discussed 


in  Section  6.5. 


6.2  The  Rate  Equations  and  Gain  for  Optically  Controlled  Lasers 

We  derive  the  rate  and  gain  equations  (for  lasers  with  optical  gain  control)  with 
careful  attention  to  the  initial  detail  since  the  theory  has  never  been  applied  to  optically 
controlled  lasers  and  since  it  provides  the  framework  for  understanding  and  applying  the 
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devices.  In  addition,  we  highlight  the  assumptions  (so  that  the  work  can  be  generalized  in 
the  future)  and  indicate  where  the  derivation  differs  from  standard  treatments  (such  as 
those  in  the  references). 


For  the  optically  controlled  lasers,  there  are  at  least  two  optical  fields 


interacting  with  the  gain  medium  of  the  laser.  The  first  (j=l)  and  second  (j=2), 
respectively,  refer  to  the  main  laser  field  and  the  control  field  (which  fully  overlaps  the 
main  cavity).  These  fields  are  assumed  to  interact  with  electrons  in  conduction  band 


(cb)  and  valence  band  (vb)  Bloch  eigenstates 


of  the  unperturbed  Hamiltonian  H0  (E 


is  the  energy  and  k  is  the  Bloch  wavevector  restricted  to  the  first  Brillouin  zone).  The 
medium  is  electrically  (or  optically)  pumped  to  maintain  the  excess  carrier  population 
that  interacts  with  the  applied  fields. 

The  Liouville  equation  for  the  density  matrix9'11  is 


dp 


MN 


dt 


~  *  [H>p]mn 
n 


Pmn  Pmn 


(6.1) 


■"MN 


where  xMN  is  the  relaxation  (diagonal  terms)  and  dephasing  time  (off-diagonal  terms), 
Pmns  (Emka  pEnkb^  (where  m,n  are  in  {1,2},  and  a,b  label  the  allowed  k),  p,^  is 


defined  below,  H=H0+V  is  the  Hamiltonian,  V  =  ^pjFj  is  the  time  dependent 

j 

perturbation  for  the  transitions,12  pj  is  the  transition  dipole  operator  acting  along  the 
polarization  direction  of  F} .  We  assume  for  semiconductor  lasers  that  the  dipole  operator 


pj  and  the  perturbation  V  are  diagonal12  in  file  Bloch  wave-vector  k .  The  matrices  of  pj 
and  V  therefore  reduce  to  @p^)and  ©V^  which  consist  of  2x2  matrices  (m,n  in 

k  k 

{1,2})  arranged  on  the  diagonal  of  a  large  matrix  that  is  indexed9  by  the  wave  vectors  k . 
On  the  time  scale  of  interest,  we  assume  equilibrium  between  states  within  the  same 

band.  The  quasi-equilibrium  (Q-E)  density  matrix  p^.  is  taken  to  be  diagonal  in  both  E 

and  k  with  each  entry  equal  to  the  probability  of  an  electron  occupying  a  state  in  the  cb 

or  vb  in  the  absence  of  the  perturbation  according  to  f(E)  =  jl  +  exp[(E  -  Fc  v)/kT]|  . 


The  diagonal  Q-E  density  matrix  reduces11  to 


0 

f(E{£)) 


where  the 


energy  of  a  cb  electron  E'k)  and  vb  electron  E|k)  depend  on  the  band  structure.12  The 
density  matrix  therefore  reduces  to  Pmn=©P™  (for  m,n  in  {1,2}).13  As  a  key  result, 

k 

Equation  1  applies  to  each  2x2  submatrix  p^  and  Equation  1  can  be  recast  into  a  set  of 
independent  equations,  one  set  for  each  different  k . 
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The  Liouville  equation  becomes  a  set  of  equations  similar  to  those  for  a  collection 
of  two-level  atoms  except  that  each  quantity  has  a  field  index  j  and  Bloch  wavevector 

index  k. 

dnj(t)  i  r  -  -  -  1  nj(k) 

°P\2  _  1  [*„  „j(k)  w(k)_(k)l  P12 


-2i„M[nl(i)  _ni(E)+l_ 

at  "  t,  n  LPl!  Pn  J 


(k)  (k) 

T|  —  T| 


where  p<k)  =  pf2k) ,  and  r|(k)  =  p225  -  p^  =  fc(E(2k))  -  fv(Ejk)) .  As  an  important 
j 

point  for  multiple  fields,  the  terms  related  to  the  induced  polarization  ( pj(2k)  =  p21k)  )  are 
indexed  by  the  field  j  (where  the  superscript  “+”  denotes  conjugation)  but  the  difference 
between  the  occupation  probabilities  r|(k)  =  p22}  -  p,^}  is  not  indexed.  The  sum  over  j 
(i.e.  coj)  for  p^  is  a  Fourier  decomposition  whereas  r|(k)  can  be  shown  to  have  a  “DC” 
Fourier  component.  The  steady-state  difference  in  occupation  probability  ri(k)  in 
Equation  3  can  be  independent  of  time  (i.e.,  it  does  not  need  a  term  proportional  to  e±KOjt ) 
since  p  has  a  time  dependent  component  to  cancel  out  the  appropriate  time  dependent 
part  of  Vn  (and  assuming  the  rotating-wave  approximation).  Equation  2  is  satisfied 
under  these  conditions  since  each  term  in  the  equation  will  have  components  proportional 

,  ±i<0  A 

to  e  1  . 

The  equivalence  between  the  equations  for  a  collection  of  two  level  atoms  and  for 
the  quenched  laser  is  exploited  to  avoid  some  algebra  (see  Reference  10).  In  the  steady- 
state,  expressions  that  satisfy  the  modified  optical  Bloch  Equations  (Equations  6.2, 6.3) 
are  given  by 


_(k)  _ 
Tj  = 


l  +  ^2Q(jk)2xL(k 


Pl(2k)  =~T1d^)J  [iT2  +({Oj  — •  co  „k)  )(x2  )2  ]e,COjt  (6.5) 

where  fl$E)  =  ^k)  ■  pf2k)  =  p?,k),  Df*  =l  +  (coj  -<fl<k))(x2)2 ,  /ko(0k)  is 

the  transition  energy  at  Bloch  wave  vector  k,  and  L(k)(co)  =  2x2j\\  +  (co  -co(0k))2(T2)2 j 

is  the  lineshape  function.  We  assume  that  the  population  relaxation  time  t=th=t22  and 

the  dephasing  time  x2=xi2=x2i  are  independent  of  k . 

The  gain  for  each  field  is  calculated  as  usual  from  the  induced  polarization  Pj  (for 
field  j)  except  that  each  applied  field  j  requires  a  summation  over  the  Bloch  wavevectors. 

Pj  =  trace(pjpJ)  =  trace  @pj(k)pj(k)l  =  ^ttace(pj(k)|j.j(k))  (6.6) 
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For  a  semiconductor,  the  summation  is  replaced  by  both  an  integral 


and  the 


reduced  density  of  states  gr(Er),  where  Eg  is  the  gap  energy  and  ET  is  the  transition 
energy.12  The  material  gain  for  multiple  optical  fields  obtains  from  Equation  2  and  6: 

G(a>=)  =  -  f  dETri(ET)gr(ET)L(fflj  -ET  IK)  (6.7) 

1  2cn/is0 

where  E^  is  substituted12  for  E,  and  E2  by  using  the  k-selection  rule.  The  difference 
between  the  occupation  probabilities  is  given  by  r|(ET)  =  p22(ET)  -  p,,(ET)  and  the 
difference  between  the  quasi-equilibrium  occupation-probabilities  (i.e.,  the  difference  in 


occupation  probability  without  any  optical  field)  is  r|(ET)  =  p22(ET)-pn(ET) .  The 
other  factors  are  L(£o-ET /^)  =  2t2/[i  +  (w-Et /fi)2^)2], 


u(Et)  =  ti(et)/ 


l  +  IlQjtLfcoj  —  Et /*) 
i 


and  o’-  m  = 
2h  ) 


p2Ii 


2fc2e0c2n 


where  the 


calculated  intensity  I;  =  P/A;  depends  on  the  approximate  cross-sectional  area  A*  of  beam 
i  (A,=A  and  A2-Ac  are  the  cross-sectional  areas  of  the  main  and  control  beams, 
respectively). 

There  are  two  control  mechanisms  for  lasers  with  optical  gain  control.  One 
mechanism,  gain  saturation ,  is  related  to  the  homogenous  broadening  evident  in 
Equation  7.  The  gain  G({Oj)  for  beam  j  depends  on  the  intensity  of  beam  i  through  Q,  in 
r|(E^).  A  change  in  the  control-beam  intensity  yields  a  change  in  the  gain  for  the  output 
beam  and  hence  a  change  in  the  output  power.  If  desired,  the  gain  can  be  expanded  in  a 
Taylor  series  to  provide  the  wavelength  dependence  of  the  self-  and  cross-saturation 
coefficients  used  to  describe  bistable  operation. 

The  second  control  mechanism,  gain  competition,  is  described  by  a  transfer 
function  that  obtains  from  the  quenched-laser  rate  equations  even  when  the  saturation 
term  in  riCE^  is  assumed  to  be  negligible  (i.e.,  0^=0).  The  Liouville  and  gain  equations 
produce  the  steady-state  quenched-laser  rate  equations  (as  can  be  verified  from  the 
previous  relations) 

0  =  -vG(o))P-vG(coc)ricmAPc  +^-^[1-1^]  (6.8) 


0  =  vG(co)rP  -  —  +  pRjp  (6.9) 

Tp 

where  is  the  rate  of  spontaneous  emission  coupled  into  the  main-laser  waveguide, 
v=c/n  is  the  speed  of  light  in  material  with  refractive  index  n,  and  T  is  the  confinement 
factor.  Geometry  factors  are  included  in  the  coupling  coefficient  between  the  control 

and  main  laser  and  also  in  A  = - where  R  =  amLm/2  =  (l-RnJ/2  for  a  non- 

©c  Ac 


integrated  control  source  and  R  s  —  =  \  for  two  monolithically  integrated 

a„  1-Rr  Lt 


'"c  x 

lasers  with  cross-coupled  cavities  (subscripts  c,m  refer  to  control  and  main  lasers, 
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am-ln(R)/L  is  the  mirror  loss,  L  and  R  are  the  length  and  mirror  reflectivity  of  the  laser) 
and  xp'1=v(am+aint)  where  aint  is  the  usual  internal  loss  (cm-1).  The  main-laser  bias  current 


is  I  = 


JdErj(E)gr(E)  (where  V  is  the  volume  of  the  active  region).  A  similar 


definition  holds  for  1^  by  replacing  r\  with  t|.  The  factor  of  2  occurs  since  r\  and  t|  are 
the  difference  in  electron  density  between  the  cb  and  vb  (i.e.,  double  the  density  of  cb 
electrons  by  charge  neutrality).  Of  course,  the  cavity-lifetime  has  the  form  xp=xp(w)  for 
frequency  selective  DBR  mirrors. 

6.3  The  Steady-State  Transfer  Function 

As  the  main  result,  Equation  6.9  approximately  fixes  the  main-laser  gain  at 
vG(w)r=l/xp  for  steady-state  operation  above  lasing  threshold  and  Equation  8  then  yields 
the  transfer  characteristics 


p  =  ^_ 
2e  a 


m  +aint 


GK) 
G(a>)  c 


(6.10) 


The  condition  on  the  main-laser  gain  (vG(to)r=l/xp)  determines  the  peak  gain  for  G(co)  in 
Equation  6.7  which  determines  the  quasi-Fermi  levels  Fc  v.  Essentially,  the  condition  of 
quasi-equilibrium  requires  the  entire  gain  curve  to  slightly  shift  (up  or  down)  by  an 
amount  that  depends  the  shape  of  the  bands.  The  bias  current  supplied  to  the  main-laser 
replenishes  the  inverted  carrier  population  and  maintains  the  approximate  peak  gain  of 
Gs(XpVT)1.  With  some  approximation,  Equation  6.10  can  be  modified  for  optically 
quenched  lasers  with  partial  overlap  between  the  laser  cavity  and  the  control  beam  by 
replacing  Pc  with  sPc  where  e  is  the  ratio  of  the  cross-sectional  area  of  the  control  beam  to 
the  cross-sectional  area  of  the  laser  cavity.3 

The  steady-state  transfer  characteristics  for  the  optically-controlled  lasers  obtain 
from  Equation  10.  As  an  example,  Figure  3  shows  the  ratio  of  the  output-  to  the 
quiescent-power  as  a  function  of  the  photon-energy  of  the  control  beam.  These  transfer 
curves  are  obtained  by  rewriting  the  last  equation  as 


TT-  -l-TlcmA 


G(o>c)  Pc 
.  G(o)  JPU 


(6.11) 


where  the  unquenched  power  Pu  is  obtained  from  Equation  10  with  Pc=0  (control  beam 
“off’).  The  horizontal  line  across  the  center  of  the  graph  represents  the  output  at 
quiescence.  For  Figure  6.3,  the  constants  are  arranged  so  that  the  main  laser  is  fully 
quenched  when  (oc  is  at  the  peak  gain  (and  coc=co).  The  semiconductor  gain  appears  on 
the  right-hand  axis  with  that  for  QW1  magnified  by  a  factor  of  2.6.  The  interaction  of  the 
control  beam  with  the  gain  medium  decreases  (quenches)  or  increases  (pumps)  the  output 
from  the  quiescent  value  depending  on  the  magnitude  of  the  photon  energy  ti coc . 

As  a  key  point,  the  gain  for  the  control  beam  is  different  from  the  net  gain  for  the 
main-laser  mode.  Although  the  two  beams  P  and  Pc  interact  with  the  same  isotropic  gain 
medium,  they  have  different  boundary  conditions  and  produce  different  results.  The 
cavity  beam  P  approximates  a  standing  wave  so  that  the  Fabry-Perot  resonance  condition 
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along  with  the  gain  condition  G=(Tpvr)‘'  produce  a  narrow  laser  linewidth.  The  control 
beam,  however,  interacts  with  the  semiconductor  according  to  the  dynamics  embodied  in 
the  gain  G  but  without  the  Fabry-Perot  effects.  As  a  result,  the  optical  bandwidth  of  the 
gain  for  the  control  beam  is  equal  to  the  bandwidth  of  the  material  gain  and  not  the  width 
of  the  laser  line. 
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6.4  Discussion  of  the  Observed  Characteristics 


The  description  of  the  spontaneous 
emission  region  (SER)  in  Figure  2  requires  the 
wavelength  dependence  of  the  transfer 
function.  First  consider  Figure  3  and  a  non- 
integrated  control  source.  The  optical 
bandwidth  BQ  for  the  “quench  spectrum”  and 
BP  for  the  “pump  spectrum”  of  the  main  laser 
is  represented  by  the  portion  of  the  curves  in 
the  lower  and  upper  half  of  the  figure.  As 


O 

0  * 
o 


a 


previously  noted,  BQ  is  identical  to  the 
bandwidth  of  the  semiconductor  material  gain. 
Generally,  larger  BQ  should  obtain  from  lasers 
with  larger  threshold  current  (larger  or 
fewer  quantum  wells  since  the  peak  gain  per 
well  must  be  larger.16  As  a  primary  result,  the 
effectiveness  of  spontaneous  emission  (SE) 
for  quenching  the  laser  is  primarily 
determined  by  the  amount  of  overlap  between 
the  SE  and  quench  spectra.  If  Bs  is  the 
bandwidth  for  spontaneous  emission,  then  an 
that  the  approximate  maximum  total  bandwidth 


Figure  6.3:  Graphical  depiction  of  quenching 
transfer  function  for  a  laser  with  a  single 
quantum  well  (QW1  and  QW2)  and  one  made 
from  bulk  semiconductor  (Bl)  as  discussed  in 
the  text.  QW1  is  electrically  pumped  to  a 
carrier  density  of  5xl018  (cm'3),  while  QW2 
and  B2  are  pumped  to  12.5xl018  (the  active 
regions  are  80  angstoms  thick).  The  right 
hand  scale  shows  the  gain  (after  ref.  10)  for 
QW2  and  B2  while  the  QW1  curve  is 
multiplied  by  a  factor  of  approximately  2.6. 

elementary  statistical  argument  suggests 
iT  for  quenching  by  SE  is  on  the  order  of 


— r-  =  — -  +  — -  (for  exact  overlap  BS=B0  and  BT=B</\/2).  Larger  B0  implies  greater 
T 

quenching  by  spontaneous  emission. 

The  SER  shown  in  Figure  6.2  for  a  monolithically  integrated  control  laser  is  explained  by 
the  spectral  overlap  (discussed  above)  and  by  the  spatial  profile  of  the  spontaneous 


emission  (SE). 


First,  the  response 


tends  to  be  small  since  the  SE  is  radiated  in 


all  directions  and  only  a  small  fraction  p/2  (from  Eq.  6.9)  enters  the  main  laser  cavity. 
The  response  to  the  SE  from  the  integrated  control  laser  tends  to  remain  small  above 
threshold  (for  the  control  laser)  since  the  rate  of  SE  saturates  at  a  level  determined  by  the 

gp 

threshold  earner  density.  Second,  the  sign  of  the  slope  —  depends  on  the  relative 


average  wavelengths  of  the  three  spectra  (SE,  quench  and  pump).  The  center 
wavelengths  of  the  three  specta  (SE,  quench  and  pump)  can  shift  with  respect  to  each 
other  even  though  the  main  and  control  lasers  are  integrated  on  the  same  substrate.  The 
fact  that  1^  decreases  as  Ic  increases  (for  Pc<0.1)  indicates  significant  overlap  between 
the  SE  and  pump  spectra;  for  this  device,  electrical  cross-talk  and  heating  effects  are  ruled 
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out.  Contrarily,  the  SER  for  the  top  curve  of  Figure  6.2  shows  a  slight  “quenching” 
effect. 

The  linear  region  of  the  transfer  curves  (Figure  6.2)  and  the  associated  linear 
shifts  of  the  main-laser  threshold  current  are  described  by  Equations  6.10  and  6.1 1.  The 
last  term  in  Equation  6.10  is  linear  in  Pc  and  can  be  interpreted  as  either  a  threshold 
current  for  the  main  laser  (for  L-I  curves)  or  as  part  of  the  transfer  function.  The  linear 
region  of  the  transfer  function  is  due  to  the  linear  nature  of  perturbing  matter-light 
interaction  V,  the  form  of  Liouville  Equation  and  the  fact  that  the  magnitude  of  the  gain 
is  fixed  by  the  condition  Gs(Tpvry'  at  the  lasing  wavelength.  As  a  result,  the  data  m 

Figure  2  is  fit  with  the  straight  line8'14  -p  =  l-mb-2-  (the  same  form  as  Equation  11) 

Ml  *  U 

where  {b=2.1  mA/mW,  m=0.42  mW/mA,  r|cm=2}  for  Q  and  {b=0.78,  m=0.093,  r\cm 
=0.17}  for  H  (assuming  co=coc  and  Rx.=Rm=0.33).  As  a  note,  the  coupling  efficiency  t|cni, 
which  measures  the  fraction  of  the  control  beam  power  coupled  into  the  side  of  the  main- 
cavity,  appears  to  be  outside  the  acceptable  range  of  0  to  1  for  the  Q  device.  We  believe 
that  this  anomalous  value  is  due  to  electrical  conduction  between  the  lasers  through  the 
nonzero  resistance  of  the  substrate  and  bottom  electrode.15  Also  note  that  the  optical 

gain  Gopt  =  —  is  0.16  and  0.33  for  H  and  Q,  respectively. 
dPc 

The  Saturation  Region  (SR)  can  be  characterized  by  a  zero  or  nonzero  asymptote. 
If  the  main-laser  is  fully  quenched,  then  it  will  only  spontaneously  emit  and  the 
asymptote  will  be  near  P=0.  Although  the  SR  is  not  fully  addressed  in  this  work,  we 
speculate  that  this  region  can  be  explained  by  shifts  between  the  main-laser  gain  curve 
and  the  control  laser  output  spectrum  and  by  spatial  hole  burning  in  the  main  laser. 
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6.5  New  Device  Applications  and  Predictions 


The  transfer  curves  and  the  associated  bandwidths  are  particularly  important  for 
applications  of  wavelength  converters,  FM  demodulators  and  optical  amplifiers. 
Wavelength  conversion  occurs  when  an  amplitude  modulated  (AM)  control  beam  with 
optical  frequency  o>C0  amplitude  modulates  the  main  laser  operating  at  optical  frequency 
©0  (positioned  at  the  peak  gain  for  mirrors  without  wavelength  selectivity).  Optical  FM  to 
AM  demodulation  (wavelength  demodulation)  occurs  when  an  FM  signal  with  frequency 
toc  varying  about  the  quiescent  value  cqC0  is  applied  to  the  side  of  the  main  cavity.  If  the 
deviation  of  coc(t)  from  coco  is  small  compared  with  the  bandwidth  of  G(©c)  then,  by  a 
Taylor  expansion  of  G(coc)  in  Equation  11,  the  deviation  of  the  output  power  can  be 
written  as 


“c=®a> 


Ap  =  -3fA(Aa>c)pc  (6.12) 

<*•»)  L  s<0°  J®c^o„ 

where  Pc  is  the  optical  power  of  the  carrier  for  the  FM  signal.  Equation  6.12  explicitly 
shows  how  the  instantaneous  amplitude  of  the  AM  output  beam  depends  on  the 
instantaneous  deviation  in  frequency  (Afflc=toc-©co),  the  differential  frequency  gain 
dG/du>c ,  and  the  power  of  the  carrier  Pc  for  the  input  FM  signal.  As  seen  from  Figure 

6.3,  the  differential  frequency  gain  5G/5coc  depends  on  the  magnitude  of  the  bias 
current  and  the  bandwidth  for  optical  quenching.  In  principle,  the  conversion  efficiency 


-  can  be  dynamically  adjusted  by  applying  a  voltage  to  a  semiconductor  (voltage 

A©c 

controlled)  absorber  section  that  might  form  part  of  the  main  cavity.  As  another  new 
result,  the  optically  controlled  lasers  can  exhibit  optical  gain  G^,.  Equation  10  predicts 


G(o>c) 

G(a>) 


(6.13) 


Optical  gain  Gopt  >  1  obtains  either  by  (1)  positioning  coc  at  the  peak  material  gain  (refer 
to  Figure  2)  and  using  frequency  selective  (DBR)  mirrors  that  have  a  resonant  frequency 
detuned  from  the  peak  material  gain  (i.e.,  G(cdc)>G(cd)  )  or  (2)  adjusting  the  ratio  of  beam 
areas  or  reflectivities  in  A. 


6.6  Summary 

In  summary,  the  control  mechanisms  are  identified  as  gain  saturation  and  gain 
competition.  The  wavelength-dependent  quenched-laser  transfer  function  has  been 
derived  from  the  Liouville  Equation  for  the  density  matrix  for  multiple  optical  fields. 
This  steady-state  transfer  function  was  shown  to  be  essential  for  understanding  and 
applying  the  optically-controlled  lasers.  Additionally,  the  transfer  function  provided  new 
information  on  optical  gain,  wavelength  conversion  and  demodulation  for  optically 
quenched  lasers.  The  derivation  has  shown  that  the  main  lasers  can  be  either  a  VCSEL  or 
an  edge-emitting  laser  fabricated  from  a  wide  variety  of  materials. 
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Appendix  1:  Review  of  Integrating  Factors 


Now  for  a  quick  review  of  integrating  factors  as  a  method  of  solving  first  order 
differential  equations.  Suppose  we  want  to  solve  the  equation 

y-ay  =  f(t)  (A1 .1) 

where  y=y(t)  and  the  dot  indicates  the  first  derivative  with  respect  to  time.  Suppose  we 
multiply  through  by  a  function  p(t) ,  the  integrating  factor, 

py-apy  =  pf(t)  (A.  1.2) 

with  the  particular  property  that  the  left-hand  side  is  an  exact  derivative 

7-(^y)=fty-apy  (AL3) 

dt 

Then  we  could  write  Equation  A  1.2  as 

~(py)=pf(t) 

If  the  forcing  function  f(t)  starts  at  t=0,  we  can  integrate  both  sides  of  the  equation  with 
respect  to  time  to  obtain 

p(t)y(t)  =  p(0)y(0)+  |dx  p(t)f(t) 


or 

y(t)  =  +  — L.  f dx  p(x)f (t)  (A1.4) 

yW  P(t)  p(t)A 

So  once  the  integrating  factor  p(t)  is  known  then  so  the  solution  is  also  known  even  when 
the  exact  form  of  the  forcing  function  has  not  been  specified.  This  is  the  property  that 
makes  the  integrating  factor  useful  for  our  puposes  in  tile  next  topic. 

How  do  we  find  the  integrating  factor?  Use  Equation  A1.3  and  expand  the 

derivative 

~(ny)=  (ay-4-jiy  (A1.5) 

dt 

Combining  equations  A1.3  and  A1.5  we  find 

py+py=py-apy 

to  arrive  at 


p=-ap 

By  separating  variables,  this  simple  first  order  differential  equation  has  the  solution 

P(t)  =  e_,t 

Notice  that  we  did  not  include  the  constant  of  integration  since  they  are  unnecessary  for 
integrating  factors. 
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Appendix  2:  Brief  Review  of  Special  Relativity 

The  basic  mathematical  construct  in  relativity  theory  is  Minkowski  space  which 
consists  of  the  set  of  four-vectors.  Four-vectors  transform  according  to  the  Lorentz 
transformation  which  is  a  rotation  in  Minkoski  space.  The  four-vector  in  any  moving 
reference  frame  can  be  determined  from  that  in  any  other  frame  using  the  Lorentz 
transformation.  In  many  cases,  it  is  easiest  to  calculate  quantities  in  a  “rest  frame”  and 
then  apply  the  Lorentz  transformation  to  find  the  corresponding  quantities  in  the  moving 
reference  frame.  The  Lorentz  transformation  is  a  result  of  the  experimental  fact  that  the 
speed  of  light  is  a  constant  regardless  of  the  state  of  motion  of  the  observer.  There  is  no 
“stationary”  coordinate  system  in  the  universe  and  therefore  no  naturally  preferred 
reference  frame.  The  mathematical  formulation  of  valid  physical  laws  must  be 
independent  of  any  particular  reference  frame;  this  means  that  the  equations  must  be 
applicable  to  any  coordinate  system  regardless  of  its  state  of  uniform  motion. 
Mathematical  expressions  that  are  valid  for  all  reference  frames  are  termed 
“relativistically  covariant”;  i.e.,  they  retain  their  form  under  a  Lorentz  transformation.  As 
a  note,  the  theory  of  relativity  is  becoming  increasingly  important  in  a  number  of  areas  of 
engineering.  The  operation  the  free  electron  laser  requires  the  theory  as  discussed  in 
Yariv’s  book  in  Chapter  13. 

The  identification  of  the  four-vectors  is  important  for  physical  theory.  The  list  of 
four- vectors  include  position-time 

xM  =(x1,x2,x3,x4)=(x,ix0)=(x,ict) 

(where  i  =  V-T ),  the  four-gradient 

d  =  —  =  (—  A  = 

M  3x4  ^Sx,  ’ dx2  ’ dx3  ’dx4  J  v  ’icdtj 

momentum-energy 

=(cp,iE) 

(where  E  is  the  total  energy  and  not  just  the  energy  of  the  rest  mass) 
the  vector-scalar  potential 

A„=(A,iA0) 

the  current-charge  density 

=  (j,icp) 

If  the  components  of  a  four-vector  are  known  in  one  reference  frame  (i.e., 
coordinate  system)  then  they  are  known  in  any  other  through  the  Lorentz  transformation. 
As  is  conventional,  we  assume  that  the  motion  between  two  reference  frames  is  along  the 
z=X3  axis  and  that  the  unprimed  system  observes  the  primed  system  to  be  moving  along 
the  positive  z-direction  with  speed  v.  The  trick  here  is  to  picture  the  mathematical 
rotations  in  Minkowski  space  rather  than  the  motion  between  reference  systems. 

First  consider  rotations  in  Euclidean  space  (basically,  the  complex  “i”  makes 
Minkowki  space  an  Euclidean  space).  The  figure  shows  a  rotation  of  a  2-D  vector  r  by 
an  angle  0  which  is  equivalent  to  rotating  the  reference  frame  by  -  0 .  The  rotated  vector 
is  related  to  the  original  one  by  the  operator  R 

|r')  =  R|r) 
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which  has  the  matrix 


fcosO  -sin 0^1 
R  = 

—  ^sin0  cos0 , 

The  Lorentz  transformation  rotates  the  X3  and  X4  components  for  motion  along  the 
z-direction  according  to 

V,"!  (\  0  0  0  Y*,' 

x'a  _  0  1  0  0  x2 

x'3  0  0  cos0  -sin0  x3 

jc'4J  [0  0  sin0  cos©  Xx4J 

where  the  other  components  xi  and  X2  are  unaffected  by  motion  along  the  z-direction. 
The  same  transformation  holds  for  all  of  the  different  types  of  four-vectors.  The 
transformation  equation  can  be  written  in  terms  of  typical  parameters  by  the  following 
definitions 

V  1  n  i _ 


0  =  ia 


P  =  tanh(a) 


where  “tanh”  is  the  hyperbolic  tangent  and  the  last  relation  leads  to 

cosh(a)  =  ,  *  —  =  y  sinh(a)  =  ,  =  Py 


We  have 

'x'A  (\  0  0  0  Yx,N 

x'2  _  0  1  0  0  x2 

x'3  0  0  cos0  -sin0  x3 

Jct'j  i^O  0  sin0  cos0  Jl^ict 

or,  more  simply 

(\  0 

x',  0  1 


r\  0  0  °  V  x, 

0  1  0  0  x2 

0  0  cosh(a)  isinh(a)  x3 

0  0  -isinh(a)  cosh(a)  J^ict> 


0  0  y  ipY  x3 

.0  0  -iPY  Y  Aict, 


The  discussion  above  shows  that  four-vectors  transform  according  to 


so  that  the  components  in  one  reference  frame  can  be  related  to  the  components  in  a 
second  one  in  uniform  motion  (along  z)  with  respect  to  the  first.  The  transformation 

matrix  is 


RHV  “ 


0  0  ^ 

0  0 

Y  *Py 
-ipY  y  , 


p,v  =  l,2,3,4 
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Rotations  in  Minkowski  space  are  orthogonal  in  the  sense  that  R’1  =RT  and  the  length 
of  a  four- vector 

4 

x„xM =2Xxn =x-x-cV 

M 

is  left  invariant  under  the  transformation.  Note  the  convention  of  an  implied  sum  over 
repeated  indices.  The  invariance  is  easy  to  see  using  matrix  notation 

x’„  x'4  =  x'T  x'—  (Rx)T  (Rx)  =  xRt  Rx  =  xx  =  xmxm=1 
The  length  of  a  four-vector  is  therefore  a  scalar  under  the  Lorentz  transformation. 

The  scalar  quality  of  the  length  of  a  four-vector  provides  the  momentum-energy 

relation.  Starting  with  pM  =  (cp,iE) ,  we  find 

PnPM=c2p2-E2 

However,  in  a  reference  frame  at  rest  with  respect  to  the  particle  p  =  0  and  only  the  rest 

mass  contributes  to  the  total  energy  of  the  particle  E  =  me2 .  The  length  of  the  energy- 
momentum  four-vector  in  any  reference  frame  is  given  by 

P„P„  =c2p2-E2  =  -(me2  J 

where  E  now  consists  of  the  rest  mass  and  the  kinetic  energy.  The  previous  equation 
leads  to  the  famous  result 


Tensors 

Tensors  F^v  transform  according  to 

r  =d  "R  F 

rap  -^an^pv-^nv 

where  repeated  indices  are  summed.  Once  the  components  of  the  tensor  F^v  are  known 
in  one  reference  frame,  they  are  known  in  all  others  in  uniform  motion  with  respect  to  the 
first.  One  expecially  nice  example  concerns  the  electromagnetic  field.  We  can  show  that 
a  magnetic  field  is  really  an  electric  field  in  motion!  That  is,  if  we  have  an  electric  field 
due  to  a  stationary  point  charge  in  one  frame,  then  in  a  second  frame  in  uniform  motion, 
an  observer  will  see  both  electric  and  magnetic  fields!  The  motion  between  the  two 
frames  has  converted  a  portion  of  the  electric  field  into  a  magnetic  field. 

Appendix  3  shows  that  the  tensor  is  given  by 


0 

Hz 

"Hy 

-icDx' 

0 

Bz/Po 

"HyM, 

-ice0E 

-H, 

0 

H, 

-icDy 

-B>0 

0 

B*/n„ 

-ice0E 

Hy 

-H, 

0 

-icDz 

ByM> 

-Bx/H„ 

0 

-ice0E 

icDx 

icDy 

icDz 

0 

.  ics0Ex 

iee0Ey 

icEoEz 

0 

The  field  tensor  is  usually  stated  in  the  Lorentz  units  (need  to  check  the  MKS  units 
above).  Suppose  in  one  frame  an  observer  sees  an  electric  field  along  the  x-axis 
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F  = 

jiv 


0 

0  0  0 
0  0  0 
ic£„E,  0  0 


0  0  -ics0Ex 


0 

0 

0 


The  Lorentz  transformation  then  gives  the  magnetic  field  F'I3  in  the  moving  frame. 

F',3  =  RimR3vF,v 

The  only  contribution  to  the  summations  is  from  Fu-  We  need 

R„=l  R34=iPY 

to  find 

=  F'u  =  R1,R34F14  =  ipy  (-ic80Ex) 

Po 

The  (absolute  value)  magnetic  field  seen  in  the  moving  reference  frame  is 

B'y  =  ^yEx 

Similarly  we  can  show  that  the  electric  field  in  the  moving  reference  frame  is 

E’x=yEx 

In  the  moving  frame,  the  ratio  of  the  magnetic  to  electric  field  is 

E'y  c 

Suppose  that  the  original  frame  is  actually  attached  to  a  beam  of  light  so  that  the 
second  frame  move  at  the  velocity  of  light  with  respect  to  the  first.  In  this  case, 


and  the  ratio  of  the  electric  fields  is 


P  =  I  =  1 

c 


El-i 

Fy  C 


.  Time- 
lc*i  Like 


Space- 

Like 


just  as  has  been  found  in  previous  chapters. 

Space-Time  Plots 

A  space-time  plot  is  divided  into  three  regions 
depending  on  whether  or  not  the  origin  can  be  connected  to 
the  points  by  a  signal  without  exceeding  the  speed  of  light. 

A  four- vector  is  time-like  if  V2  <  V42 ,  space-like  if 

V2  >  V2  and  light-like  if  V2  =  V2 .  Points  in  the  space-like 
region  would  require  signals  to  propagate  faster  than  the 
speed  of  light  for  the  signal  to  reach  them  from  the  origin. 

A  world  line  is  created  by  a  particle  as  it  moves  through 
space-time.  A  differential  element  of  length  along  the  world  line  is  found  from 

Pythagorus  relation 

(dL)5  =£(&„)' =(dx)(dx)-ci(dt)! 


World 

Line 
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which  is  independent  of  coordinate  system.  The  differential  “proper  time”  dx  is  defined 
to  be  the  differential  length  of  the  position  four-vector  as  measured  in  the  reference  frame 
at  rest  with  the  particle  (i.e.,  the  reference  frame  travels  with  the  particle).  In  this  case, 
dx=0  and  so  dL  =  ic  dx .  The  time  interval  dx  is  measured  by  a  clock  at  rest  with  the 
moving  particle.  Using  the  fact  that  the  length  of  the  four-vector  is  invariant  under  a 
Lorentz  transformation  (the  length  is  a  scalar),  the  differential  interval  in  any  reference 
frame  has  the  value 

W-4ZKK) 

C  M 

which  leads  to  the  usual  time-dilation  formula.  The  four-velocity  is  defined  to  be 


dv 

'  dx 

which  is  a  valid  four-vector  since  dx  is  a  scalar. 
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Appendix  3:  Covariant  form  of  Maxwell’s  Equations  and  the  Lorentz  Gauge 

There  are  a  number  of  Gauge  transformations  for  electromagnetics  that  includes 
the  Coulomb  gauge,  Lorentz  gauge,  temporal  gauge  and  axial  gauge.  Some  of  the  gauges 
are  apparent  only  from  a  covariant  formulation;  Appendix  1  reviews  four-vector  notation. 
In  MKS  units,  Maxwell’s  equations  in  free  space  can  be  written  in  covariant  form 


3^  =  Jv 


(summation  over  p)  where 

Jd_  d_  d_ 

11  ^Sx’Sy’Sz’ic  dt 
and  the  electromagnetic  field  tensor  is 


0  Hz  -Hy  -icDx 


F“v  Hy  -Hx  0  -icDz  By/p0  -Bx/p0  0  -ice0Ez 
icDx  icDy  icDz  0  J  [  ics0Ex  ice0Ey  ice0Ez  0 

The  units  need  to  be  checked  on  the  field-tensor  (since  it  is  usually  given  in  Lorentz 
units).  Greek  subscripts  usually  refer  to  all  four  components  (whereas  subscripts  such  as 
“j”  refer  to  the  first  three).  For  free  space 
Notice  that  is  antisymmetric  F^v=  -FVM 


-Hz  0  Hx  -icDy  -Bz/p0 


Jv  =  (j»icp) 

Bz/p0  -By/Po  -ice0Ex 
0  Bx/p0  -ics0E 


-ice0Ez 


icE0Ex  ic£0Ey  ic£0Ez 


Example:  Find  5(1Fj^  =  Jj 
Solution: 


p,  p  8Hy  jcdD 

11111  "ay  dz  ic  at  1 


The  2nd  and  3rd  components  are  similar.  The  result  is 

VxH  =  — +  J 
dt 


The  field  tensor  can  be  related  to  a  vector  potential  by  writing 


where  A 


v=(a,la0). 


=5„Av-a^ 


Example:  Use  the  four-vector  potential  Au  to  find  V  •  B 

Solution:  Write 

v  •  b  =  p0  {a^  -  a2F,3 + a3F12 } = p0  {a,F23 + a2F3I  +  a3F12 } 

=  (^2^3  —  ^3^2  )■*■  •••  =  ® 


Maxwell’s  equations  as  represented  by 


dvFMv  =J4 


can  be  rewritten  by  substituting 
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to  get 


FMv=3(IAv-5vAm 

3^VAV-5V3VA|I  =J„ 

The  last  equation  can  be  rewritten  using  a  4-D  Laplacian  operator 

as 

n\-dfd,A„=-Jr  (A3.1) 

which  is  similar  to  the  wave  equation  for  the  four-potential  except  for  the  added  term  of 
-^5VAV 

Lorentz  Gauge 

A  new  4-potential  A"ew ,  in  the  Lorentz  gauge,  can  be  defined  that  allows  the 
wave  equation  to  be  written  as 

□A“w=-J,  (A3 .2) 

where  the  new  4-potential  satisfies  the  Lorentz  condition 

a“w  =  o 

The  new  wave  equation  in  the  Lorentz  gauge  essentially  obtains  by  noting  that  the 
physical  objects  of  interest  are  the  electromagnetic  fields  F^v.  The  derivatives  in 

provide  the  freedom  to  redefine  the  “old”  4-potential  A^  while  maintaining  the  fields  F^- 
Define 

Ar=A„+s,X  (A3-3) 

where  x  =  xfoO  is  a  scalar  function. 

We  can  see  that  the  “old”  and  “new”  electromagnetic  fields  are  the  same 

Fjr  =a„  AT -8,  A””  =s„(Av  +svx)-a.(AM  +e,x)=F„. +(«„SvX-3.8„x)=F,.. 
since  order  of  the  derivatives  can  be  rearranged  in  the  last  set  of  parenthesis  so  that  it  is 
zero. 

The  new  wave  equation  (A3. 2)  can  be  demonstrated  from  Equation  A3.1  by 
solving  Equation  A3. 3  for  the  old  potential  A^ 

A„  =A"ew-3(1x 

in  the  form  of 

□A,=DAn;w-3MDx 

and  substituting  into  Equation  A3 . 1 

□Aj,  -3 Av  =-Jn 

to  get 

□A“w-3,Dx-5m3vAv=-Jm 

Now  choose  the  gauge  function  x  such  that 

□x  =  -avAv  (A3 .4) 
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The  new  wave  equation  is  then 


□  Anew  =-J 


Finally  the  Lorentz  gauge  condition 


comes  from  Equation  A3. 3 


5,  A“w  =  0 


a:w=ab+sv 


as  can  be  seen  by  taking  the  4-divergence  of  both  sides 


A”ew  =  8nAn  +  d^x  =  Am  +  D% 


where  the  last  step  follows  by  Equation  A3. 4. 
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Appendix  4:  The  Origin  of  Fock  Space 

There  are  many  ways  to  categorize  particles.  One  method  divides  particles  into 
Fermions  and  bosons.  Fermions  are  particles  that  have  half-integer  spin  such  as 
1/2,  3/2,....  Electrons  are  Fermions.  Bosons  are  particles  that  have  integer  spin  such  as 
0,1,2. . ..  Photons  and  phonons  are  Bosons.  Spin  is  pictured  as  the  rotation  of  a  classical 
object  and  is  related  to  its  angular  momentum.  Bosons  and  phonons  obey  different 
statistics  which  leads  to  different  symmetry  properties  of  the  wave  functions  and  different 
types  of  operator  commutation  relations.  It  all  stems  from  Pauli’s  exclusion  principle 
which  says  that  only  one  Fermion  can  occupy  a  particular  state  at  one  time.  Any  number 
of  bosons  can  occupy  the  same  state  at  the  same  time.  For  a  system  consisting  of  many 

Fermions  (such  as  electrons)  described  by  the  Fock  state  |n,,n2,...),  the  integers  ni,n2,... 
can  only  take  on  the  values  of  0  or  1.  These  facts  are  represented  by  certain  properties  of 
the  Fock  states  and  the  wavefunctions  that  represent  the  system  of  particles.  This  section 
shows  how  the  Fock  states  are  related  to  the  wavefunctions  and  how  the  properties  of 
Fermions  and  Bosons  are  manifested.  The  final  section  contains  a  comment  on  the  Pauli 
exclusion  principle.  (This  appendix  follows  Chapter  1  of  Fetter  and  Walecka  with  some 
notation  changes). 

Section  A4.1:  Origin  of  Fock  States 


Assume  a  system  of  N  particles.  At  this  point,  it  doesn’t  matter  whether  they  are 
Fermions  or  bosons.  The  particles  have  wave  functions  that  depend  on  the  coordinates  x^ 
and  the  time.  Assume  that  the  Hamiltonian  has  the  form 


H  =  £T(x„)+±XV(xl,xj) 

k  k.j 

k*j 


(A4.1) 


«  -  p l  n2  d2 

where  the  kinetic  energy  T  might  have  the  form  Tk  =  - - -  (but  it  doesn’t 

2mk  2mk  dxk 

need  to  have  this  form)  and  the  potential  term  might  have  the  form  of  Coulomb 
interaction 

V(x>,xJ)~i — ! — j 

The  summation  over  the  potential  terms  does  not  include  j=k  since  that  term  is  a  self 
interaction  term  and  the  potential  would  be  infinite.  The  factor  of  Vi  occurs  since 

V(xk,Xj)  =  V(Xj,xk)  and  we  don’t  want  to  include  the  same  term  twice. 

The  general  wavefunction  has  the  form 

\|/(x,,x2,...,xN,t)=  JC(E1,E2...1EN,t)uE|(x1)uE;(x2)...uEN(xN)  (A4.2) 

e„e2...en 

and  solves  the  many-body  Schrodinger  equation 


d 

Hv|/  =ih — i \i 
8t 


(A4.3) 
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The  basis  set  {uE(x)}  consists  of  single-body  wavefunctions  that  account  for  the 
boundary  conditions  and  the  set  { E }  consists  of  the  corresponding  energy  eigenvalues. 
Notice,  as  usual,  the  basis  set  is  independent  of  time.  The  subscripts  on  “x”  and  E  refer 
to  the  particle  number.  For  example,  an  infinitely  deep  well  has  energy  eigenstates  that 
are  sines  or  cosines  with  energy  eigenvalues  given  by  En.  If  there  is  only  one  particle,  the 
general  wavefunction  must  be  some  combination  of  the  basis  set  such  as 

V(x,t)  =  XC(E,t)uE(x) 

E 

as  is  usual.  For  each  particle  “k”,  there  is  a  Hilbert  space  with  a  basis  set  {uE  (t) }  and  so 
one  might  think  that  the  general  wavefunction  for  all  N  particles  should  be 

V(x„...,xN,t)=  ^Ci(E,,t)uEi (x,)  C2(E2,t)uE2 (x2)...CN(EN,t)uEN  (xN) 

X  E, . En 

but  this  is  not  the  most  general  form  for  a  vector  in  a  direct  product  of  Hilbert  spaces.  The 
correct  form  is  given  in  Equation  A4.2.  In  practice,  all  of  the  quantum  numbers  in  the  Ek 
(such  as  energy,  angular  momentum  etc)  should  be  included;  however,  the  discussion 
follows  the  simplest  path.  Keep  in  mind  that  the  position  in  the  arguments  of 
vj/(. . ., x j , . . ., x j ,. . .)  or  in  C(E,,E2,...,EN,t)  refer  to  a  particular  particle  and  not 
necessarily  the  x; .  In  principle,  the  set  of  wavefunctions  should  be  superscripted  with  an 
“(i)”  to  indicate  the  particle  number  so  that  the  general  wavefunction  would  read 

V(x„x2 . x„,t)=  2C(E,>EJ...,EN>,)«S1,(x,)ug(*J)...<,(x») 

e„e2...en 

since  each  particle  “(i)”  occupies  its  own  Hilbert  space  spanned  by  the  set  {u^  }  where 
Ej  takes  on  the  range  of  eigenvalues.  However,  the  “i”  on  the  E;  consistently  indicates  the 
Hilbert  space  number. 

To  see  how  the  Fock  states  arise,  consider  first  the  symmetry  property  of  the  wave 
functions  which  is  related  to  the  statistical  properties  of  the  particles.  Afterwards 
consider  a  new  counting  scheme  that  redefines  the  expansion  coefficients 

C(E„E2 . EN,t) 

and  results  in  the  Fock  states. 

Start  with  the  observation  that  bosons  and  fermions  obey  different  symmetry 
properties  when  two  particles  are  interchanged;  i.e.,  the  position  coordinates  of  the 
particles  are  interchanged.  We  require 

v|/(...,xi,...,xj,...)  =  ±'i/(...,xj,...,xi,...)  (A4.4) 

where  “+”  refers  to  bosons  and  refers  to  Fermions.  The  choice  leads  to  the  particle 
statistics  and  Pauli’s  exclusion  principle.  It  can  be  shown  that  interchanging  the  particle 
coordinates  in  Equation  A4.4  is  equivalent  to  interchanging  the  energy  labels  in  “C” 
according  to 

C(...,Ei,...,Ej,...,t)  =  ±C(...,Ej,...,Ei,...,t)  (A4.5) 

where  again  “+”  refers  to  bosons  and  refers  to  Fermions.  To  see  this  using  only  a 
two-particle  system,  start  with  Equation  A4.4  and  substitute  Equation  A4.2  for  v| /  on  both 
sides  to  obtain 

XC(E1(E2,t)uEi(x1)uE!(x1)  =  ±XC(E1!E2,t)uEi(x2)uEi(x1) 

E„Ej  E„Ej 

On  the  right-hand  side,  interchange  the  dummy  indices  Ei,  E2  to  obtain 
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£C(E,,E2,t)uE|  (x,)uEj  (x2)  =  ±Xc(E2,E,,t)uE2  (x2)uEi(x,) 
e„e2  e„e2 


Compare  both  sides  to  obtain  the  results  in  Equation  A4.5. 


Topic  A4. 1.1:  Bosons 

Now  use  the  symmetry  of  the  coefficients  to  show  the  origin  of  the  Fock  state  for 
bosons.  First  redefine  the  coefficients  as  follows.  The  eigenvalues  for  all  Hilbert  spaces 
take  on  identical  ranges  of  values.  Here,  consider  the  range  {E;  }  =  {l,2,3,...}  for  every 
space  “i”.  The  energies  Ej  with  the  lowest  values  (i.e.,  “1”)  are  moved  to  the  left  in  the 
coefficients  C(E!,E2,...,t)  (which  can  be  accomplished  by  using  the  symmetry  property 
in  Equation  A4.5).  Let  “ni”  be  the  number  of  particles  with  energy  “1”  and  so  on.  Then 
one  can  write 


f 


C(Ej,E2,...,t)  =  C 


E  ,Eb,...E  ,Ed,...,Ee,. 


Define  a  new  coefficient  C  with  an  argument  that  has  positions  corresponding  to  energy 
rather  than  particle  number.  We  write 


where  obviously 


C(E,,E2,...,t)  =  C(n,,n2,...,n00,t) 


is  the  total  number  of  particles. 


»«0 

n=2>, 


Example:  Suppose  that  there  are  three  particles  and  five  energy  states 

{Ej  :i=l,2,3}={  1,2,3,4,5 } 


then,  for  example,  the  coefficient  C(2,l,l)  can  be  written 

C(E,  =2,E2  =1,E3  =  1)  =  C(2,l,l)  =  C(l,l,2)  =  C(n,  =2,n2  =l,n,  =0,...)  =  C(2, 1,0,0,...) 


Now  we  can  rewrite  the  general  wave  function  in  Equation  A4.2 

v|/(Xi,x2,...,xN,t)  =  TC(E„E2  ...,EN,t)uE|  (x,)uEj  (x2)...uEn  (xn) 
e,,e2...en 

as 

V|/(Xl,X2,...,XN,t)=  Yj  H^I1l’n2-"’n»’t)UE1(Xl)UE2(X2)"-UEN(XN)  (A4-5) 

n,.n2,...n«,  E,,E2...EN 
(n,,n2,...n„) 

where  the  notation  “(n,,n2,...,nw)”  at  the  bottom  of  the  second  summation  symbol 
means  to  hold  the  number  of  particles  ni,  n2,...  constant  while  performing  the  summation. 
The  following  example  shows  the  meaning  of  the  restricted  summation  and  indicates  that 
the  summations  in  the  previous  equations  are  just  an  alternate  method  of  adding  over  all 
energies. 
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Example:  Consider  the  case  of  three  particles  and  five  energy  levels  as  in  the  previous 
example.  Assume  the  restriction  that  ni=2  and  n2=l  and  n;=0  for  i=3,4,5.  The  allowed 
configurations  are 

E,  =1  E2=l  E3  =  2 
Ej  =1  E2  =  2  E3=l 
E,  =2  E2  =1  E3=l 

Therefore  the  restricted  summation  can  be  evaluated 

JCCE,  ,E2,E3)  =  C(l,l,2)  +  C(l,2,l)  +  C(2,l,l)  =  3  C(l,l,2)  =  3C(2, 1,0,0,..) 

E|,E2...En 

(n„n2,...n«,) 

The  restricted  summation  adds  over  all  the  energy  while  keeping  a  constant  number  of 
particles  with  a  particular  energy. 


The  Fock  states  obtain  from  Equation  A4.5,  which  is 

v|/(x1,x2,...,xN,t)=  J]C(n1,n2...,n00,t)uEi(x1)uE2(x2)...uEN(xN) 


n„nj,...n„  E,,E2...EN 
(n„n2,...n„) 


by  defining  new  expansion  coefficients 


,  \  1/2 

P(n1,n2...,ntt,t)=  — — ^ - :  C(nI,n2...,n„t)  (A4.6) 

.n2. . . .  n^., 


and  an  alternate  set  of  basis  vectors  according  to  the  prescription 


/  .  ,  «\  1/2 

. *m)-:  n'  n'N,'—  :  IuE,(x,)uEi(x!)...uB>(xN)  (A4.7) 

V  IN!  )  E„E2...EN 

Tl  \ 


(n„n2,...n.) 


The  new  basis  vector  <f>ni>1)J>...nao  is  the  Fock  state 

Zk>k)-k> 

V  Mi  2  e„e2...en 

(n,,n2,...n„) 

projected  into  coordinate  space.  Each  Fock  state  for  different  n,  is  a  different  basis  vector 
as  seen  in  the  previous  section.  The  general  wave  function  now  has  the  form 

V(x1,x2,...,xN,t)=  ^p(n1,n2...,n00,t)(t»niin2i...niD(x1,x2 . xN)  (A4.8) 

n|,n2t..-na0 

More  detailed  treatments  actually  show  that  the  Fock  states  are  correctly  normalize 

(<l)n1,n2,...n„(Xl»X2>-'<’XN)|<l)m1,m2,...in„(Xl>X2>",>XN))  =  "" 

by  actually  calculating  the  inner  product. 

Topic  A4. 1.2:  Fermions 

It  is  possible  to  use  the  same  reasoning  for  the  Fermion  Case.  The  antisymmetry 
of  the  wavefimction  under  interchange  of  coordinates  in  Equations  A4.4  and  A4.5 

\|/(...,Xj,...,xj}...)  =  — \)/(...,xj,...,xi  ,.••)  (A4.4) 

C(...,Ei,...,Ej,...,t)  =  -C(...,Ej,...,Ei,...,t)  (A4.5) 
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The  Fermion  Fock  states  obtain  from  Equation  A4.5 

Vt/(X],X2,...,XN,t)=  Y,  X^ni’n2-’n«’t)UH,(Xl)UE2(X2)--UEN(XN) 


(n1,n2,...ne0) 


by  defining  new  expansion  coefficients 


(  Ni  y/2 

p(n1,n2...,nco,t)=  — — — - -  C(n,,n2  ....n^.t) 

^n,!n2!...nJJ 


(A4.9) 


(A4.10) 


and  an  alternate  set  of  basis  vectors  using  the  determinant  (sometimes  called  the  Slater 
determinant) 

. »■)- h^"1-  ;  :  (A4-,0> 

«E»(*|)  UEn(Xn) 

The  last  equation  is  the  Fock  state  n,,n, . n„)  projected  into  coordinate  space.  Each 

Fock  state  for  different  nj  is  a  different  basis  vector  as  seen  in  the  previous  topic.  The 
general  wave  function  now  has  the  form 

VJ/(X,,X2,...,XN,t)=  P(ttj  »n2  <f*n|,n2....n„  (X1  >X2’,*’’Xn)  (A4.ll) 

nj,n2,...n00 

More  detailed  treatments  actually  show  that  the  Fock  states  are  correctly  normalize 

(<l)n,,n2....n0!,  (xi  >X2  »•  •  •»XN)|<t)ml,m2,...m„  (xi  >X2  »•  •  *»XN  ))  —  ^n,m,^n2in2 

by  actually  calculating  the  inner  product. 

Example:  What  is  the  coordinate  representation  of  the  Fock  state  for  a  two  electron 

system  with  only  two  energy  levels? 

Solution:  Using  Equation  A4. 1 0,  one  finds 

fn,!n2!...njy/2  uE|(x,)  uE,(x2) 

r  nl,n2,...n„  VX1  >X2  -1  ^  J  ^(x,)  UEj(X2) 

=  (uE|  (x,)uE2  (x2)  -  uE2  (X,  )uEi  (x2)) 

where  n,  =0,1  due  to  the  Pauli  exclusion  principle.  Therefore, 

^nI,n2,...n„  (X1  >  X2>  =  ^  (UE,  (Xl)  »E2  (x2)  ~  UEj  (x.)  UE,  (x2)) 

Notice  that  Ej=E2  is  forbidden  since  the  wavefunction  <)>  would  be  zero. 
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Section  A4.2:  The  origin  of  Boson  Creation  and  Annihilation  Operators 

Returning  to  the  original  statement  of  the  problem  for  an  N-particle  system 
without  regard  to  the  distinction  between  Fermions  and  Bosons,  recall  the  Hamiltonian 
and  general  wavefunction. 

H  =  ^t(xk)  +  t^V(xk,Xj)  (A4.12) 

k  1  k,j 

The  general  wavefunction  satisfying  the  many  body  Schrodinger  Equation 

Hvj/  =  i  h—\y  (A4.13) 

di 

has  the  form 

\}/(x1,x2,...,xN,t)  =  XC(W.-Wr-.WN.t)uw1(x1)Uw!(x2)-“wN(xN)  (A4.14) 

W„W2...WN 

where  the  notation  has  been  changed  for  later  convenience.  The  set  {W, }  denotes  the 
energy  eigenvalues  for  the  particle  #i.  Substituting  Equation  A4.14  into  A4.13,  provides 


X  |-C(W„...,WN,t)  uWi(x,)...uWn(xn)  = 
w,,w2...wN  J 

=  £  C(W,,...,WN,t)  ^(xJ  +  ^Vfx^)  uWi(Xi)...uWn(xn) 

w- wn  l  k  &  J 

Factor  out  the  two  summations  on  the  right-hand  side,  multiply  from  the  right  by  the 
operator 

Jdx,  ...dxN  uE] (x,)...uEn (xn) 

(where  Ej,  E2,...  are  now  specific  energy  values)  to  find 

£  -C(W„...,WN,t)  Jdx, ...dxN  uEi(x,)...uEn(xn) uW|(x,)...uWn(xn)  = 

W,,W:...WNL^t  J 

=  XC(W„..-,WN,t)  Jdx,...dxN  u*Ei(x,)...u‘En(xn)  £T(xk)  Uw,(x,)...Uwn(Xn) 

+  £C(W„...,WN,t)  Jdx,...dxN  «*e,(xi)--u‘en(xn)  ^V(xk,Xj)  uW|(x,)...uWn(xn) 

w. . WN  L  & 

The  functions  uE  (Xj)  are  a  particular  choice  of  the  basis  functions  so  that  the 
orthonormality  relations 

Jdxju*E(xj)uw(xj)=5EW 

can  be  used  to  simplify  the  equations  (notice  both  functions  in  the  integral  have  the  same 
coordinates).  The  result  is 
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dt 


C(E,,...,EN,t)  = 


~y.y.C(E1,...Elr_l,Wlf,Elr4.,,...t)  fdxk  uEt(xk)f(xk)uWk(xk) 

k  Wk 

+  Z  X C(E],...Wj,Ej+1,...Wk,Ek+1  |dXjdxk  u’Ej(xj)u*Ek(xk)iv(xk>xj)uWj(xj)uWk(xk) 

k,j  WkW:  ^ 

k*j 

Once  again  restrict  the  argument  to  bosons.  Consider  the  coefficient 
C(E, ,. . .  Ek_, ,  Ek ,  Ek+1 , . . .  t)  with  the  corresponding  number  coefficient  given  by 

C(n,,n2,...,nEk,...t)  =  C(E,,...,Ek,...t) 

where  nEi  means  the  number  of  particles  with  the  energy  Ek.  The  coefficient 

C(E,,...Ek_,,Wk,Ek+1,...t)  changes  the  energy  Ek  of  particle  #k  to  the  new  energy  Wk. 
There  is  one  less  particle  with  energy  Ek  and  one  more  with  Wk.  Therefore, 

C(E,,...Ek_,,Wk,Ek+,,...t)  =  C(n,,...,nEi_,  ...,nWi  +l,...t) 

This  can  be  incorporated  in  the  kinetic  energy  term 

ke  =  7TC(E . Ek-„Wk,Ek„,-,t)  Jdxk  uEk(xk)T(xk)uWi(xk) 

k  Wk 

by  noting  a  general  sum  of  the  form 

2f(El)  =  f(a)  +  f(b)+... 

k 

where  the  symbols  a,b,c...  represent  one  of  the  possible  energy  values  E.  The  terms  in  the 
sum  can  be  grouped  according  to  the  different  energy  values 

2f(k)-f(a)  +  f(j)+...+  f(d)+...+....  =  X”Bf(E) 

k  <-n^->  E 

Therefore,  the  kinetic  energy  term  becomes 

ke=XZc(E„ ..  Ek_„Wk,Ek+1,  ,t)  Jdxk  u*Ek(xk)f(xk)uWk(xk) 

k  Wk 

=  ZnEC(n,,n2,  _  ,nE  -1,  ,nw  +l,_,t) (E|T |W) 

E 

Let  ij  now  represent  the  energy  values,  we  can  write 

ke  =  ZnHC(n,,n2,...,nE  -l,...,nw  +l,...,t) (E|f  |W) 

EW 

=  Zni  (i|T|j)C(nI,n2,...,ni-l,...,nj+l,...,t) 

>j 

Fetter  and  Walecka  also  evaluate  the  potential  energy  term.  When  the  two  results 
are  combine  with  the  coefficients  from  Equation  A4.6 


p(n,,n2...,nK,t)  = 


N! 


n,!n2!...nj 


1/2 

C(n1,n2...,n„,t) 


they  end  up  with  a  messy  looking  equation. 
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r)  A  . 

ft  —  p(nI,n2...,n„t)=  J](i|f|i)ns  P(n„...,ni,...n<8,t)+ 
ot  i 

+  S  (i|T|j)Vn~A/nj+lp(n1,n2,...,ni  -1,...,^  +l,...,t)  + 

>j 

+  Yj  (ij|V|km)-A/n~-v/”jVnk  +Wnm  +  iP(--->ni -1,...,^ -l,...,nk  +l,...,nm  +l,...,t) 

i*j*k*m  ^ 

+  ]T  (ii| V|km)— _Wnk  +Wnm  +iP(..-,ni  -2,...,nk  +l,...,nm  +l,...,t) 

i=j*k*m  ^ 

+  ETC 

There  is  one  of  these  long  equations  for  each  set  of  occupation  numbers  ni,n2,... 

We  can  now  proceed  as  follows.  Using  the  Schrodinger  equation 


ot 


(A4.15) 


where 


i|/(x15x2,...,xN,t)=  Jp(n1,n2...(nB„t)<|n„ll!„..n„(Xi1x2,...,xN) 


ni>n2,...noc 


|v(t)>=  XP(n>’n2"-n”’t)ln'’n2’---n“)  (A4’16) 


nj,n2,...nx 


By  substituting  A4.16  in  A4.15  and  working  with  the  Hamiltonian, 

ft  Y  gp(n„n2.-,naIt)|n|>na>  nw)=H|xp(t))  (A4.17) 

n„n2,...n„  ^ 

The  expression  for  the  derivative  of  P  (long  equation  above)  can  be  substituted  into 
A4.17  to  yield  an  alternate  expression  for  H .  The  second  kinetic  energy  term 

ft— |¥(t))  =  ...+  X  Z  {i|T|j)P(.-,ni-l,...,nj+l . t)^>/nj+l|nI,...,n„)  +  ... 

ot  n,,n2 . n„  ij 

(A4.18) 

Notice  that  the  square  roots  and  the  Fock  state  are  almost  the  form  required  for  creation 
and  annihilation  operators.  Redefine  the  dummy  indices  according  to 


n;— 1— >ns  n  j  + 1  ->  nj 


to  get 
.,5, 


ifi|-|'F(t))  =  ...+  2  Z  (i|T|j)P(...,np...,np...,t)V^V^|-"ni+1’-"nj"L--)  +  -" 

Oi  n,,n2 . n,  ij 

i*j 

Now  we  can  substitute  the  creation  and  annihilation  operators  to  get 

ft|W))  =  ...+  X  X  (i|T|j>P(.-.,ni,...,nj,-..,t)brbj|...ni,...nj  + 

ot  n,,n2,...,n,  ij 

i*J 

All  of  the  terms  in  the  expansion  A4.18  can  be  rewritten  in  terms  of  the  creation  and 
annihilation  operators.  The  result  is 
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H  =  2>r  <i|T|  j)bj  +  ^Eb*bj  <ii|'V|km>btb„ 

i,j  ^  ijkm 


Section  A4.3:  The  Pauli  Exclusion  Principle. 

The  Pauli  Exclusion  Principle  applies  to  Fermions.  The  functions  {u['\u2\...} 
(one  set  for  each  particle  “i”)  span  a  Hilbert  space.  Independent  particles  occupy  their 
own  Hilbert  space  and  there  is  no  interaction  term  connecting  them.  Consider  the  case  for 
three  particles  for  simplicity.  One  can  form  a  direct  product  space  spanned  by  the  basis 

set  {ui’V^uf  }  where  “a,b,c”  all  range  over  the  eigenstates  of  the  Hamiltonian  for  the 
space.  However,  the  Slater  determinant  defines  the  basis  set  as 

ua(x.)  ub(x,)  ue(x,) 

V  =  Cua(x2)  ub(x2)  ub(x2) 
ua(x3)  ub(x3)  uc(x3) 

which  is  zero  if,  for  example,  a=b.  This  means  that  certain  basis  vectors  in  the  direct 
product  space  are  not  legitimate  basis  vectors  for  Fermions.  For  example,  the  basis 
vector  u,(x1)u1(x2)u3(x2)  is  not  included  for  the  Fermions. 
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Appendix  5:  Review  of  Functions  with  Rotated  Coordinates 


If  a  person  knows  a  function  f  (x,  y)  in  one  set  of  ^  y 
coordinates  (x,y)  then  what  is  the  function  f’(x',y')  for  \  ^  ' 

coordinates  (x’,y’)  that  are  rotated  through  an  angle  6  \ 

with  respect  to  the  first  set  (x,y) .  \ 

Consider  a  point  in  space  c,  as  indicated  in  the  \  ^  X 

picture.  The  single  point  can  be  described  by  the  primed  or 
unprimed  coordinate  system.  The  key  fact  is  that  the 
equations  linking  the  two  coordinate  systems  describe  the 
single  point  £.  The  equations  for  coordinate 

rotations  are 

r'=  Rr  (A5.1.1) 

where 

r'=fX1  R=fC°Se  Si”el  r  =  fXl  (A5.1.2) 

~  ^y'J  (^-sinO  cosGj  l,y, 

and  r'  and  r  represent  the  single  point  £,. 

A  value  “z”  associated  with  the  point  %  is  the  same  value  regardless  of  the 
reference  frame.  Therefore,  we  require 

z  =  f'(x',y')=f(x,y)  (A5.1.3) 

since  (x',y')  and  (x,y)  specify  the  same  point  %.  We  can  wnte  the  last  equation  using 
Equation  A5.1.1  as 

fXx'.y')  =  f(x,y)  =  f(R-'r’)  (A5.1.4) 

where  for  the  depicted  2-D  rotation 

fcos©  -sin 0^1 


(A5.1.1) 


(A5.1.2) 


(A5.1.4) 


^sin0  cos0 ) 

m  . 

Example:  Suppose  the  value  associated  with  the  point  r  =  is  10  (i.e.,  f(l,3)-10) 

*  j 


what  is  f'(x'=  3,y'=  -l)  for  0  =  7t/2  ? 

Solution:  Using  Equation  A5.1.4,  we  find 

r  ,  l  J  ( cos0  -sinOY  3 


f'(3,-l)=f[R-'r']=f 


sin0  cos0  Jl-1 


0  -lV  3 


1  0  -1 


=  f(l,3)  =  10 
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Appendix  6:  Density  Operator  and  the  Boltzmann  Distribution 


For  simplicity,  suppose  the  reservoir  consists  of  a  single  harmonic  oscillator  with  the 
Hamiltonian  given  by 

H  =hc o  R+R“  +—  =  ha  N  +  — 
l  2)  V  2) 

where  R+,R~,N  are  the  raising,  lowering  and  number  operators.  The  density  operator 
pr  is  defined  through  a  Boltzmann  distribution 


where  Z  is  the  normalization  (partition  function) 


Z  =  Trr 


A 

Consider  the  average  of  an  operator  0 

(6)  =  Tr(pr6)  =  £  (n  |  prO  |  n)  =  (n  |  pr  |  m)(m  |0|n) 

n  n,m 

where  the  closure  relation  for  the  energy  basis  set  (|n) }  is  inserted  between  the  two 
operators.  The  energy  eigenstates  are  chosen  for  the  basis  since  the  density  operator  is 
diagonal  in  that  basis  set.  First,  evaluate  the  matrix  elements  of  the  density  operator. 


1  f  H  1  1  ( 

(n|Pr |m)  =  — <n|  exp  b  |m)=— (n|m)  exp  - 

^  y  kb  1  /  ^  V 


where  1/Z  is  removed  from  the  inner  product  because  it  is  a  c-number  and  where  the  last 
term  obtains  by  operating  with  the  Hamilton  on  the  ket  |m) .  Using  the  orthogonality  of 
the  basis  provides 


and  the  average  of  the  operator  is 


(6)  =  Tr(pr6)=£lexp('-A:')o, 


where  Onn  are  the  diagnonal  elements  in  the  matrix  of  6.  The  partition  function  is 

evaluated  similarly.  The  expectation  value  of  the  operator  O  shows  that  the  density 
operator  for  the  reservoir  gives  rise  to  the  Boltzmann  probability  distribution.  The  energy 
levels  E„  are  expected  to  be  populated  according  to  the  thermal  distribution. 
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Misc.  Applications 


+G.S.  Agarwal,  J.  Mod.  Optics  34,  909  (1987),  “Wigner-function  description  of  quantum 
noise  in  interferometers.”  Discusses  optical  transfer  function  for  the  Mach-Zehnder 
interferometer  using  quantum  states  of  light.  Primarily  theory. 

+C.R.Gilson,  S.M.Bamett,  S.  Stenholm,  J.  Mod.  Opt.  34,  949  (1987),  “Squeezed 
quantum  fluctuations  and  noise  limits  in  amplifiers  and  attenuators.”  Importance  of  low- 
noise  linear  operators  and  how  squeezing  improve  the  performance.  Primarily  theory. 

+G.  Rempe,  H.  Walther,  Phys.  Rev  A42,  1650  (1990),  “Sub-Poissonian  atomic  statistics 
in  a  microMASER,”  Paper  discusses  microwave  application  of  squeezed  light  for  single¬ 
atom  maser.  Also  see  Phys.  Rev.  Lett.  58,  353  (1987),  Phys.  Rev.  Lett.  64, 2783  (1990) 
+H.  Ritsch,  P.  Zoller,  Opt.  Comm.  64,  523  (1987),  “Absorption  spectrum  of  a  two  level 
system  in  a  squeezed  vacuum.”  Discusses  pump-probe  technique  for  measuring  response 
of  two  level  atom  in  squeezed  vacuum. 

+E.  Yablonovitch,  Phys.  Rev.  Lett.  58,  2059  (1987),  “Inhibited  spontaneous  emission  in 
solid  state  physics  and  electronics.”  Classic  paper  describing  how  to  increase  transistor, 
photodetector  efficiency  and  laser  efficiency  by  decreasing  the  spontaneous  emission. 
This  paper  started  the  field  of  photonic  crystals  which  can  be  used  to  decrease  the 
spontaneous  emission.  See  also  Yablonovitch  et.al,  Phys.  Rev.  Lett.  61,  2546  (1988), 
Phys.  Rev.  Lett.  63, 1950  (1989), 

Detectors 

+G.L.  Abbas,  V.W.S  Chan,  T.K.  Yee,  Opt.  Lett.  8,  419  (1983)  “Local-oscillator  excess- 
noise  suppression  for  homodyne  and  heterodyne  detection”.  Discusses  homodyne  and 
heterodyne  optical  detection  systems  for  communications  and  sensor  systems.  Calculates 
S/N  ratio  includes  quantum  and  classical  effects. 

+M.J.Collett,  R.  Loudon, C.W.Gardiner,  J.  Mod.  Opt.  34,881  (1987),  “Quantum  theory  of 
optical  homodyne  and  heterodyne  detection”.  Paper  discusses  the  theory  for  detection  of 
arbitrary  quantum  electomagnetic  states. 

+R.H.  Dicke,  “The  Measurement  of  Thermal  Radiation  at  Microwave  Frequencies,”  Rev. 
Sci.  Instr.  17, 268  (1946).  First  homodyne  detection  system  for  radar. 

+M.G.  Raymer,  J.  Cooper,  H.J.  Carmichael,  M.  Beck,  D.T.  Smithey,  “Ultrafast 
measurement  of  optical-field  statistics  by  dc-balanced  homodyne  detection”  J.  Opt.  Soc. 
Am.  B  12, 1801  (1995).  Good  review  of  homodyne  detection. 

+T.Waite,  A  Balanced  Mixer  for  Optical  Heterodyning:  The  Magic  T  Optical  Mixer, 
Proc.  IEEE,  Page  334,  February  1966. 
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Laser  Applications 

+G.S.  Agarwal,  S.  Dutta  Gupta,  Phys.  Rev.  A39,  2961,  (1989),  “Dynamical  interaction 
of  an  atomic  oscillator  with  squeezed  radiation  inside  a  cavity”  Discusses  rate  equations 
for  the  interaction  between  squeezed  electromagnetic  states  and  atoms  inside/outside  a 
cavity.  Theory 

+C.W.Gardiner,  Phys.  Rev.  Lett.  56,  1917  (1986),  “Inhibition  of  Atomic  Phase  Decays 
by  Squeezed  Light:  A  Direct  Effect  of  Squeezing.”  Squeezed  vacuums  decrease  the 
spontaneous  emission  rate.  Theory.  See  also  Phys.  Rev  A40,  3796  (1989). 
+J.Gea-Banacloche,  Phys.  Rev.  Lett.  59,  543  (1987),  “Squeezing  of  Spontaneous 
Emission  in  a  Laser.”  Squeezed  vacuums  reduce  spontaneous  emission  noise  and  reduce 
the  laser  line  width.  Theory 

+E.F.Goodbar,  R.J.  Ram,  R.  Nagarajan,  L.A.Coldren,  J.E.  Bowers,  Appl.  Phys.  Lett.  66, 
3419  (1995)  “Intensity  noise  and  facet  correlation  in  Fabry-Perot  laser  diodes  with  low 
facet  reflectivity.”  Discusses  sources  of  noise  in  semiconductor  lasers  with  cleaved 
facets.  Experiment 

+C.  Harder,  J.  Katz,  J.  Shacham,  A.  Yariv,  IEEE  J.  Quantum  Electr.  QE-18,  333  (1982), 
“Noise  Equivalent  Circuit  of  a  Semiconductor  Laser  Diode.”  Rate  equations  for 
semiconductor  laser  including  Langevin  noise  sources.  Engineering  model. 

+S.  Inoue,  S.  Lathi,  Y.  Yamamoto,  “Longitudinal-mode-partition  noise  and  amplitude 
squeezing  in  semiconductor  lasers”  J.  Opt.  Soc.  Am.  B  14,  2761  (1997).  Facet 
reflectivity  is  not  the  only  factor  determining  degree  of  amplitude  squeezing. 

+J.  Kitching,  A.  Yariv,  Y.  Shevy,  Phys.  Rev.  Lett.  74,  3372  (1995),  “Room  temperature 
generation  of  amplitude  squeezed  light  from  a  semiconductor  laser  with  weak  optical 
feedback.”  The  paper  discusses  how  to  produce  amplitude  squeezed  light  using  a 
semiconductor  laser  and  a  current-source.  Low  noise  detection.  Experiment. 

+J.  Kitching,  R.  Boyd,  A.  Yariv,  Y.  Shevy,  Opt.  Lett.  19,  1331  (1994),  “Amplitude  noise 
reduction  in  semiconductor  lasers  with  weak,  dispersive  optical  feedback.”  Experimental 
work  with  descriptive  equations. 

+S.  Machida,  Y.  Yamamoto,  Y.  Itaya,  Phys.  Rev.  Lett.  58,  1000  (1987),  “Observation  of 
Amplitude  Squeezing  in  a  constant-current-driven  semiconductor  laser.”  Thermal  noise 
is  reduced  by  using  a  large  biasing  resistor  as  a  current  source.  Uses  a  DFB  laser. 
Experiment.  See  also  Phys.  Rev  A3  5,  5114  (1987)  which  discusses  the  mechanism  in 
more  detail  with  an  Historical  perspective.  See  also  Opt.  Lett.  8  177  (1983)  first 
describes  the  correct  noise  source  in  homodyne  and  heterodyne  detection  systems. 
+M.A.M.  Marte,  H.  Ritsch,  D.F.  Walls,  Phys.  Rev.  A3 8,  3577  (1988),  “Squeezed 
Reservoir  Lasers.”  See  especially  the  references  for  using  squeezed  light  to  stabilize  the 
output  of  a  laser. 

+R.  Loe-Mie  et.al.,  Optics  Communic.  139,  55  (1997),  “Nearly  all-optical  frequency- 
stabilization  of  a  laser  diode  on  the  120  kHz  intercombination  line  of  Ba.”  Shows  how  to 
stabilize  a  semiconductor  laser  to  100  kHz. 

+Machida,  S.,  Yamamoto,  Y.,  “Observation  of  amplitude  squeezing  from  semiconductor 
lasers  by  balanced  direct  detectors  with  a  delay  line”  Opt.  Lett.  14, 1045  (1989). 
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+w.  H.  Richardson,  R.  M.  Shelby,  Phys.  Rev.  Lett.  64,  400  (1990),  “Nonclassical  light 
from  a  semiconductor  laser  operating  at  4K”.  See  also  Richardson  et.al.,  Phys.  Rev.  Lett. 
66,  2867  (1991),  “Squeezed  photon-number  noise  and  sub-poisson  electrical  partition 
noise  in  a  semiconductor  laser.”  Good  discussion  of  experiment  and  laser  construction 
factors  that  affect  laser  noise.  They  squeeze  upto  96%  of  the  noise  out  of  the  light. 

+Y.  Yamamoto,  N.  frnoto,  IEEE  J.  Quant.  Electr.  QE-22,  2032  (1986),  “Internal  and 
External  Field  Fluctuations  of  a  Laser  Oscillator:  Part  I-quantum  Mechanical  Langevin 
Treatment.”  Discusses  distinction  between  emitted  laser  beam  and  intra-cavity  beam. 


Basic  Physics/Engineering  and  Mathematics 

+H.P.  Yuen,  Phys.  Rev  A13,  2226  (1976),  “Two-photon  coherent  states  of  the  radiation 
field.”  This  is  paper  that  started  the  notion  of  squeezed  states  of  the  electromagnetic  field. 
+P.  Adam,  J.  Janszky,  Phys.  Rev.  A50,  3548  (1994),  “Comment  on  ‘squeezing  and 
antisqueezing  for  a  harmonic  oscillator  having  a  sudden  change  of  mass.’  The  paper 
shows  that  sudden  changes  of  the  mass  of  a  harmonic  oscillator  can  result  in  a  squeezed 
wavefimction. 

+S.M.  Barnett,  D.T.  Pegg,  J.  Mod.  Opt.  36,  7  (1989),  “On  the  Hermitian  Optical  Phase 
Operator”  Defines  non-commuting  phase  and  number  operators  for  the  electromagnetic 
field. 

+G.  Barton,  Proc.  of  Roy.  Soc.  Lond.  A320,  251  (1970),  Proc.  of  Roy.  Soc.  Lond.  A410, 
175  (1987).  Quantum  mechanical  shifts  in  frequency  of  light  of  emitting  light  and 
inhibition  of  spontaneous  emission. 

+H.J.Carmichael,  A.S.Lane,  D.F.Walls,  J.  Mod.  Opt.  34,  821  (1987),  “Resonance 
fluorescence  in  a  squeezed  vacuum”.  Discusses  resonant  fluorescence  from  an  atom  in  a 
coherent  optical  field  when  the  atom  is  damped  by  a  squeezed-vacuum  reservoir. 
+H.J.Carmichael,  A.S.Lane,  D.F.Walls,  Phys.  Rev.  Lett.  58,  2539  (1987),  “Resonance 
Fluorescence  from  an  Atom  in  a  Squeezed  Vacuum.”  Similar  to  above. 

+C.M.  Caves,  Phys.  Rev.  D23,  1693  (1981),  “Quantum  noise  in  an  interferometer.” 
Brief  review  of  important  issues  on  squeezed  states.  Application  to  an  interferometer  for 
measuring  distances.  Theory. 

+L.  Davidovich,  J.M.Raimond,M.Brune,S.Haroche,  Phys.  Rev.  A36,  3771  (1987), 
“Quantum  theory  of  a  two-photon  micromaser.”  Develops  theory  for  wide  tuning  range 
and  possible  generation  of  squeezed  light. 

+R.  Graham,  J.  Mod.  Opt.  34,  873  (1987),  “Squeezing  and  frequency  changes  in 
harmonic  oscillators”  Discusses  method  of  squeezing  matter  wavefunctions. 

+G.  Hu,  E.  Irwin,  P.K.  Aravind,  J.  Mod.  Opt.  42,  375  (1995),  “The  damped-vacuum-field 
Jaynes-Cummings  model.” 

+Jaynes,  E.  T.,  Cummings,  F.W.,  “Comparison  of  Quantum  and  Semiclassical  Radiation 
Theories  with  Application  to  the  Beam  Maser”  Proc.  IEEE,  January  1963  page  89. 
Discusses  the  Jaynes-Cummings’  model. 

+R.  Matloob,  R.  Loudon,  Phys.  Rev.  A53,  4567  (1996),  “Electromagnetic  field 
quantization  in  absorbing  dielectrics  II. 
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General  Purpose 


+J.E.  Carroll,  Optica  Acta  33,  909  (1986),  “A  proposal  for  quiet  photon  streams  from 
injection  lasers.”  Gives  suggestion  on  how  to  make  quiet  semiconductor  lasers  using 
built-in  feedback  mechanisms. 

+B.  Dahmani,  L.  Hollberg,  R.  Drullinger,  Opt.  Lett.  12,  876  (1987),  “Frequency 
stabilization  of  semiconductor  lasers  by  resonant  optical  feedback.”  Shows  how 
linewidths  can  be  reduced  to  20  kHz  using  an  external  Fabre-Perot  cavity. 

+M.S.  Feld,  K.  An,  Scientific  American  page  57  (July  1998),  “The  Single-Atom  Laser” 
Nice  introduction  to  single  atom  lasers  and  the  related  quantum  mechanical  effects. 

+M.  Hawton,  Phys.  Rev.  A50,  1057  (1994),  “One-photon  operators  and  the  role  of 
vacuum  fluctuations  in  the  Casimir  force.”  Interesting  discussion  of  how  photon 
creation  near  a  charged  particle  can  eliminate  the  need  for  vacuum  fluctuations 
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+I.D.  Johnston,  Am.  J.  Phys.  64,  245  (1996),  “Photon  states  made  easy:  A  computational 
approach  to  quantum  radiation  theory.”  Discusses  using  packaged  software  for  quantum 
optic  calculations. 
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+C.H.  Henry,  R.F.  Kazarinov,  Rev.  Mod.  Phys.  68,  801  (1996),  “Quantum  Noise  in 
Photonics” 

+  Proceedings  of  the  IEEE  April  1999,  “Quantum  Devices  and  Applications”  See  also 
the  April  1997  issue  for  review  of  nanometer  scale  components. 

+B.E.A.  Saleh,  M.C.  Teich,  Proc.  IEEE  80,  451  (1992),  “Information  Transmission  with 
Photon-Number-Squeezed  Light.”  Excellent  easy-to-read  review  article  on  squeezed 
states. 
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